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　　 The notions of harmonic morphisms and ho rizon-

tally w eakly conformal m aps betw een Riemannian

manifolds were studied in the contex t of differential

g eometry in the late 70s of last century. A harmonic

m orphism is characterized as a horizontally w eakly

confo rmal and harmonic map independently in Refer-

ences [1, 2 ]. For a detailed account on harmonic maps

and harmonic morphisms betw een Riemannian m ani-

folds, w e refer to references including References [3～

6 ] . Recently, the corresponding notions for semi-Rie-

mannian mani folds have been studied by Parmar
[7 ] . We

refer to O 'Neill
[8 ]

concerning semi-Riemannian m ani-

folds ( where the metric tensor may be indefini te and

hence the Laplace-Betrami operator may no t be

elliptic) .

　　 This paper comprises two sections. In Section 1

w e introduce and recall som e fundam ental concepts

and facts concerning semi-Riem annian manifolds and

harmonic maps, harmonic m orphisms and horizontally

w eakly confo rmal maps between these spaces. In Sec-

tion 2 we prove our main theorems and giv e an exam-

ple of nontrivial harmonic mo rphismO: R
4
2→ R

3
2 and

show that its com plete lif t is a quadratic harmonic

mo rphismH: R
4
2× R

4
2→ R

3
2 .

The interesting problem of const ructing and clas-

sifying polynomial harmonic m orphisms betw een Eu-

clidean spaces have been studied ex tensiv ely and the

backg round information could be obtained from Refer-

ences [3, 9～ 16 ] .

1　 Prel iminaries

1. 1　 Semi-Riemannian manifolds

　　 Def inition 1　 A semi-Riemannian manifold M is

aC
∞ -manifold endow ed with a metric gM , i. e. a sym-

metric non-degenerate ( 0, 2) tensor field onM , w ith

constant indices of positiv ity and negativi ty ind+ M and

ind- M , respectively. The non-degeneracy m eans that

ind+ M+ ind- M = dim M.

　　 Definition 2　 A subspace of U of the tangent

space Tx M ,x ∈ M , is called non-degenerate if the re-

st riction of gx toU× U is non-degenerate, that is, if 0

is the only vector X ∈ U such that gx (X ,Y ) = 0 for
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every Y∈ U; OtherwiseU is called degenerate.

LetO: M → N be a C
1 -map between semi-Rie-

mannian manifoldsM andN of dim ensionsm and n, re-

spectively. For each x ∈ M w e consider the following

tw o subspacesK x (O) = K x andK
⊥
xO= K

⊥
x of Tx M.

Kx = KerdO( x ) = {x ∈ Tx M|dO( x ) (X ) = 0} ,

K
⊥
x = {X ∈ Tx M|gx (X , Y ) = 0, for very Y∈ Kx }.

　　 In the Riemannian case, w e have Kx ⊕ K
⊥
x =

TxM , and it i s customary to call K x the vertical space

and K
⊥
x the horizontal space at x . How ever, in the se-

mi-Riemannian case, w e can not callK
⊥
x the o rthogonal

complement of Kx sinceK x + K
⊥
x is g enerally not all of

TxM: K x + K
⊥
x ≠ Tx M , or equiv alent ly: Kx ∩ K

⊥
x ≠

{ 0}; this is further equiv alent to Kx being degenerate.

1. 2　Horizontal ly weakly conformal maps

　　Definition 3　 LetO: M→ N be a non-degenerate

map of semi-Riemannian such that at points x ∈ M

w here dOx ≠ 0, dO|K
⊥
x
: K

⊥
x → TO( x ) N is conform al and

surjective, i. e. there is a continuous functionλ: M→

R such that

〈dO(X ) , dO(Y )〉 = λ
2
〈X , Y〉M , X , Y ∈ K

⊥
x .

At the critical points ofO, i. e. points x ∈ M

w here dO= 0 , w e putλ= 0; thenλ
2

is smooth. We

call such a m ap horizontally w eakly conformal with

dilationλ.

Remark 1　 ( 1) A mapO: M→ N is non-degener-

ate, if it s fibresO
- 1 (q) , q∈ N are semi-Riemannian

submanifolds of M , or Kx (O) is non-degenera te for ev-

ery x∈ M. ( 2) The term "weakly " refers to the possi-

ble occurrence of point x ∈ M at w hichλ( x ) = 0.

