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A New Method for Analysis of
the Continuous Box-girder Bridges
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QR-method, based on cubic B—spline function and the principle of minimum total po—

tential energy, foranalysis of the continuous box-girder bridges is presented. This method has

greal advantages over the finite element method and the finite strip method. It can be easily car-

ried out on a microcomputer.
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The continuous box—girder bridges contain both
straight and curved continuous box—girder bridges,
which play an important part in bridge engineeings.
Numerical methods may be used to analyze continu-
ous box-girder bridges. If the finite element method
is used for analyzing the continuous box—girder
bridges, the unknown numbers are so large that a
large computer is need and computing costs so ex—
pensive- In this paper, we present a new method,
called QR-method, for analysis of the continuous
It is based on spline function
This method has not only advantages of

box—girder bridges.
methods.
the finite elemnent method and the finite strip
method, but also is superior to them. The main ad-
vantages of this method are few number of un-—
knowns, simple program, few input data, short time
of computing, low storage, higher accuracy and
wide applicability, and it can be easily carried out
with a microcomputer to solve the large complex
problems.

This paper aims to introduce briefly the funda-
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box-girder, straight continuous box-girder bridges, curved continous box—girder

QR .

QR

mentals and applications of QR-method in the analy—
sis of continuous box—girder bridges. This paper
conlains static analysis, dynamic analysis and stabil-

ity analysis.

|p
S S AL S

Fig. 1
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Continuous box—girder bridge

1 Displacement funtions

Fig- I is a computational
pattern of continuous box-gird-

er bridges, its cross section is

box section as shown in Fig. 2. .

u,v,w i
If u,v,w are respectively the Fig.2 Box-section

displacements in directionsx,

Y,z , then displacement functions of this structure

may be expressed by

r

w= 25 [Hx) X ()X (2)

m= 1

r

v=20 [Hx) 1w} Yu(y) Yo (2)

m= 1
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w= 24 [Hx) 1w 2o (3) 20 (2) (1

m=

where [H(x) ]: [Ho(x)le (.X'),"' 7Hv(x) ]

{u}mz [uO,ul,uZ,--' s UN }’{

{(vin= [vo,vi,va,-r ,w }f

{wlm = [wo,wi, w2, wn }:
in which

Hx)= Sh(f - i) = 3¢5 - i+ ) -
SheE i heE - ne b
i- 1 i= 0,1,2,-- ,N (2)
1 i= k

where [ (x) is cubic B-spline function' ", 7= xi 1 -

Xi; Xm, Yn,Zn are the orthogonal functions satisfied
the boundry conditions at two opposite sides in y —
direction or z —direction. From the above men-

toned, we can obtain

(Vy= IN1W (4)
where Vi= [u, v, w,0.,0,]
[IN]= [IN]i, [N ]y, [N}] (5
W= (W, W, (W)
W= [{udn, (vImsee s (Wi ]
[N p =
(H X (y)Xm (2) [0] [0]
[0] (H]¥n (y) Ym (2) [0]
[0] [0] [H1Zn (v) Zn(z) (6)
[0] [0] (H1Z'm (y) Zm (z)
[0] [0] 13120 (1) Zn (2)
inwhich  [1]= [Jo(x), Ji(x),, W(x)]
- 1 1
= - _H
Jo h(H)+ > 1)
1 1
I = Z(HO_ —2Hz)
i= o (Hoi- Hes) iz 2300 N - 2
1.1
v-1= 7(—2%_2 - Hy)
: 1.1
v = Z(_2H\1-1+ HN) (7)

whereH can be determined by eq. (2). From eq. (1)

and eq. (3), we can obtain following forms

¥

wi= D, timXn(¥)Xn(z)

m= 1

Vi = Z:JIVW Yo (y) Yo (Z)
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W,-zz WinZm () Zn (z) i= 0,1,2 N (8

m=1
whereu:,vi and wi are the displacements atx = xi .

From eq.(8), we may obtain

(V= [N1{W (9
where {V}i= [M,Vi,Wi,exi,eyi ]T
W= (Wi, W2 (W T
[NF= [[N], [N ], [N}] (10)
in which Wi = [{u}m, (VIn, {wh |
[X ]m  [O] [0]
(0]  [Y }n [0]
[N | = [0] [0] [Z/}'m
[0] [0] [Z Jm
[0] [0]  [Z}[O]
o ]
T 0 0 0
=1 1
5 0 5 0 0
-1 1
0 — 0 —= 0
[0]= 2% %
0 .0
=1 1
0 0 U
=1 1
L 0 0 0 h Rl (v pve
(11)
where [A}n= [0, ,Am(y)A4in(z), 0, ],
A= X.Y.,Z (12)
[Z b= [0 20 (9)Zn(2), 0+ 1 (13)
2  QR-method

If we make the plates of box—girder bridge into
rectangular mesh or triangular mesh ( Fig. I and
Fig- 2), then the functional of total potential energy
of elemets is

T

.= 30k .- e (14
where [k } and {f }c are respectively the stiffness ma—
trix and the load vector of planeshell element, {V}.
is the nodal displacement vector of the element, or

V= [N} W (15)
in which

INF= [INJ.INE.INE.INBT (16
for the rectangular element with 4mnodes ( Fig. 3).

