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Abstract　 A stage-st ructured sing le species model wi th di ffusion is considered, w here all the

pa rameters are constants. The sy stem, which is composed of tw o patches, has one species w hich
is div ided into imma ture and mature. And the mature can dif fuse betw een the tw o pa tches w hi le
the immature population is confined to one patch and canno t dif fuse. We get the bounda ry of
the solution and the existence of the posi tiv e equi librium of the model, and obtain the asymp-

to tically stabi li ties of the po sitiv e equi librium of the model and the posi tiv e equi librium under
proper condi tions. w e prove that the unstabili ty of the spot ( 0, 0, 0) .
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摘要　提出并研究了一类具有阶段结构的单种群扩散模型 ,得到其在正平衡点处的稳定性和在零平衡点处的不

稳定性。
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　　 The study about single species densi ty depen-
dent models w as early found in 1938 when V erhulst-
pea rl established the fo llow ing equation:

[ 1]

　　
dN ( t )
dt

=
rm
K
N ( t ) ( K - N ( t ) )

Here, N ( t ) is the densi ty o f the species in time t; rm

is the int rinsic rate o f natural increase and K i s the
carrying capaci ty of the sy stem. It w as proved in the
w o rk tha t the posi tive equilibrium was unique and
g lobal stable.

Though the model above approaches to the real
more clo se than the densi ty independent model , it s
faul ts a re apparent. Fi rst, i t i s unfi t to the species
w hich can dif fuse among several patches; second, the
life stage structure o f the species is igno red in such a
model.

Later, in 1986, Freedman established the di ffu-
siv e single species model

[2 ] , but the stag e st ructure
w as still ignored. Since for many species, i t i s w ell
know n to all that the rate of death and the ability o f
di ffusion and predator is g rea tly dif ferent, thus i t i s
signi ficant to study the stage-structured model. In
recent y ea rs, such w ork appeared in reference
[3～ 5] , how ever, in thei r models, the species a re
confined in one clo se envi ronment and canno t di f-
fuse. The stage-structured single species model wi th
di ffusion, which is mo re realistic than all o f the

above, sti ll remains unstudied. Therefo re it i s signi f-
icant to propose and consider such model in our pa-
per.
x 1 = bx2 - gx 1 - dx

2
1 ;

x
 
2 = gx 1 - D1x

2
2+ λ1 ( y2 - x 2 ) ;
y
 
2 = - D2y

2
2 + λ2 ( x2 - y2 ) .

( 1)

Here, w e classity the sing le species into immature
and mature. x1 ( t ) is the densi ty of the immature and
x2 ( t ) is that of mature in pa tch 1, y2 ( t ) is the densi-

ty o f th e ma ture in patch 2. In our model, b is the
bi rth rate into immature and g i s the g row th rate in-
to mature from immature. We assume the mature
can di ffuse betw een patch 1 and 2, andλ1 ,λ2 are the
dif fusion coef ficients. For th e imma ture, it is con-
fined in patch 1 and canno t di ffuse. D1 , D2 a re the
density dependent coef ficients of th e mature and d i s
tha t of the immature.

For the ecological meaning , w e assume the sy s-
tem satisfies:
　 b > 0,g > 0,d > 0, D1 > 0,D2 > 0,λ1 > 0,λ2 >
0 ( H1 )

1　Main results

Lemma 1　 Suppose ( H1 ) holds t rue, thenR
3
+ =

{ (x 1 , x 2 , y2 )|x1 > 0, x2 > 0, y2 > 0} is a po si tiv e in-
variant set of ( 1) .

Proof　 The system ( 1) wi ll be discussed by
the fo llowing three steps.

( i) x 1|x
1
= 0, x

2
> 0 = bx 2 > 0.

( ii) x 2|x 2= 0, x1> 0, y2> 0 = gx 1+ λ1y 2 > 0.
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( iii) y 2|x 2> 0,y 2= 0 = λ2x 2 > 0.

From ( i ) , ( ii) and ( iii ) , the assertion of the lem-
ma follow s immedia tely fo r all t∈ [0, + ∞ ] . Tha t

completes the pro of.