Lemma 1
[17 ]
　 A C

1
-mapO: M→ N is horizontal-

ly weakly confo rmal wi th dilationλif and only if

〈 MOT, MOU〉M = λ2 ( gTUN oO) ,

w here (y1 , y2 ,… , yn ) are local coordinates in N , and

 M denote the g radient operato r for the mani fold M ,

andT,U= 1, 2,… ,n.

1. 3　 Semi-Eucl idean space

　　Definition 4　 The indexgof a sym metric bilinea r

g on M is the dimension of the larg est subspaceU M

on w hich g|U is negativ e definite.

The constantgof index gx on a semi-Riemannian

manifold M is called the index of M: 0≤ g≤ m =

dimM . Ifg= 0, M is a Riemannian m anifold, each gx

is then a positiv e defini te inner product on TxM .

If ( x1 ,… ,xm ) is a coordinate system onU M ,

then the com ponents of the metric tensor g onU are

gi j = <
 
 x

i ,
 
 x

j > , for 1≤ i , j≤ m .

Thus fo r v ector fields X = X
i  
 x

i and Y = Y
i  
 x

i

g (X , Y ) = < X ,Y > = g ijX
i
Y

j .

Since g is non-degenerate, at each point x ofU the ma-

trix gij (x ) is inv ertible, and i ts inverse matrix is de-

no ted by gij (x ) . Finally on U the metric tensor can be

w ri tten as g = gi jdx
i
 dx

j
.

Recall that fo r each p∈ R
m

there is a canonical

linear isomo rphism betw een R
m

and Tp ( Rm ) through

w hich w e can identify Tp ( Rm ) wi th R
m . Under this i-

dentification the inner product on R
m

gives rise to a

metric tensor on R
m

by

〈X p ,Y p〉 = X p  Yp = ∑
m

i= 1

X
i
Y
i .

Henceforth in any geom etric contex t Rm will deno te the

resulting Riemannian mani fold, called Euclidean m -

space. For an integergwith 0≤g≤ m , changing the

firstgplus signs above to minus gives a metric tensor

〈Xp ,Yp〉 = - ∑
g

i= 1

X
i
Y
i + ∑

m

i= g+ 1

X
i
Y
i

of indexg. The resulting manifold is called semi-Eu-

clidean m -space, which is denoted R
m
g . Ifg= 0, Rmg

then reduces to R
m . Using the notation

　　　Xi

=
- 1, for 1≤ i≤g　 1, fo rg+ 1≤ i≤ m

then the metric tensor of R
m
g can be w rit ten as

g = ∑Xidxi dx
i

　　 The norm|X p|of a tangent vecto r X p ∈ Tp is

|Xp|= |< Xp ,X p > |1 /2 , and unit v ectors, orthogo-

nali ty, and orthonormali ty are as the case of Rieman-

nian manifold.

1. 4　Harmonic maps and morphisms

Fo r a semi-Riemannian manifold (M ,g ) the

Laplace-Belt rami operator△M is given, in local coo rdi-

nates (x
i
)
m
x= 1 , by

△M =
1

|det (gi j )|
∑

i

 
 xi

( |det (gij )|∑
j

g
ij  
 xj

) .

Although the operator△ M is no t elliptic when

ind+ M > 0 and ind- M > 0, we sti ll keep the defini-

tion of harmonic function f : M→ R as a C
2

local solu-

tions to the Laplace-Belt rami equation△ M f = 0.

Definition 5　 A tension field T (O) of a C
2

-map

O: M → N betw een semi-Riemannian manifolds is a

vecto r field alongOw hich to each point x ∈ M assigns

the tangent v ector, denoted T (O) ( x ) ∈ TO( x) N ,

w hose contrav ariant com ponents T
k
(O) ( x ) in terms of

local coordinates ( y1 ,… , yn ) inN , can w rit ten as

T
k (O) = △ MOk + ∑

n

T,U= 1

gx ( MOT, MOU) (Γk
TUoO) ,
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hereΓ
k
TU denote the Christoffel symbols for the target

manifold N .Ois called a harmonic map if T (O) = 0

Definition 6　 AC
2-map between semi-Riemanni-

an manifolds is called a harmonic morphism , if w hen-

ever f is a harmonic function on an open set V N and

O- 1 (V ) is non-empty, then the pull-back ofOis har-

monic onO- 1 ( V ) M

Theorem 1　 A mapO: ( M , g )→ R
n
s is a non-gen-

erate harmonic morphism if and only ifOis both a har-

monic map and a horizontally w eakly conformal map.

