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Harmonic morphisms between semi—Fuclidean spaces B> R is studied. Two theorems

are given to construct harmonic morphisms betw een semi—Fuclidean spaces in two ways, and Ou

Yielin s corresponding results are generalized. Some interesting examples of quadratic harmonic

morphisms betw een semi—Euclidean spaces are presented.
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The notions of harmonic morphisms and horizon-
tally weakly conformal maps between Riemannian
manifolds were studied in the context of differential
geometry in the late 70s of last century. A harmonic
morphism is characterized as a horizontally weakly
conformal and harmonic map independently in Refer-
ences [1, 2. Fora detailed account on harmonic maps
and harmonic morphisms between Riemannian m ani—
folds, we refer to references including References |3~
6] . Recently, the corresponding notions for semi—Rie-
mannian manifolds have been studied by Parmar’ . We
refer to O Neill"’ concerning semi—Riemannian mani—
folds (where the metric tensor may be indefinite and
hence the Laplace-Betrami operator may not be
elliptic)

This paper comprises two sections. In Section 1
we introduce and recall some fundamental concepts
and facts concerning semi—Riem annian manifolds and

harmonic maps, harmonic morphisms and horizontally
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semi—Riemanian manifolds, harmonic maps, harmonic morphisms

weakly conformal maps between these spaces. In Sec—
tion 2 we prove our main theorems and give an exam—
ple of nontrivial harmonic morphism ¢ RB— R and
show that its complete lift is a quadratic harmonic
mo rphism H RX R RB.

The interesting problem of constructing and clas—
sifying polynomial harmonic morphisms between Eu—
clidean spaces have been studied extensively and the

back ground information could be obtained from Refer—

ences [3, 9~ 16] .
1 Preliminaries

1.1 Semi-Riemannian manifolds
Definition 1

aC" -manifold endow ed with a metric g , i e.a sym—

A semi-Riemannian manifold M is

metric non-degenerate (0, 2) tensor field on M, with
constant indices of positivity and negativity ind M and
ind- M, respectively. The non-degeneracy means that
ind M+ ind M= dim M.

Definition 2
space TM ,x& M, is called non-degenerate if the re—
striction of g« to UX U'is non-degenerate, that is, if 0
is the only vector X € U such that g« (X,Y) = 0 for
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every Y& U; Otherwise U is called degenerate.

Let@ M— N beaC' -map between semi—Rie—
mannian manifoldsM and N of dimensionsm andn, re—
spectively. For each x& M we consider the following
two subspacest(q = K« andKx O= K of Tx M.

K= KerdQx)= {(x€ LM dx)(X)= 0},
K = (X€ T.Ml g (X,Y)= 0,for very Y€ K. ).

In the Riemannian case, we have Kx P, KxL =
T:M, and it is customary to call K+ the vertical space
and K+ the horizontal space atX. However, in the se-
mi—Riemannian case, we can not callKx the orthogonal
complement of K+ since Kx + Keis generally not all of
T.M: Ko+ Ki? TeM, or equivalently K\ Ki7
{0}; this is further equivalent to Kx being degenerate
1. 2 Horizontally weakly conformal maps

Definition 3 Let() M—> N be a non-degenerate
map of semi—Riemannian such that at points x € M

where Q% 0, d(])k‘L Ky — Taxy N is conformal and

surjective, i-e. there is a continuous functionk M—>
R such that
(dOX), dXY)) = AXX, D,V X, YE K.

At the critical points of O i.e. points x € M
where dJ= 0, we putA = 0; then A% is smooth. We
call such a map® horizontally weakly conformal with
dilationA .

Remark 1 (1) A map® M> N is non-degener—
ate, if its fibres O l(q) ,g€ N are semi—Riemannian
submanifolds of M, or K« (O) is non-degenerate for ev—
eryx€ M. (2) The term "weakly" refers to the possi—
ble occurrence of pointx© M at whichA (x) = 0.

Lemma1""" 4 C'-maff) M— N is horizontal-
ly weakly conformal with dilation? if and only if

(V0,7 O = 2 (gheb),
where (yl ,yz,---
Vi denote the gradient operator for the manifold M,
and LU= 1,2, .n
1. 3 Semi-Euclidean space

,¥') are local coordinates in N, and

Definition 4 The index 8of a symmetric bilinear
g on M is the dimension of the largest subspace U M
on which gl v is negative definite.

The constant &of index gx on a semi—Riemannian
manifold M is called the index of M: O~ &< m =
dimM. If 8=

is then a positive definite inner product on 7M.

0, M is a Riemannian manifold, each g

If (x',-+ ,x") is a coordinate system on UC M,
then the components of the metric tensor g on U are
Jd d o
gi= <30 90> . for KX i, /<< m.

