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Abstract　 On the basis of the pure combinatorial procedure a t ree of 0-1 sequences is

const ructed, which is show n to be isom orphic to the t ree const ructed by Alm eida-Ramos. Also

self-similiari ty and eig envalues o f elem em ts in such a tree are studied.
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摘要　运用纯组合学方法构造了 0-1序列的一个树 T ,证明了 T同构于 Almeida-Ramos树 .此外 ,还研究了 T的

自相似性及 T中元素的特征值 .
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1　 Instruction

　　 Almeida-Romos in reference [ 1] const ructed a

t ree of 0-1 sequences, w ri t ten TAR , by using a pure

combina to rial procedure and studied the norm s o f

m atrices induced by elem ents o f TAR . In this paper

w e construct, in a simi lar w ay, a t ree, w rit ten T , o f

0-1 sequences w hich is di fferent f rom TAR but show n

to be isomorphic i t. Mo reover, w e study th e self-

simi lari ty in T and the dist ribution o f eig envalues o f

elements of T . Acco rding to reference [2] , the t ree

T is clo sely related to the dynamics of Lorenz maps.

2　 Another Tree in Symbolic Dynamics

　　 Let∑ = ∏
∞

1 { 0, 1} ande: ∑ →∑ be

defined bye(x 1 ,x 2 ,… ) = ( x2 ,x 3 ,… ) for any (x 1 ,

x 2 ,… )∈ ∑ . The (∑ ,e) ( wi th the usual product

topolog y induced by the discrete topo logy of { 0, 1} )

is called to be the ( one-sided) sym bolic dynamical

system ( see reference [3] for mo re details) .

Let x ,y ∈ ∑ be tw o periodic sequences o f

periods n andm , respectiv ely. Put x = ( x1 , x2 ,… ,xn ,

x1 ,x 2 ,… , xn ,… ) and y = ( y1 , y2 ,… , ym , y1 , y2 ,… ,

ym ,… ) . We identi fy x w ith y if n = m and x 1x 2… xn

= y1y2… ym . wi th this identi fica tion, deno te by∑
the rela ted identi fica tion space, and by x 1x 2 ,… ,
xn- 1△ the identification class of the periodic

sequence x o f periodn in∑ , w here“△” i s a symbol

dif ferent f rom ei ther 0 or 1.

Let 1 < △ < 0, define an o rder < in∑ a s

follow s: for x = x 1x 2 ,… , y = y1y2 ,… ∈ ∑ w ith x

≠ y , w e say tha t x < y i f there exists an index i such

tha t
x1x 2 ,… , xi- 1 = y1y2 ,… ,yi- 1 and xi < yi .

A sequence x ∈ ∑ i s said to be shi f t-maximal if ,

for any 1≤ k≤|x|- 1, max {e
k
x ,ekx′}≤ x ,

w here|x|deno te the leng th of x ,x′= x′1x′2 ,… , 0′

= 1, 1′= 0 and△′= △ . Deno te by∑ the set of

shif t-maxim al sequences in∑ and by∑k
the set of

shif t-maximal sequences wi th leng th k fo r k ≥ 1.

Then w e have

　　∑ = ∪
∞

k= 1
∑k

for the topolog y of total o rder in∑ induced by the

total o rder < .

　　We figure the elem ent of∑ as a t ree, w rit ten

T in w ha t fol low s, placing at the k -level the
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elements of∑ k in increasing o rder f rom lef t to

right , The Fig . 1 below i llust rates w hat w e mean.

　 　 Fig. 1 　 A tree T sati sfying d( T ) ≡
{d( x ): x ∈ T } = {d(x ): x ∈ T∩ P } = [1, 2 ].

　 　 Deno te by ∑ fin the set of fini te 0 - 1

sequences. Define tw o m apshandjas follow s:

　　h:∑ fin∪ ∑→∑ fin∪ ∑ ,

　　 x = x1x 2…|→ a = a1a2… ,

w herea1 = x 1 and, for 2≤ i≤|x|,

　　 ai =
x′i , if xi- 1 = 0,

xi , i f xi - 1 = 1,
and

　　j:∑ fin
∪ ∑→∑fin

∪ ∑ ,

　　 y = y1y2…|→ b = b1b2… ,

w hereb1 = y1 and, for 2≤ j≤|y|,
　 bj = y′j , if the pa rity o f 0′s in y1 y2… yj- 1 is odd,

yj , if the pa rity o f 0′s in y1 y2… yj- 1 is ev en.