For a proof see Reference [7 ] .

Definition 7　 A polynomial mapO: R
m
r → R

n
s is a

map with polynomial com ponentsO
1
,… ,O

n
. Its deg ree

is the maximal deg ree of the com ponent polynomials.

A polynomial harmonic morphismOmeans thatO

is both a harmonic m orphism and a polynomial map.

2　 Proofs of the Main Resul ts

First of all w e prove the following.

Lemma 2　 For a mapO: R
m
r U→ R

n
s betw een se-

mi-Euclidean space wi thO( x ) = (O
1
( x ) ,… ,O

n
(x ) ) ,

the harm onici ty and horizontally weakly conformli ty

are just equiv alent to the following condi tions respec-

tively:

- ∑
r

i= 1

 2OT

 x
i2 + ∑

m

i= r+ 1

 2OT

 x
i2 = 0, ( 1)

- ∑
r

i= 1

 OT

 x
i
 OU

 x
i + ∑

m

i= r+ 1

 OT

 x
i
 OU

 x
i = λ

2
XTWTU, ( 2)

w here

T,U= 1, 2,… ,n;

(x
1
,… ,x

m
) are standard coordinates of R

m
r ;λ: R

m
r → R

is the dilation ofO;

　　　XT=
- 1,T= 1, 2,… , s;

1,T= s+ 1,… ,n.
　　 Proof　 By Defini tio n 5, w e see that

T (O) = 0,

and for ev eryT= 1, 2,… ,n,

T
T

(O) = △MO
T

+ ∑
m

U,V
gM ( MO

U
, MO

V
) (Γ

T
UVoO) = 0,

w hereΓ
T
UV vanish inR

n
s . Thus

△MOT= 0.

This implies that every O
T

is a harmonic func-

tion. Finally by the defini tion of△M in Section 1, w e

get Equality ( 1):

- ∑
r

i= 1

 
2
O
T

 x
i2

+ ∑
m

i= r+ 1

 
2
O
T

 x
i2

= 0.

On the other hand, we start f rom

<  MO
T
, MO

U
> M = λ

2
(g
TU
N oO) ,

then by Lemma 1 w e get

∑
m

i , j

XiWij  O
T

 x
i
 O
U

 x
j = λ2XTWTU.

i. e. - ∑
r

i= 1

 OT

 xi
 OU

 xi
+ ∑

m

i= r+ 1

 OT

 xi
 OU

 xi
= λ2XTWTU.

Henceforth Lemma 2 follow s.

　　 Lemma 3　 The com plete lift of a harmonic map

O: R
m
r → R

n
s is again a harmonic m ap.

　　 Proof　 LetO: Rm
r → R

n
s ,O( x ) = (O1 (x ) ,… ,

On ( x ) ) , be a harmonic map , then by Lemma 2 w e

have

- ∑
r

i= 1

 
2
O
T

 x
i2

+ ∑
m

i= r+ 1

 
2
O
T

 x
i2

= 0,

w here

T= 1, 2,… ,n.

We nex t check that

　　　H(x , y ) = (∑
m

i= 1

 O
1

 xi
y
i ,… ,∑

m

i= 1

 O
n

 xi
y
i ) ,

HT(x , y ) = ∑
m

i= 1

 OT

 xi
y
i ,

is a harm onic map.

Let

u
1 = x

1 ,… ,um = x
m ,um+ 1 = y

1 ,… , u2m = y
m ;

Xk =
- 1,k = 1, 2,… , r ,m + 1,… ,m+ r;

1,k = r + 1,… ,m ,m + r + 1,… , 2m .

But

　　∑
2m

k= 1
Xk
 

2
H
T

 (u
k
)

2 = ∑
2m

k= 1
Xk
 

2

 (u
k
)

2 (∑
m

i= 1

 O
T

 x
iy

i
)

= ∑
m

j= 1

Xj  
2

 (x
j
)

2 (∑
m

i= 1

 O
T

 x
i y

i ) + ∑
m

j= 1

Xj  

 2

 ( yj ) 2 (∑
m

i= 1

 2OT

 xi
y
i ) = ∑

m

i= 1

y
i  
 xi
 

(- ∑
r

j= 1

 2OT

 (x j ) 2 + ∑
m

j= r+ 1

 2OT

 (x j ) 2 ) + 0

= 0.

This ends the proof.