S A 20014 118 % 85 % 4l

Thus for vector fields X = X =5 %Cz and Y= Y 55 7xf
g(X,Y) = <X, Y>= ng/'XIY.

Since g is non—degenerate, at each pointX of U the ma—

trix gy (x) is invertible, and its inverse matrix is de—

noted by gi(x). Finally on U the metric tensor can be

written as g = gijdxi® dx’.

Recall that for each p€ R” there is a canomical
linear isomorphism betw een R" and T»(R") through
which we can identify 7, (R") with R". Under this i-
dentification the inner product on R" gives rise to a

metric tensor on R by
(X[},Yp)z Xp. },[7:2 X’Yi
= 1

Henceforth in any geometric context R” will denote the
resulting Riemannian manifold, called Euclidean m —
space. For an integer 8with 0 & m, changing the
first &plus signs above to mlnus glves a metric tensor

Z){h Z Xy

= & 1
of index & The resultlng mamfold is called semi-Eu-

clidean m —space, which is denoted R¢. If €= 0, R
then reduces{to R'. Using the notation

<Xp ,Yp> =

x -1, for & E X m

then the metric tensor of B¢ can be written as
g= Z Xde' & dx'
The norm | Xo| of a tangent vector X, € T is
' X = | <X, Xp > ‘ 2 " and unit vectors, orthogo—

nality, and orthonormality are as the case of Rieman-—
nian manifold.
1. 4 Harmonic maps and morphisms

For a semi-Riemannian manifold (M ,g) the
Laplace-Beltrami operator/\y is given, in local coordi—

nates (xi )= 1, by

Ny = —1—2 7)6( ‘ det(glj)‘z ]_)
‘ det(gij)| '

Although the operator 2Ny is not elliptic when
ind M> 0and ind- M> 0, we still keep the defini—
tion of harmonic function f: M— R as a C local solu-
tions to the Laplace-Beltrami equation/\ yf =

Definition 5 A tension field () of aC -map
O M—> N between semi-Riemannian manifolds is a
vector field along Owhich to each pointx € M assigns
the tangent vector, denoted T(OQ(x) € TayN,
(O (x) in terms of

w hose contravariant com ponents 7/‘
local coordinates (y' - can written as

",y") inN,
(O = A0+ D) ax (VuO, V40 (T,

Tk |
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here I denote the Christoffel symbols for the target
manifold N. Ois called a harmonic map if T(() =

Definition 6 A Cz-map between semi—Riemanni—
an manifolds is called a harmonic morphism, if when-
ever f is a harmonic function on an open set VC” N and
O '(¥) is non-empty, then the pullback of Ois har-
momnic on O (V)T M

Theorem 1 A map © (M,gy> Riisa non—gen—
erate harmonic morphism if and only if Ois both a har—
monic map and a horizontally weakly conformal map.

For a proof see Reference [7] .

Definition 7 A polynomial map QR —> R isa
map with polynomial Components(},--- ,O. Tts degree
is the maximal degree of the component polynomials.

A polynomial harmonic morphism Omeans that O

is both a harmonic morphism and a poly nomial map.

2 Proofs of the Main Resul ts

First of all we prove the following.

Lemma2 For amap®@ "D U> R betw een se—
mi—Fuclidean space with Qx) = (O(x),,0(x)),
the harmonicity and horizontally weakly conformlity

are just equivalent to the following conditions respec—

tively:
L 20 A a0
—Z 5t 24 r= 0 )
A v O Y
X X R WL ()
where

’I:U: 17 2, » 1

1 .
(x ,-++ ,x") are standard coordinates of R';A: R*— R

Xo !~ 1, T= 1,2: s
LT= s+ 1, ,n.
Proof By Definition 5, we see that
7O = o0,
and for every IT= 1,2,-+ ,n,

7' = AuOy ZUfV g (Vn O,V Oy (ThgO) =

is the dilatio{a of Q

where I vanish in & . Thus
A0 = 0.
This implies that every O is a harmonic func—
tion. Finally by the definition of Ay in Section 1, we
get Equality (1):
B E 70 2 90 _
e VA A
On the other hand, we start from
< Vw37 uOs 0= R(gvd),
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then by Lemma 1 we get

Z m :,’ij- ;? = }\ZXVWU,

. (IT e A (IT atj
e - - 5 + = A2XW,
Henceforth Lemma 2 follows.

Lemma 3 The complete lift of a harmonic map

OR— R is again a harmonic map.