Clearly , bo thhandjare injectiv e.

　　 Lemma 2. 1　 ( i ) Let x = x 1x 2 ,… ∈ ∑ fin∪ ∑
and a = h( x ) = a1a2… . Then, fo r any 1≤ j≤|a|,

the pa ri ty o f 0′s in a1a2… aj i s odd ( ev en, resp. ) i f
and only if x j = 0(x j = 1, resp. ) .

( ii )joh= hoj= id∑ fin
∪∑ .

　　 Proof　 ( i) By induction on j . Clearly i t is t rue
fo r j = 1. Now suppose j≥ 2 and the conclusion is

t rue for j - 1. Without lo ss of g enerality, assum e
the pa ri ty o f 0′s in a1a2… aj- 1 is odd and xj - 1= 0. If
the pa ri ty 0′s ina1a2… a j i s odd, then aj = 1 and thus
xj = a′j = 0, conversely, if xj = 0, then aj = x′j =

1 and thus the parity of 0′s ina1a2… aj - 1 i s odd; i f the
pari ty o f 0′s in a1a2… aj is ev en, then aj = 0 and thus
xj = a′j = 1, conversely, if xj = 1, then aj = x′j =

0 and thus the pari ty o f 0′s in a1a2… a j is ev en.

　　 ( ii ) We prove onlyjoh= id∑ f in
∪∑ , theaj proo f

o f thatjoh= id∑ f in
∪∑ i s similar and omitted.

　　 Let x = x 1x 2… ∈ ∑ fin
∪ ∑ ,a = a1a2… =

h( x ) a nd y = y1y2… = j(a ) . By the definitions o fh
andj, we have y1 = a1 = x 1 , a nd, for any 2≤ i≤ |x|,

　 yi = a′i , if the parity o f 0′s in a1a2… ai- 1 is odd,

ai , if the parity of 0′s in a1a2… ai- 1 is ev en,

w here

　　 ai =
x′i , if xi- 1 = 0,

xi , i f xi - 1 = 1.
If xi = △ then yi = ai = △ = xi . Now suppose xi≠
△ . Then ai≠△ and yi≠△ . By ( i ) , thus, one gets
yi = ai = xi . This com pletes the proof.

　　 Let TAR be the tree of 0-1 sequences const ructed
by Almeida-Ram os in reference [1]. In w hat follow s
w e identi fy c1c2… ci△ with c1c2… ci* fo r any c1c2… ci*
∈ TAR .

　　 Theorem 2. 2　 T i s i som orphic to TAR .
　　 Proof　 For convenience, deno te byhandjthe
rest rictions ofhandjto T and TAR , respectiv ely. We
wi ll prov e thath: T → T AR is an isom orphism and

complete the proof in following two steps.
　　 Step 1　 To prove that bo thh: T→ TAR andj:
T AR→ T a re w ell defined.

　　W e prove only thath: T→ T AR is w ell defined,

the proof of thatj: T AR→ T i s w ell defined is simi lar
and omit ted. Clearly it suffices to prove tha th(x )∈
T AR fo r any x∈ T , tha t is, to prove thate

k (h( x ) )≤
h(x ) for any 1≤ k≤|x|- 1.
　 　 Let x = x 1x2… xn- 1△ and h( x ) = a =

a1a2… an- 1△ . Set max {e
k
(x ) ,e

k
(x′) } =

yk+ 1yk+ 2… yn- 1yn , where yn = △ . Then w e have
　　 yk+ 1 yk+ 2… yn - 1yn≤ x .
Assume
　　 yk+ 1 yk+ 2… yk+ r- 1 = x 1x 2… x r- 1 and yk+ r < xr

for some 1≤ r≤ n - k . Then we do argument in
follow ing four cases

Case 1　 yk+ 1yk+ 2… yk+ r- 1 = xk+ 1xk+ 2… xk+ r- 1

and xk = 0. Then ak+ 1 = x′k+ 1 = y′k+ 1 = x′1 = 1 <
0 = a1. This impliese

k
a < a.

　　 Case 2　 yk+ 1yk+ 2… yk+ r- 1 = x′k+ 1x′k+ 2… x′k+ r- 1

and xk = 1. Thenak+ 1 = xk+ 1 = y′k+ 1 = x′1 = 1 < 0

= a1 . This impliese
k
a < a.

