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Abstract　 Certain converg ence conditions for conjugate g radient method w ith some types of inexact

line search a re discussed. Converg ence analysis of a class of methods is giv en as an example by ap-

plying our results.
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摘要　在几类非精确线搜索下讨论一般共轭梯度法的收敛条件 ,运用此条件 ,对一类新算法的收敛性进行分析 .
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1　 Introduction

We consider the unconstrained nonlinear opti-

mization problem:

min
x∈ Rn

f (x ) . ( 1)

Where f : R
n
→ R is continuously differentiable and

its g radient is deno ted by g . gk and f k represent g (xk ) ,

f (xk ) respectiv ely. A general conjugate g radient algo-

rithm is given by

xk+ 1 = xk+ λkdk . ( 2)

dk =
- gk ,　 k = 1

- gk + Ukdk- 1 ,　 k≥ 2.
( 3)

WhereUk is a scalar andλk is a step leng th obtained

by a line search.

The w ell-known fo rmulae for Uk are Fletcher-

Reeves ( FR ) , Polak-Ribiere-Polyak ( PRP ) ,

Hestenes-Stiefel ( HS) and Conjugate-Descent ( CD)

formulae:

U
FR
k =

‖ gk‖
2

‖ gk - 1‖ 2 , ( 4)

U
PRP
k =

g
T
k (gk - gk- 1 )
‖ gk- 1‖ 2 , ( 5)

U
HS
k =

g
T
k (gk - gk- 1 )

d
T
k- 1 (gk - gk- 1 )

, ( 6)

U
CD
k = -

‖ gk‖ 2

d
T
k- 1gk- 1

. ( 7)

Zoutendijk
[1 ]

proved that the FR method with ex-

act line search w as globally convergent. Al-Baali
[2 ]

ex-

tended this result to st rong Wolfe line search. Pow-

ell
[ 3]

show ed that the PRP method migh t not converg e

to a stationary point , and he suggested thatUk should

not be less than zero, Gilbert and Nocedal[4 ] proved

thatUk = max (U
PRP
k , 0) could make the method con-

verg ed globally w ith the Wolfe line search and the suf-

ficient descent condi tion (g
T

k dk≤- C‖ gk‖
2 ,C > 0)

holding. But Grippo and Lucidi
[5 ]

show ed that choos-

ingUk might not be the only way. Chen and Jiao[6 ] pre-

sented a new formula to compute the scalarUk :

Uk=
Uk ,|g

T

k dk- 1|≥ d1 and‖ gk‖ ‖ dk- 1‖≤d2

0, otherwise.

( 8)

Where

-
e-

eU
CD
k ≤U

(k)
≤
e-

eU
CD
k , ( 9)

0 <ρ1 <ρ2 <+ ∞ , σ∈ ( 0, 1) , σ∈ ( 0, 1 /2)

In this methodUk < 0 is permit ted, and in Refer-

ence [6 ] the global converg ence is proved with the

generali zed Curry line search:

( A)λk = min{λ|g (xk + λdk )
T
dk = _ g

T

k dk ,λ>
0} ,_ ∈ ( 0,e) .

We call this method New-M ethod.

As w e all know n, line search method plays an im-
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po rtant role in optimization algo rithms. There are

many inexact line searches such as Wolfe line search

( B) , st rong Wolfe line search ( B’ ) , ideal line search

( E) , Generali zed Curry line search ( A) , etc. From

above discussion w e know that most of the results of

the convergence properties are based on the Wolfe o r

strong Wolfe line searches. What 's happen on the oth-

er inexact line searches is the main object of this pa-

per. In Section 3, we discuss the global converg ence

properties of the general alg orithms ( 1) ～ ( 3) with

nine types of line searches. We will show in Section 3

that Theorems 1 and 3 are very good tools for conver-

gence analysis. In Section 4, w e analy ze the conver-

gence properties of the New-M ethod mentioned

above. It is a g ood example fo r applying our results.

In Section 5, w e make a further discuss on the line

search ( D) .

2　 Basic Assumptions and Definitions

We give the follow ing basic assumptions:

( AS1) The lev el set L1 = { x|f (x )≤ f (x 1 ) } is

bounded.