Theorem 1　 Assume system ( 1) satisfies ( H1 )

and the condi tion b - g > 0 , then there exists a
compact region K R

3
+ such that fo r each solution

(x 1 ( t ) , x2 ( t ) , y2 ( t ) ) wi th po si tiv e ini tial v alue xi ( 0)

> 0, y2 ( 0) > 0, ( i = 1, 2) . There exists T > 0 such
that { x 1 ( t ) ,x 2 ( t ) , y2 ( t ) }∈ K fo r all t≥ T .

Proof　 Let
f ( t ) = max { x1 ( t ) ,x 2 ( t ) , y2 ( t ) } ,

M
* = max {
b - g
d

,
g
D1

}.

Obviously f ( 0) = max { x1 ( 0) ,x 2 ( 0) , y2 ( 0) } .
By Lemma 1 f ( t ) > 0 and there exist some t≥ 0 and
a function k ( t ) in x1 ( t ) ,x 2 ( t ) and y2 ( t ) such tha t
f ( t ) = k ( t ) fo r the t . It is easy to see tha t f ( t ) i s
continuous and right upper derivable. Now , w e cac-
ulate and estimate the right upper deriv ativ e of f ( t )
as the fo llowing tw o cases:

Case ( i)　 If f ( 0)≤ M , hereM i s posi tiv e con-
stant and satisfies M > M

* . We consider as fol-
lows.

(a ) When f ( t ) = x 1 ( t ) ( t≥ 0) , i t comes f rom
the fi rst equation of system ( 1) that
D

+
f ( t )|f ( t)= M≤ bM - gM - dM2 =

dM (b - g
d

- M )≤ dM (M* - M ) < 0.

( b) When f ( t ) = x 2 ( t ) , i t comes f rom the sec-
ond equa tion o f system ( 1) that

D
+
f ( t )|f (t )= M≤ gM - D1M2 = D1M (
g
D1

- M )

≤ D1M (M
*

- M ) < 0.
( c) When f ( t ) = y2 ( t ) , f rom the last equation

o f sy stem ( 1) i t comes that

　　 D
+
f ( t )|f (t) = M≤ - D2M

2
< 0.

Let
T= - min{dM (M* - M ) ,MD1 (M* - M ) , -
D2M

2 } .

ThenT> 0 and by ( a) , ( b) , (c) , f ( 0)≤ M f ( t )
≤ M fo r all t≥ 0. Case ( i ) i s completed.

Case ( ii ) 　 If f ( 0) > M , by the simi lar proo f
to Case ( i ) , w e can have

　　 D+ f ( t )|f (t) > M < - T< 0.

Then f ( t ) wil l monotonously decrease by the speed

more thanTif f ( 0) > M . Let T1 =
f ( 0) - M
T , now

w e prove there must ex ist a po sitiv e constant T in
( 0, T 1 ] such that f ( T ) = M .

If , fo r al l t∈ [0, T1 ] , f ( t ) > M holds, then w e

have D
+
f ( t ) < - T< 0( t∈ [0, T 1 ] ) . An integ ra-

tion of the inequa tion about t on [0, T 1 ] leads to:
f ( T 1 ) - f ( 0) < - TT1 = M - f ( 0) , then f ( T1 ) <

M . A contradiction to our assumption. This prove
that there exists a constant T which satisfies 0 < T
≤ T1 and f ( T ) = M . Therefo re by Case ( i) w e ob-

tain f ( t )≤ M fo r a ll t≥ T. Case ( ii) is compeleted.
Let
K = { {x 1 ( t ) , x2 ( t ) ,y 2 ( t ) }|0 ≤ x 1 ( t ) , x 2 ( t ) ,
y2 ( t )≤ M }
By Case ( i ) and ( ii ) , for all the solution of ( 1) wi th

posi tiv e ini tial v alues, w e have
　　 {x 1 ( t ) , x 2 ( t ) , y2 ( t ) } ∈ K ( t≥ T )
Tha t completes the proof.