Proof Let OR'— R .Qx)= O(x), -,
O(x)), be a harmonic map , then by Lemma 2 we
have

~ Z (?(S Z (?(T
7" T
where

T= 1,2, ,n
We next check that

N A0 A
H - = .. —
(x,) (Zgl PERAS 2. K )
i
H(xay 2 %Cy’
is a harmonic map.
Let
1 _ 1 m _ m m+ 1 _ 1 om m
u= x,-,u=x,u _yv”'7u_y;

- k= 1,2,--,
X_{l,k: r+ o Lo,

m,m+ r+ 1, ,2m.
But
D
a(u (2 _iy)

2m (jg}f n
glxa(uk)z ;
m 3 m
= Z X(’; j 2(2]

rom+ 1y ,m+ 1

Zx

1l
o

This ends the proof.
Theorem 2 Let® B'— R be a harmonic mor—

phism defined by homogeneous polynomial of degree
2, then the complete lift of O, defined by H R} R'—>

N ) N,
(Z %cy"";. aiy)isahar—

monic morphism, where R"X R is given the product

R withH(x,y) =

o
metric having the formz Xdr* @ o,
h= 1

Proof Now the harmonicity of H(x,y) follows
from that of Oby Lemma 3. So we only need to check
that H(X ,¥) is a horizontally weakly conformal
map. Now that Ois a homogeneous polynomial of de—
gree 2, we can write

Guangxi Sciences, Vol. 8 No. 4, November 2001



Qx)= (xAx', xA4x"),

wherex = (x',-+,x"),x" denotes the transpose of X
and At(T= 1,2, ,n) is a symmetric matrix of mx<
m. Thus, wecanwritedr= (At A0 = ((4t),

, (AN, where 4™ denotes thei th column vector of
Ar, and (A7) thei th row vector of AT.

A routine calculation gives

;Sj_ Jedr= 2(Av)x, (3)
N VL R N
Hay) = 2 30 = (g g0 =
2 41y,
<
TLor) = otyy = (4
ﬂf%i)_ 2Ar= 2(A0)x. (5)

On the other hand, sinceOis a horizontally w eakly
conformal map by Theorem 1, we have Equality (2) in
Lemma 2. Together with Equa]ity (3), we can get
- zE (x AT (x (AL) + 42 (x A1) (x Ab) = NIXWG,

= r+

(6)
- E__l (vAb) (yAb) + 42 () (yAb) = 1N,
(7)
Thus, we have
H' I HH 3 H
Z f’u" K Z B AR

ﬂ( M
Zl ¥ 3T S T
D) (rd)(rd) = D) (yAb) (yA0)+

i=n 1 Jj=1

El (xAY) (xAb)+

Q (A (A0 (by (4) and (5)

= (AW A) ed. (by (6) and (7))
So it is easily to see thatH(x, ) is a horizontally

weakly conformal map. Thus we have proved Theorem
2

Theorem 3 Let 3 M'—> R! and(3 N/— R! be
two harmonic morphisms, then the direct sum QD Q
of Q andQ, defined by()@ Q M’} N~ R with (Q
S¥ Q)(x,y) = Qx)+ Q(y) is a harmonic mor-
phism, where the product manifold M X N% is pro—
vided with the product metric.

Proof Let
(xl ’x2’... ’x'"vy' ,yz,"' D),
(x',x2, ,x"),
and
)
FE A 20014 118 F 8K 5 4

DX

be a coordinate system onUX VC M/X N ,UZ M
and VC Ny, respectively.
At first we have by Lemma 2

—Zf MQ" > 2 (8)

= i=mn 1 axl -
B} Z QL) 5(_5’(1) S 5(_3(1) Q_L) N
(9)
j M@ + j ME 0. (10

F1 (7)/ J= ¢ %/
{ ) Ay <A 5(2) Ty) _ 5

_ZF)l A /—Zq-l d Y ARV,
(11)

So we get

Y QD Q) (x.y)

= 1 g(uk)z

NN Q)+ Oy 3 Q)+ G(»))
=2 X Iy T i Ty
_ _2 32(5(x) Z a(jm

—i 99(11) j 3(3(12)
T e
0, (by (8) and (10))

here we denote that

1 1 m m m+ 1 1 m+ p

— — — — J.
u=x,-,u"=x"d" =y, "= Y,

- 1,k= 1,2,
X_{l,kz re Lo

m,m+ g+ 1,

r.m+ 1, ,m+ g
,m+ p.
Again,

m+ p P - T( - - U
S XM)(“%Q(V“ M?mgi(?(v))

_ i Xa(d(x)+ Q) A9 x)+ ()

dx") Ix)
j Xﬂ(d(xn d)) Q)+ o))
5 15) T;(J/)
S Qﬂﬂm 3 ﬂmgx)
j=1 (?Vj ay] a1 ay ayj
= AXWo+ A3XWo (by (9) and ( 11)

AT+ A3)XWo,
This ends the proof of Theorem 3.
Example 1 Let

QR R

by
Qxl,xz,x3,x4) = (2x]x3 - 2, xS,
() () () (x)).