　　 Case 3　 yk+ 1yk+ 2… yk+ r- 1 = x′k+ 1x′k+ 2… x′k+ r- 1

and xk = 0. Then ak+ 1 = x′k+ 1 = yk+ 1 = x1 = 0. Fo r
any 2≤ i≤ r - 1, i f xk+ i - 1 = 0, then xi- 1 = yk+ i- 1

= x′k+ i - 1 = 1 and thus w e haveak+ i = x′k+ i = yk+ i =
xi = ai ; if xk+ i - 1 = 1, then xi - 1 = x′k+ i- 1 = 0 and

thus w e haveak+ i = xk+ i = yk+ i = x′i = ai . Tha t is ,

in this case, w e have
　　 a1a2… ar- 1 = ak+ 1ak+ 2… ak+ r- 1 .

If xk+ r- 1 = 0, then x r- 1 = yk+ r- 1 = x′k+ r- 1 = 1 and
thus w e have ak+ r = x′k+ r = yk+ r < xr = ar . No te

tha t in this case the parity of 0′s in a1a2… ai- 1 i s
ev en. Thus one getse

k
a < a; i f xk+ r- 1 = 1, then a

simi lar argum ent implieseka < a.
　　 Case 4　 yk+ 1yk+ 2… yk+ r- 1 = x k+ 1xk+ 2… xk+ r- 1

and x k = 1. Obviously, w e have, in this case,
ak+ 1ak+ 2… ak+ r- 1 = a1a2… ar- 1 and ak+ r≠ ar. If xk+ r- 1

= 0, then xr- 1 = yk+ r- 1 = x k+ r- 1 = 0 and thus w e
have ak+ r = x′k+ r = y′k+ r > x′r = ar. No te that in

10 Guangxi Sciences, Vo l. 7 No. 1, Februa ry 2000



this case the pari ty o f 0′s in a1a2… ai- 1 is odd. Thus

one getse
k
a < a; i f xk+ r- 1 = 1, then a similar

a rgument im plieseka < a.
　　 Step 2　 To provehis an order-preserving map.
　　 Let x = x1x 2… xn and y = y1y2… ym be in T with
x < y , and leth(x ) = a1a2… an andh( y ) = b1b2… bm ,
w here xn = ym = an = bm = △ . Assume
　　 x 1x 2… xi- 1 = y1 y2… yi- 1 and xi < yi

fo r some 0≤ i≤ min{n - 1,m - 1}. Then w e have
　　 a1a2… ai- 1 = b1b2… bi- 1 and ai≠ bi .

If xi- 1 = 0, then yi- 1 = 0 and the pa ri ty of 0′s in
a1a2… ai- 1 i s odd. Thus w e haveai = x′i > y′i = bi

and thenh( x ) < h( y ) ; i f xi - 1 = 1, then a similar
a rgument im pliesh(x ) < h(y ) . Hence the maph: T
→ TAR is o rder-preserving. Fo r any x , y∈ T , put a
= h(x ) and b = j( y ) , th en there exists an edge
betw een x and y in T if and only if there exists an

edge betw een a and b in T AR . Therefo re, f rom
Lemma 2. 1 i t fo llow s that T is isomo rphic to T AR

w ith respect toh. This com pletes the proof.

　　 Remark 2. 3　 Deno te by∑ A R the set∑ in

reference [ 1 ]. Clea rly f rom the proof o f Theorem

2. 2 it fol low s that (j|∑ AR
) o (h|∑ ) = id∑

～
and

(h|∑ )o (j|∑ AR ) = id∑
～

AR
.

3　 Self-Similarity

In this section we study the self-simila ri ty o f
T . The ideal of using sel f-simi la ri ty is mo tiv ated by
reference [4] .

Def inition 3. 1　 A map S: T→ T i s said to be a
self-simi lari ty map if

( i ) S is mono tone increasing;

( ii ) S has the following intermediate v alue
property: LetTandUbe in T withT<U. Then for
anyΓ∈ T sati sfying S (T) <Γ < S (U) , there exists

aV∈ T w ithT<V <Usuch tha t S(V) = Γ.
　　 Definition 3. 2　 Let x = x 1x 2… xn - 1△ ∈ T.