The fo llowing Lemma is about the existence of

the po si tiv e equilibrium of system ( 1) , i t is
Lemma 2　 There is a t least one po sitiv e equi-

librium of sy stem ( 1) w hich is deno ted as E= ( x
*
1 ,

x
*
2 , y*2 ) , (x*1 > 0,x*2 > 0, y*2 > 0) .

Proof　 Let

　　
bx 2 - gx 1 - d x

2
1 = 0;

g x1 - D1x
2
2 + λ1 ( y2 - x2 ) = 0;

- D2y
2
2 + λ2 (x 2 - y2 ) = 0.

( 2)

From the second and th e thi rd equations of sy stem
( 2) w e get
g
λ1
x 1 =
D1

λ1
x

2
2 +
D2

λ2
y
2
2 . ( 3)

Whi le by the thi rd equation w e obtain

x2 =
D2
λ2
y
2
2 + y2 . ( 4)

Substi tute ( 3) , ( 4) into the fi rst equa tion in ( 2) w e
have

dλ
2
1

g
2 y

3
2 [
D2

λ
2 +
D1

λ
1 (
D2
λ2 y

2+ 1)
2
]
2
+ λ1y2 [
D1
λ1 (
D2

λ
2 y2+ 1)

2

+
D2

λ
2 ] - b(
D

2

λ2
y2 + 1) = 0. ( 5)

Clearly, th e lef t pa rt o f ( 5) i s a seventh-order mul ti-
nomial w here the coefficient o f i ts fi rst nomial is
posi tiv e. Let f (y2 ) be the lef t part of the equa tion
( 5) , w e obtain
　 f ( 0) = - b < 0, f ( y2 )→+ ∞ when y2→+ ∞ .

Then there ex ists at least one y
*
2 > 0 such that

f (y
*
2 ) = 0 . By ( 3) , ( 4) w e know x

*
1 > 0, x

*
2 > 0.

Denote E = ( x
*
1 ,x

*
2 , y

*
2 ) , then the proof is com-

pleted.
Now , by making use of Lemma 2, i t comes the

follow ing theorem.

Theorem 2　 Assume ( H1 ) and
　　λ1 + λ2 > b ( H2 )
hold, then every po sitiv e equilibrium o f sy stem ( 1)

is asympto tical ly stable.

Proof　 By Lemma 2, the existence of posi tiv e
equi librium o f ( 1) i s assured. From system ( 1) the
Jacobian matrix on E is presented as follow s.

J (E ) =

- g - 2dx
*
1 b 0

g - λ1 - 2D1x
*
2 λ1

0 λ2 - λ2 - 2D2y
*
2

.

Then, the characteristic multinomial of J ( E) i s a s
follow s.
|λI - J ( E )|= (λ+ g + 2d1x*1 ) [ (λ+ λ1 +

2D1x
*
2 ) (λ+ λ2 + 2D2y

*
2 ) - λ1λ2 ] - gb(λ+ λ2 +

2D2y
*
2 ) .
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Let A = g + 2d1x
*
1 , B = λ1 + 2D1x

*
2 ,C = λ2 +

2D2y*2 , then A ,B ,C > 0 and
　　|λI - J ( E )|= λ3+ ( A+ B+ C )λ2 - λ1λ2A -
gbC+ [AB+ BC+ AC - (λ1λ2+ gb ) ]λ+ ABC
No ticing BC > λ1λ2 , then it leads to
　　 ( A+ B+ C ) [AB+ BC+ AC - (λ1λ2+ gb) ]
- ( ABC - λ1λ2A - gbC )
= 2ABC+ λ1λ2A+ gbC - λ1λ2 ( A+ B+ C ) - gb ( A
+ B+ C )+ A

2
( B+ C )+ B

2
( A+ C )+ C

2
( A+ B )

= 2ABC+ BC (BC - λ1λ2 ) + C (BC - λ1λ2 )+ A
2
(B

+ C ) + B2A+ AC2 - gb( A+ B )

> ABC+ ( ABC+ A
2
B+ A

2
C+ A

2
B ) - gb ( A+

B ) + AC
2
> ( A + B ) [A ( B+ C ) - gb ] > ( A+
B ) ( gλ1+ gλ2 - gb) = g ( A+ B ) (λ1+ λ2 - b) > 0.