Then Ois a harmonic morphism defined by homoge—
neous poly nomial of degree 2 with dilation 4 x| 2.
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In fact, since

O= 2¢'x’— 22", 0= 2'x"+ 2°%",0= (x')’+

@)+ () oY
now by simply calculating, we get
j 30 1 90

2+ 2 =
2 — %Clz

i= 1 ax'
aj ay v Ay

i v A,
—Z Z@)

0,T= 1,2,3.

0,F# U

4Jx\2 4Jx|2XW| 1,
= = dxlP= dxPXW, T= 2,
4xl7= 4x"XW: T= 3.

By Lemma 2, Ois exactly a harmnic morphism.

Example 2 Asin Example 1, map QO R"—> R is
a harmonic morphism, then the complete lift of Ode-

fined by RX Ri> R3is a harmonic morphism with

dilation 4 (| x| *+ [y[?).
In fact,
D (x) N\ Qx) O(x)
Qx.y)= E P vl 2 FERSOF
where

O= 2y’ - 2x2x47(3: 2t 2x2x3’(§: (xl)z

(x2)2+ (x3)2+ (x4)2'

So
Hl(x,y) _ 2x3y1 _ 2x4y2+ 2xly3 _ 2)62)/'4
Hz(x’y) _ 2x4y]+ 2x3y2+ 2x2y3+ 2xly4’
H3(x ,y) — 2xlyl+ 2x2y2 + 2x3y3+ 2x4y4

It can be calculated that

ZX A2—ZX k2+2Xa(y;

= 0, T= 123
aH at HH(H H'
X—== =
RS K ,ZX *ZX%/%/
= 0, EﬁU
8
ZAQIX(( 2 X EX ay/
— Al e [yl? )— (\x| + \y| qu, = 1,
=9 = 4lx2+ [yl = adxP+ [yH)XW, T= 2,
Al xl 2+ Tyl 2y = 4l xl2+ | JI2)XW, T=

This amounts to check thatH(x,y) is a harmonic

morphism.
Acknowl edgments

sistent encouragement and guidance,and also thanks to

270

The author expresses heart—

felt thanks to advisor Professor Ou Yelin for his con-

Professor Li Zhengi for giving the author guidance

w hile the author was visiting Nanchang University-

11

12

13

14

15

16

17

References

Fuglede B Harmonic morphism between Riemannian mani-
fold. Ann Inst Fourier (Grenoble) , 1978, (28): 107~ 144.
Ishihara T. A mapping of Riemannian manifolds which pre-
sewes harmonic function. JMath Kyoto Univ, 1979, ( 19):

215~ 229.

Baird P. Harmonic maps with symmetry, harmonic mor—
phisms and deformations of metrics. Res Notes in Math,
1983, 87.

Eells ], Lemaire L. A report on harmonic maps. Bull London
Math Soc, 1978, (10): I~ 68.

Eells J, Lemaire L. Selected topics in harmonic maps.

Pitman, London,

CMBS Regional Conference Series in Mathematics, Amer

Math Soc, 1983 50

Eells J, Lemaire L. Another report on harmonic maps. Bull
London Math Soc, 1998, (20): 385 524

Parmar V K. Harmonic morphisms between semi—Rieman—
nian manifolds. [Ph D Thesis] . University of Leeds, Eng-
land, 1991.

O Neill B. Semi-Riemannian Geometry with applications to
relativity. New York Academic Press, 1983.

Aobu R, Baird P, Borssard J Polynomes conformes et mor—
phisms harmoniques. Preprint, University of Brest, 1998.
Baird P. Harmonic morphisms and circle 3— and 4-mani-
folds. Ann Inst Fourier ( Grenoble), 1990, 40 177~ 212.
Eells J Yiu P. Polynomial harmonic morphisms between
spheres. Proc Amer Math Soc, 1995, 123 292K 2925.
Ou Y L. Complete lifts of maps and harmonic morphisms
betw een Euclidean space. Beitrage Algebra Geom, 1995.
Ou Y L.Wood J C. On the classification of harmonic mor—
phisms between Euclidean spaces. Algebra, Groups and
Geometrics, 1996, (13): 41 53.

Ou Y L Quadratic harmonic morphisms and O-systems.
Ann Inst Fourier ( Grenoble), 1997, (47): 687 713.
Martin Sevensson. Polynomialharmonic morphism. [Ph D
Thesis]- University of Leeds, England, 1991.

Tang 7. Harmonic polynomial morphisms betw een Euclid
ICTP Trieste, 1996.

Fuglede B. Harmonic morphism betw een semi—Riemannian

manifolds. Ann Acad Sci Fennicae, 1996, (21): 3 50.

-ean space. Preprint,

Guangxi Sciences, Vol. 8 No. 4, November 2001