Define a map Sx:∑ →∑ by, fo r any y= y1y2… ∈

∑ ,

　　Sx ( y ) = x 1x 2… xn - 1y1 y1y2 y2… ,

w here, for any 1≤ i≤|y|- 1,

　　 yi = x′1x′2… x′n - 1 ,　　 if yi = 0,

x 1x 2… xn- 1 ,　　 if yi = 1.

The map　 Sx:∑ →∑
is well defined by Lemma 3. 1 below . Deno te by M
the set o f shif t-maxim al sequences in reference [5].
Define tw o mapsξandηas fo llow s

　　a:∑ AR
→ M

　　　a1a2…|→ a
ˇ

1a
ˇ

2… ,

and

　　Z: M→∑ AR

　　　 A1 A2…|→ A
ˇ

1A
ˇ

2… ,

w here 0
ˇ

= R, R
ˇ

= 0, 1
ˇ

= L ,L
ˇ

= 1,△
ˇ

= C andC
ˇ

=

△ . Clearly ,aoZ= idM ,Zoa= id∑
～

AR
and bothaandZ

are o rder-preserving.
　　 Lemma 3. 1　 Let x ∈ T . Then, fo r any y ∈

∑ ,

　　 Sx (y ) = j(Z(a(h( x ) )* a(h( y ) ) ) ) ,

w here* -product is defined on page 72 in reference
[3].
　　 Proof　 Set
　　h(x ) h(y ) = Z(a(h(x ) )* a(h(y ) ) ) .

Then it suf fices to prove
　　 Sx ( y ) = j(h(x ) h( y ) ) .

Leth( x ) = a1a2… an- 1△ andh( y ) = b1b2… , put a =

a1a2… an- 1 . It i s no t di fficult to obtain that

　　h(y ) h( y ) = ab
-

1ab
-

2… ,
w here

　　 b
-
i = b′i , if the pa ri ty of 0′s in a i s odd,

bi , if the parity of 0′s in a is ev en.
No te that the parity of 0′s in a i s odd ( ev en, resp. )
if and only if xn- 1 = 0(xn - 1 = 1, resp. ) ,
　　h( 0x′1x′2… x′n- 1 ) = 0h( x1x 2… xn- 1 )
and
　　h( 1x 1x 2… xn- 1 ) = 1h(x 1x 2… xn- 1 ) .

Then w e have
　　h( Sx ( y ) ) = h(x ) h( y ) .

Sincej= h
- 1

, we have
　　 Sx ( y ) = j(h(x ) h( y ) ) .

This completes the proo f.
　　 Theorem 3. 2　 Let x∈ T . Then the map Sx|T:
T→ T i s a self-similarity map.
　　 Proof　 Clearly , the map Sx|T: T→ T i s w ell

defined. LetT,U∈ T withT<U, and letΓ∈ T with
Sx (T) < Γ < Sx (U) . Then
　　a(h( Sx (T) ) ) < a(h(Γ) ) < a(h( Sx (U) ) )
By Lemma 3. 1 w e have
　　a(h( Sx ( y ) ) ) = a(h( x ) )* a(h( y ) ) .

for y ∈ {T,U} . Then from the properties of * -

product , see pages 72 to 78 in reference [5] fo r more
detai ls, there exists aW∈ M w itha(h(T) ) < W <
a(h(U) ) such tha t
　　a(h(Γ) ) = a(h( x ) )* W.
LetV= j(Z(a(W) ) ) . ThenT< V< Uand
　　Γ= j(Z(a(h(x ) )* a(h(V) ) ) ) .

Thus by Lemma 3. 1 one gets Sx (V) = Γ. This
completes the proo f.

　 　 Remark 3. 3　 Theo rem 3. 1 is useful to
understand the local structure of the t ree T . Fo r
exam ple, fo r any even integer n≥ 4, the number of

elements in n -level between the smallest one and
00101… 0101△ (= 0△ 0111… 1△ ) i s equal to the

num ber o f elements in
n
2

-level of T , this is easi ly
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deduced from Theo rem 2. 1 by taking x = 0△ .

4　 Eigenvalues

In this section the eig envalues of elements in T
a re defined, w hich are show n to be clo sely rela ted

to the spect ral radiuses of th e ma trics induced by
elements of TAR ( see reference [6] fo r mo re details) .