( AS2) In some neighbo rhood N of L 1 , the objec-

tive function f is continuously dif ferentiable and its

g radient is Lipchitz continuous, i. e. there exists a

constant L > 0 such that

‖ g ( x ) - g ( y )‖≤ L‖ x - y‖　 x , y∈ N .

( 10)

Line search ( A ) and the follow ing eigh t line

searches are considered in this paper.

( B)
f k+ 1≤ f k+ c1λk g

T
k dk ,

g
T
k+ 1dk≥ c2g

T
k dk .

( B1)

( B2)

　　 ( B′)
f k+ 1≤ f k+ c1λk g

T
k dk ,

|g
T
k+ 1dk|≤ - c2g

T
k dk .

( B1′)

( B2′)

　　 ( C)

f k+ 1≤ f k ,

f k+ 1≤ f ( xk + tλkdk ) + Xk , t∈ ( 0, 1) ,

g
T
k+ 1dk≥ c2g

T
k dk .

( C1)

( C2)

( C3)

　　 ( C′)

f k+ 1≤ f k ,

f k+ 1≤ f ( xk + tλk dk ) + Xk , t∈ ( 0, 1) ,

|g
T

k+ 1dk|≤- c2g
T

k dk .

( C1′)

( C2′)

( C3′)

　　 ( D)

f k+ 1≤ f k ,

f k+ 1≤ min{ f ( x k+ λdk )|λ≥ 0} + Xk ,

g
T

k+ 1dk≥ c2g
T

k dk .

( D1)

( D2)

( D3)

　　 ( D′)

f k+ 1≤ f k ,

f k+ 1≤ min{ f ( xk + λdk )|λ≥ 0} + Xk ,

|g
T

k+ 1dk|≤ - c2g
T

k dk .

( D1′)

( D2′)

( D3′)

　　 ( E) f k+ 1≤ f ( xk + λ-kdk ) ,

　　 ( F)
f k+ 1≤ f k + _ 1λk g

T
k dk ,

f k+ 1≥ f k + _ 2λk g
T
k dk .

( F1)

( F2)

Where 0 < c1 < c2 < 1,Xk≥ 0,∑
∞

k= 1
Xk <+ ∞ , 0 <

_ 1 < _ 2 < 1. λ-k is the smallest positive stationary point

of the functionhk (λ) = f (xk + λdk ) .

The angle betw een - gk and dk is deno ted byθk .

We denote

Vk = cosθk  ‖ gk‖ = -
g
T

k dk

dk
. ( 11)

3　Main Results

Lemma 1
[ 4]
　 For any conjugate g radient method

wi th Fo rmulae ( 1) ～ ( 3) , if Zoutendijk condition

∑
∞

k= 1
V

2
k = ∑

∞

k= 1

( g
T

k dk )
2

‖ d‖
2 <+ ∞ ( 12)

holds and
‖ dk‖
‖ gk‖

is bounded, then

lim
k→∞
‖ gk‖ = 0.

Lemma 2　 Suppose the assumption ( AS1) and

( AS2) hold, and consider any iteration wi th Formulae

( 2)～ ( 3) , wheredk is a descent di rection andλk satis-
fies the Wolfe line search ( B) or the ideal line search

( E) or the Goldstein line search ( F) , then Zoutendi jk

condition ( 12) holds.

Proof　With the line searches ( B) or ( E) , w e

can see Zoutendi jk
[1 ]
; with the line search ( F) w e can

see Xu
[7 ]
.

Fo r the line searches ( C) and ( D) , w e can obtain

similar results:

Theorem 1　 Suppose the conditions of Lemma 2

hold with the line searches ( C) or ( D) , then Zou-

tendi jk condition ( 12) holds.

Proof　 By assumption ( AS2) and Formula ( C3)

( o r ( D3) ) w e obtain

( c2 - 1)g
T

k dk≤ (gk+ 1 - gk )
T
dk≤λkL‖ dk‖

2
.