INF= [INJL.INE.INFT (17)

for the triangular element with 3-nodes (Fig. 4).
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[N ]4 is the value at point A of [N }, it can be de-
termined by eq. (4) or eq.(9), or [N Ja= [N (A) ],
[N]Ja= [N(A)}. Substituting eq. (15) into eq (14)

may obtain

IT.= 2% GHW - W (F (1)
[G} = [NT]Z([TJT[k}[T]) [N},
(Fle= [IN}ITT (/) (19)

where [T ]is coordinate transformation matrix of el—

where

ements. Since the functional of total energy of the
box—girder bridge ( Fig. 1 and Fig. 2) may be deter—

mined by

Il - EMH (20)

Substituting eq. (18) into eq- ( 20) may obtain

I = 5% &1 - (%71 (21)
where [K1= 20 (G} (f)=2J (F}  (22)

Using the variation principle, we obtain

[G1W) = (/) (23)
This is the stiffness equation of continuous box—
girder bridge (Fig. 1 and Fig. 2).

From the abvoe mentioned we may know that
eq. (23) is built up from the elements of continuous
box—girder bridge, nevertheless its number of un-
kowns has nothing to do with the number of nodes
of mesh of box—girder bridge, itis only relevant to
the collocation points and ». Thus, the unknown

numbers of eq. (23) are very small. Eq (22) can di-

rectly superpose, with no extension. The above
method is called Q R-method-
Fig. 3 Rectangular element Fig. 4 Trangular element

3 Dynamic analysis of structures

The dynamic equations of continuous box—gird-
er bridge may be established by Q R-method. From
here we can obtain

MW+ [C1VI+ [K1W]= (P) (24)

This is the dynamic equation of continuous box—
girder bridge, where [M], [C]and [K ] are respec—

tively the mass matrix, damping matrix and stiffness
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matrix of the structures. (W, {VW, (W and {P} are
respectively the acceleration vector, velocity vector,
displacement vector and disturbed force vector of
the structures, and they are all the time § function.
K{P}= {0},[C]= [0], then, eq (24) becomes

MW+ [K1WV] = {0} (25)
This is the dynamic equation of free vibration of the
structrues. Let

W= (Wisin(ker T) (26)
Substuting eq. (25), we can obtain

[K1W ) - KMIW )= (0) (27)
where k and {W} are respectively the natural fre—
quency and the vector of amplitudes of vibration
modes of structures, they can be determined by eq.
(27).

The dynamic response of structures can be de—
termined by the solution of eq. (24). The solution
can be solved by spline weighted residual method.
From here we had established the computational
schemes of conditional stability and unconditional
stabi]itym. They are all adaptable for analysis of
the linear problems and the nonlinear problems of

the sructures.
4 Stability analysis

The stability equation of continuous box—girder
bridge may be established by QR-method from
here, we can obtain

(K1-A[HD){W= {0 (28)

This is the eigen equation of stability of contin-
uous box—girder bridge, where is the eigenvalue,
[K']and [H ] are respectively stiffness matrix and
geometrical stiffness matrix of continuous box—gird—
er bridge.

The critical load of continuous box—girder

bridge can be determined by eq. (28).
S Curved box-girder bridge

Fig. 5 is a computational patttern of curved con—
tinuous box —girder bridge, its displacement functions

may be expressed by

u= Z () ()Xo (1)K (2)
v= 20 [His) v Yo () Yo (2)

m= 1

w = 2 [H(s) 1w nZn () Yn (2) (29)
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where
oy A0, o 4y s . 1y
Hio= Whe - - Hhe oo
A4y Ay s A1y s
3h(h—z— )+ 6h(h—z+ 1)+ 6h(h-
i- 1) i= 0,1,2,-~- ,N (30)
in which# = s+ 1 — Siscurved coordinate- From the

above memtioned we may know that curved continu—
ous box-girder bridge may be analysed by eq. (1) to
eq. (28), if we replacex bys

///Jfg‘z'";
e

L) z

Fg. 5 Curved continuous box—girder bridge

6 Computational example

Fig. 6is acontinuous box-girder bridge. The re-
sults are analysed by Q R-method (table 1).

Table 1 Vertical displacement w

Nodes w Nodes w
1 1.92 5 L 92
2 2.12 6 1. 94
3 2. 84 7 191
4 2.12 8 L 94
A‘ 1 2 3 4 5
7 TA 7 J
45m 25m 25m
. 4 4 g a4 I
A=3

Fig. 6 Box-girder bridge with two spans
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