Also the elements of T are divided into tw o classes,

the primary and the non-primary , w hich are show n
to be closely related to the kneading sequences o f

tent maps.
　　 LetX( 1) = 1,X(△ ) = 0 andX( 0) = - 1, Fo r any

x = x 1x 2… ∈ ∑ , define the forma l pow er series

( polynomial in fact , whenever x ∈ T )

　　dx ( t ) = 1+ X( x1 ) t+ ∑
|x|

i= 2

t
i∏
i- 1

j - 1

X( xj )X
-

( xi ) ,

w here

　　 X
-

(xi )=

X(x′i ) , if the pari ty of 0′s in x1x 2… xi - 1 i s odd,

X(x i ) , if the pa rity of 0′s in x 1x 2… xi- 1 is ev en.

For any a = a1a2… ∈ ∑ AR , define the fo rmal

pow er series ( polynomial in fact, whenevera∈ T AR

)

　　Ka ( t ) = 1+ ∑
|a|

i= 1

t
i∏

i

j= 1

X(aj ) .

　　 Lemma 4. 1　 ( i) Let x∈ ∑ and a∈ ∑ AR with

a = h( x ) . Thendx ( t ) = Ka ( t ) .
　 ( ii)

　　 D ( t ) =
dx ( t )∑

∞

i= 0
t
ni

,　 if x ∈ T ,

dx ( t ) ,　　　 if x ∈ ∑ - T ,

w here D ( t ) i s the related kneading determinant for
the case l = 2 in reference [7].

　　 ( iii ) Let x ∈ T and y ∈ ∑ . ThedSx ( y ) ( t ) =

dx ( t )dy ( t|x|) .

　　 Proof　 ( i ) It suf fices to show tha t, for any 2
≤ i≤|x|,

　　∏
i- 1

j= 1
X(x j )X

～

( xi )∏
i

j= 1
X(aj ) = 1.

Now w e do it in following two cases

　 　 Case 1　∏
i- 1

j= 1
X( xj )∏

i- 1

j= 1
X(a j ) = 1. W e

know , in this case, that the pa ri ty o f 0′s in
x 1x 2… xi - 1 i s odd ( ev en, resp. ) if a nd only i f the

pari ty o f 0′s in a1a2… ai- 1 i s odd ( ev en, resp) . No te

that the parity o f 0′s in a1a2… ai- 1 i s odd ( ev en,

resp. ) i f and only if xi- 1 = 0(xi- 1 = 1, resp. ) . Then

w e have

　　 X
～

(xi ) =

X(x′i ) , if the parity of 0′s in x 1x2… xi- 1 is odd,

X(x i ) , i f the pari ty o f 0′s in x 1x 2… xi - 1 i s ev en,

=
X(x′i ) , i f the parity o f 0′s in a1a2… ai - 1 i s odd,
X(xi ) , if the pari ty of 0′s in a1a2… ai- 1 is ev en,

=
X(x′i ) , i f xi - 1 = 0,

X(xi ) , if xi- 1 = 1,
= X(ai )
Thus the desired equality, in this case, i s proved.

　 　 Case 2　∏
i- 1

j= 1X(x j )∏
i- 1

j= 1X(aj ) = - 1. A

simi lar argum ent to case 1 can prove the desi red
equali ty.
　　 ( ii ) Let a = h(x ) . Then from Lemma 4. 5 in
reference [7] i t is no t di fficult to obtain that

　　 D ( t ) =
Ka ( t )∑

∞

i= 0
t
ni

, if a is finite,

Ka ( t ) ,　　 if a i s infinite.

Thus by ( i ) w e have the desi red equali ty.
　　 ( iii ) Leth(x )≡ a = a1a2… an - 1△ ,h( y )≡ b =

b1b2b3… . Then by the pro of o f Lem ma 3. 1 w e have
h( Sx ( y ) ) = a b. PutTi = ∈ (Ti ) , i = 1, 2,… ,n -

1,Vj = ∈ (bj ) andUj = ( - 1)
N ( a)
Vj , j = 1, 2,…|b|-

1, where N (a ) i s the pari ty of 0′s in a. Clearly w e
have
　　T1T2…Tn- 1Uk = Vk , fo r any 1≤ k≤|b|.