∴　λk≥
(c2 - 1)g

T

k dk

L‖ d‖ 2  λ-k > 0. ( 13)

3. 1　Under the l ine search (C)

By Formulae ( C2) and ( 13) ak ∈ ( xk ,xk +

λ-kdk ) ,

f k+ 1≤ f (xk + λ-kdk ) + Xk

= f k + λ-kg
T
k dk + λ-k (g (ak ) - gk )

T
dk + Xk

≤ f k+ λ
-
kg

T

k dk+ λ
-
k
2
L‖ dk‖

2
+ Xk = f k -

1 - c2
L
V

2
k+

( 1 - c2 )
2

L
V

2
k + Xk = f k -

( 1 - c2 )c2
L

V
2
k + Xk ,

f k+ 1≤ f 1 -
( 1 - c2 )c2

L ∑
k

i= 1
V

2
i + ∑

k

i= 1
Xi .

From ( AS1) ( AS2) , { f k } is bounded.
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∴　∑
∞

k= 1
V

2
k <+ ∞ .

3. 2　 Under the l ine search (D)

Since the proof is simi lar to ( i ) , w e omit it here.

Remark 1　 Since the line searches ( B’ ) ( C’ )
( D’ ) are st ronger than ( B) ( C) ( D) , hence Theorem

1 holds wi th the line searches ( B’ ) ( C’ ) ( D’ ) .
Now w e consider the line search ( A) .

Theroem 2　 If dk is a descent direction then the

line search ( A) is st ronger than ( B’ ) .
Proof　 ( i) By ( A) w e have

 λ∈ [0,λk ] ,g (xk + λkdk )
T
dk≤ _ g

T
k dk .

 λ-k∈ ( 0,λk ) , f k+ 1 - f k = λkg (xk + λ-kdk )
T
dk≤

_λkg
T

k dk .

( ii ) By ( A) again, |g
T
k+ 1dk|= - _ g

T
k dk ≤ -

eg
T
k dk .

Now what we need to do is to let c1 = _ ,c2 = e.

From the above lemmas and theorems, w e have

the following theorem.

Theorem 3　 Suppose the condi tions of Lemma 2

hold wi th one of the nine line searches ( A) to ( F) ,

and
‖ dk‖
‖ gk‖

is bounded, then lim
k→∞
‖ gk‖ = 0.

4　 The Convergence Analysis of the New-

Method

Now we analyse the convergence property of the

New-Method w e have mentioned in Section 1.

Theorem 4　 Suppose the assumptions ( AS1)

( AS2 ) hold, let {xk } be generated by the New-

Method wi th the line searches ( B’ ) , ( C’ ) , ( D’ ) , c2

satisfies

σ-c2
σ

< 1, ( 14)

then lim
k→∞
‖ gk‖ = 0.

Proof　 ( i) To proveg
T
k dk < 0 for all k .

When k = 1, g
T
k dk = - ‖ gk‖

2
< 0 . We suppose

by induction that g
T
k dk < 0, then,

g
T
k+ 1dk+ 1 = - ‖ gk+ 1‖

2
+ Uk+ 1g

T
k+ 1dk

≤ - ‖ gk+ 1‖
2
+
e-‖ gk+ 1‖

2

e( - g
T

k dk )
|g

T

k+ 1dk|

≤ - ‖ gk+ 1‖
2
+
e-c2
e
‖ gk+ 1‖

2

= - 1 -
e-c2
e
‖ gk+ 1‖

2
< 0.

Hencedk is descent direction and Formulae ( B′) , ( C′) ,
( D′) can be satisfied.

( ii) To prove
‖ dk‖
‖ gk‖

is bounded.

If k = 1 orUk = 0, then
‖ dk‖
‖ gk‖

= 1.

If k≠ 1,Uk≠ 0 , then

‖ dk‖
2
= ‖ gk‖

2
- 2Ukg

T
k dk- 1 + U

2
k‖ dk- 1‖

2

≤‖ gk‖
2
+ 2

e-

e
‖ gk‖

2

|g
T
k- 1dk - 1|

|g
T

k dk- 1|+
e-

2

e
2

‖ g
T
k‖

4

|g
T
k- 1dk- 1|

2‖ dk- 1‖
2

≤‖ gk‖
2
+

2e-c2
e‖ gk‖

2
+
e-c2d2

ed1

2

‖ gk‖
2
.