Therefore, by Routh-Huruitz Theo rem , the charac-

teristic roo ts o f J ( E ) have nega tiv e real par ts, then
there exists a constant c > 0 such tha t all the real
parts o f characteristic ro ots a re smaller than - c.
Thus, f rom reference [6] , Theorem 1, sy stem ( 1)
is asymptotically stable on E . Such competes the

proo f.

We can also get the following Theorem:
Theorem 3　 Assume ( H1 ) holds, then the point

( 0, 0, 0) is the unstable equilibrium of sy stem ( 1) .

Proof　 By system ( 1) , the Jacobian matrix on
( 0, 0, 0) i s

J ( 0) =

- g　　b　　 0
　g　 - λ1　 λ1
　 0　　λ2　 - λ2

.

Then i ts characteristic multinomial of J ( 0) is
　　 F (λ) = |λI - J ( 0)|= (λ+ g ) [ (λ+ λ1 ) (λ+

λ2 ) - λ1λ2 ] - bg (λ+ λ2 ) = λ3+ (g + λ1+ λ2 )λ2+
[g (λ1 + λ2 ) - gb ]λ- gbλ2 .
Since F ( 0) = - gbλ2 < 0; F (+ ∞ ) = + ∞ , there
must ex ist a constantλ* > 0 such tha t F (λ* ) = 0 .

Therefo re f rom reference [6] , ( 0, 0, 0) is the unsta-
ble equi librium o f the sy stem. Thus completes the
proof.
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一类变系数 KdV型方程的孤立波解

谷　元　蒋志方　谷　艺

　　下列变系数 KdV型方程描述了一个水深变化的

浅水河道中的突变现象 [1]

　　ut + T( t )uux + U( t )uxxx = 0, ( 1)

其中T( t )和U( t )都为可微函数 .在本文中 ,我们构造

( 1)的如下形式的解

　　u ( t ,x ) = B ( t ) + A ( t ) F (s ) - A ( t ) F(s ) 2 , ( 2)

其中 F (s ) = 1 / ( 1+ exp s ) , s ( t , x ) ,B ( t )和 A ( t )为

待定函数 ,并且 sxx = 0.把 ( 2)代入 ( 1) ,比较 F j的系

数 ,我们可以得到:

F5: 2A2sxT- 24As3xU= 0; ( 3)

F4: 60As3xU- 5A2sxT= 0; ( 4)

F3: - 50As3xU+ ( 4A2 - 2B A )sxT- 2Ast = 0; ( 5)

F2: 15As3xU- ( A2 - 3BA )sxT+ 3Ast - At = 0; ( 6)

F1: As3xU+ BAsxT+ Ast - At = 0; ( 7)

F0: B t = 0. ( 8)

　　由式 ( 3) ～ ( 8)我们得到 B为一个任意常数 ,并且

　　 A = 12
U( t )
T( t )
s2x , At = 0, st = - Us3x - BTsx , ( 9)

由此得到U( t ) = lT( t ) ,其中 l为一个任意常数 .由 ( 9)

和 sxx = 0,我们可以得到

　　 s ( t ,x ) = kx - (k3l + kB )∫T( t ) dt , ( 10)

其中 k为一个非零常数 .容易证明 F (s ) - F (s )2 =

( 1 /4) sech2 (s /2) .因而 ,如果满足条件U( t ) = lT( t ) ,

则方程 ( 1)有如下孤立波解

u ( t , x ) = B+ 3lk2 sec h2 (
1
2
s ) , ( 11)

其中 s如 ( 10)所示 .文献 [1 ]中的结果不包含解 ( 11) .

　　我们发现 ,这种直接方法还可以应用于许多变系

数的反应扩散方程的求解 .
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