No te that
　　 a b = ab

 
1ab
 

2ab
 

3… ,

w here

　　 b
 
i =

b′i , i f N (a ) is odd,

bi , if N (a) i s even.
Then by ( i ) we have
　dS

x
( y) ( t ) = Ka b ( t )

= 1+ T1 t+ … + T1T2…Tn - 1t
n- 1

+
T1T2…Tn- 1U1t

n + … +

(T1T2…Tn- 1 ) 2U1U2t
2n + …

= ( 1 + ∑
n - 1

i= 1
T1T2 + … + Tit

i
) ( 1 +

∑
|b|

j= 1
T1T2…Tn - 1 )

j
t
jn∏

j

k= 1
Uk )

= KT( t )Kb ( t
|b|

) = dx ( t )dy ( t
|x|

) .

This completes the proo f.

　　 From ( ii ) of Lemma 4. 1 and Theorem 6. 3 in
reference [6 ] it follows that there exists an s > 1
such thatdx ( 1 /s ) = 0 anddx ( t )≠ 0 for any 0 < t <
1 /s i sa(h(x ) ) > R

* ∞ ( see page 172 in reference [5]

) . Denote bydx such an s and setdx = 1 ifa(h(x ) )≤
R

* ∞

　　 Def inition 4. 1　 Fo r an x ∈ ∑ , thed(x ) i s

cal led to be the eigenva lue o f x .

　　 Definition 4. 2　 Let x ∈ ∑ . Then x is called

to be non-primary if there exist y∈ T - {S
r
0△ (△ ):

r∈ Z+ } and z ∈ ∑ - {△ } such that x = Sy (z ) ,

w here S
r
0△ deno tes the i terate of the map S0△ ,x i s

cal led to be prima ry if it is not non-prima ry.

　　 Denote by P the set o f primary sequences in

∑ .
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　　 Fo r 1 < _ ≤ 2, let f _ (x ) = min{_ x ,_ ( 1 - x ) }
fo r any x∈ [0, 1 ]. Each f _ i s so-called the tent map.

Like in reference [5] , deno te by K ( f _ ) the kneading
sequence o f f _ .

　　 Theorem 4. 2　 ( i ) P = {j(Z( K ( f _ ) ) ): 1 < _≤
2} ,
　　 ( ii) Let x ∈ P and x = j(Z( K ( f _ ) ) ) for som e
1 < _ ≤ 2. Thed( x ) = _ .

　　 ( iii ) Let y ∈ ∑ - P. Then there exists

uniquely an x ∈ P such tha td( y ) = d( x ) .

　　 Proof　 ( i ) By Lemm a 3. 1 w e know that an

element x ∈ ∑ is primary if and only ifa(h(x ) ) i s

primary in sense o f reference [5 ]. Then by reference
[5 ] and the mono tonici ty of kneading sequences o f
tent maps w e have the desi red conclusion.
　　 ( ii ) Note that f _ has the topological ent ropy
h ( f _ ) = lo g_ fo r any 1 < _ ≤ 2. Then, by reference
[ 7 ] and ( ii ) of Lemm a 4. 1, w e have h ( f_ ) =
lo gd(x ) = log_ and thusd(x ) = _ .

　　 ( iii ) Since y∈ ∑ - P , we tha ta(h( y ) ) is non-

primary in the sense of reference [ 5 ]. Then there
exist a fini te primary sequence P∈ M - {RC} and a
Q∈ M - {C} such tha t
　　a(h( y ) ) = P* Q

and such a P i s unique. Put x = j(Z( P ) ) a nd z =

j(Z(Q) ) . Then by Lem ma 3. 1 we have y = Sx (z ) .
Thus by ( iii ) of Lemm a 4. 1 and Defini tion 4. 1 w e

haved( y ) = d( x ) . This com pletes the proof.

For any 1≤λ≤ 4. let gλ(x ) = λx ( 1 - x ) fo r
any x ∈ [0, 1 ]. By Theo remⅢ 1. 1 on page 173 in

reference [5] w e have∑ = {j(Z(K (gλ) ) ): 1≤λ≤
4} and then, Fo r any x ∈ T , there exists aλ∈ [1,
4 ] such tha t K ( gλ) = a(h( x ) ) . Let Ah(x ) be the
ma trix induced byh(x ) in reference [1 ]. Then h (gλ)

= logd( Ah(x ) ) . On the o ther hand, by reference
[ 7 ] and ( ii ) of Lem ma 4. 1 w e have h (gλ) =
logd( x ) . Thus, by ( iii ) of Theorem 4. 2 and
Theo rem of reference [1 ] w e have

　　 Proposition 4. 3　 d( T )≡ {d( x ): x ∈ T } =

{d(x ): x ∈ T∩ P } = [1, 2 ].
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