∴
‖ dk‖

2

‖ gk‖
2 = 1+

2e-c2
e

+
e-c2d2
ed1

2

.

Remark 2　 Form Theorem 2 w e obtain that

Theo rem 4 holds wi th the line search ( A) . Therefore

the result of Chen [6] can be deduced in our method.

5　 Discussion

Now we make a further discussion on the line

search ( D ) . W e suppose the following assumption

( AS3) holds, then w e show that Formulae ( D1) and

( D2) are enough to ensure the Zoutendijk condi tion.

( AS3) f ∈ C
2 ( N ) and there exists a constant M

> 0 such that

‖ 
2
f (x )‖ ≤ M , x ∈ N , i , j = 1, 2,… ,n.

Where‖  
2
f ( x )‖ is some norm of 

2
f such

that

‖ 
2
f (x )  y‖ ≤‖ 

2
f ( x )‖  ‖ y‖ , x , y

∈ N , i , j = 1, 2,… ,n.

Lemma 3　θ(λ)∈ C
2 [0,b ] ,θ′( 0) < 0 then any

zero point_ ofθ′(λ) ,_ ∈ [0,b ] , satisfies

_ ≥ - θ′( 0) /Q. ( 15)

Where|θ″(λ)|≤ Q,　 λ∈ [0,b ] .

Theorem 5　 Suppose the assumptions ( AS1) ,

( AS3) hold and consider any i teration wi th the formu-

lae ( 2) and ( 3) , w heredk i s a descent di rection andλk

satisfies the following line search ( D″)

(D″)
f k+ 1≤ f k ,　　　　　 (D1″)

f k+ 1≤ min{ f ( xk + λdk )|λ≥ 0} + Xk , (D2″)

then the Zoutendi jk condition ( 13) holds.

Proof　 Letθ(λ) = f ( xk + λdk )　λ∈ [0,λ*k ] ,

then

θ″(λ) = d
T

k 
2
f (xk + λdk )dk≤ M‖ dk‖

2
　 λ

∈ [0,λ
*
k ] , k , and

θ′( 0) = g
T
k dk < 0.

By Lemma 3, w e obtain that the zero pointλ
*
k ofθ′(λ)

satisfies

λ*k ≥λ-k - θ′( 0) / (M‖ dk‖ 2 ) .

(下转第 12页 Continue on page 12)
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使 E|S|
W
< ∞ ,且 E|Sn - S|

W
→ 0, (当 n→∞ 时 ) ,

又 X> 0,

P (|S2k - S|> X) E|S2k - S|
W
≤ limsup

n
E|S2k

- Sn|
W
 ∑

∞

i= 2
k
+ 1

i
- ( 1+ 2W)

 2
- kW

, ( 9)

P ( max
2
k- 1

< n < 2
k
|Sn - S2k- 1|> X) E max

2
k- 1

<n < 2
k
|Sn -

S2k- 1|
W
 E max

2
k- 1

< n < 2
k
| ∑

n

i= 2k- 1+ 1

Yi i
-θ|

W
≤ E ∑

2
k

i= 2k- 1+ 1

|Yi i
-θ|

W

 ∑
2k

i= 2
k- 1

+ 1

E|Yi i
-θ
|
W
 2

- kW
, ( 10)

由 ( 9) 和 ( 10) 有 Sn→ S, a. s.

从而定理获证 . 证毕 .
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　　∴ t∈ ( 0, 1) , f ( xk + λ-kdk ) = f k + λ
-
kg

T

k dk +

1
2
λ-k

2
d
T

k 
2
f (xk + tλ-kdk )dk≤ f k -

(g
T

k dk )
2

M‖ dk‖ 2 +

1
2

(g
T

k dk )
2

M
2
‖ dk‖ 4M‖ dk‖

2
≤ f k -

1
2M
V

2
k .

f k+ 1≤ f (xk+ λ
*
k dk )+ Xk≤ f ( xk+ λ-kdk )+ Xk≤

f k -
1
2MV

2
k + Xk .

∴ f k+ 1≤ f 1 - 1
2M∑

k

i= 1

V
2
k + ∑

k

i= 1

Xk .

Let k→∞ , we obtain

∑
∞

k= 1

V
2
k <+ ∞ .
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