　　 Theorem 2　 LetO: R
m
r → R

n
s be a harmonic mor-

phism defined by homogeneous polynomial of deg ree

2, then the complete lif t ofO, defined byH: R
m
r× R

m
r→

R
n
s withH(x , y ) = (∑

m

i= 1

 O
1

 x
i y

i
,… ,∑

m

i= 1

 O
n

 x
iy

i
) is a har-

monic morphism, whereR
m
r × R

m
r is given the product

metric having the form∑
2m

k= 1

Xkdxk dxk .

Proof　 Now the harmonicity ofH( x , y ) follow s

f rom that ofOby Lemma 3. So w e only need to check

that H(x , y ) is a ho rizontally weakly conformal

map. Now thatOis a homogeneous polynomial of de-

g ree 2, w e can w rite
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O( x ) = (x A1x
t ,… ,x An xt ) ,

w here x = (x 1 ,… ,xm ) , xt denotes the transpose of x

and AT(T= 1, 2,… ,n) is a sym metric matrix of m×

m . Thus, w e can w rite AT= ( A1
T,… , AnT) = ( ( A1

T)t ,

… , ( AnT)t )t , whereA
i
T denotes the i th column vector of

AT, and ( Ai
T)t the i th row vector of AT.

　　 A routine calculation giv es

 OT

 xi
= 2xAi

T= 2( Ai
T)txt , ( 3)

　　HT(x , y ) = ∑
m

i= 1

 OT

 xi
y
i = (

 OT

 x 1 ,… ,
 OT

 xm
) yt =

2x ATyt ,

　　 H
T

(x , y )
 xi

= 2( Ai
T) tyt = 2yAi

T, ( 4)

 HT( x ,y )
 yi

= 2x Ai
T= 2( Ai

T) txt . ( 5)

　　 On the o ther hand, sinceOis a ho rizontally w eakly

confo rmal map by Theorem 1, w e have Equality ( 2) in

Lem ma 2. Together w ith Equali ty ( 3) , we can get

　　- 4∑
r

i= 1

(x Ai
T) (x ( Ai

U) + 4∑
m

i= r+ 1

(x Ai
T) (x Ai

U) = λ2
1XTWTU,

( 6)

- 4∑
r

j= 1
(yA

j
T) ( yA

j
U) + 4∑

m

j= r+ 1
( yA

j
T) ( yA

j
U) = λ

2
2XTWTU.

( 7)

Thus, w e have

　　∑
2m

k= 1
Xk
 HT

 u
k
 HU

 u
k = - ∑

r

i= 1

 HT

 x
i
 HU

 x
i + ∑

m

i= r+ 1

 HT

 x
i
 HU

 x
i -

∑
r

j= 1

 H
T

 y
j
 H

U

 y
i + ∑

m

j= r+ 1

 H
T

 y
j
 H
U

 y
j = - 4∑

r

i= 1
( xA

i
T) ( xA

i
U) +

4∑
m

i= r+ 1

(x Ai
T) (x Ai

U) - 4∑
r

j= 1

( yAj
T) ( yAj

U) +

4∑
m

j= r+ 1

( yAj
T) (yA j

U )　 ( by ( 4) and ( 5)

= (λ
2
1+ λ

2
2 ) εαδαβ . ( by ( 6) and ( 7) )

　　 So it is easily to see thatH(x , y ) is a horizontally

w eakly conformal map. Thus w e have proved Theorem

2.

　　 Theorem 3　 LetO1: Mm
r → R

n
s andO2: N p

q→ R
n
s be

tw o harm onic mo rphisms, then the direct sumO1⊕O2

ofO1 andO2 , defined byO1⊕O2: M
m
r × N

p
q→ R

n
s w ith (O1

⊕ O2 ) (x , y ) = O1 (x ) + O2 ( y ) is a harm onic mo r-

phism, w here the product manifold M
m
r × N

p
q is pro-

vided w ith the product metric.

　　 Proof　 Let

( x1 ,x 2 ,… , xm , y1 ,y2 ,… ,yp ) ,

(x 1 , x2 ,… ,xm ) ,

and

( y1 , y2 ,… , yp )

be a coordinate sy stem onU× V M
m
r × N

p
q ,U M

m
r

and V N
p
q , respectively.

At first w e have by Lemma 2

- ∑
r

i= 1

 2OT1 ( x )

 xi
2 + ∑

m

i= r+ 1

 2OT1 (x )

 xi
2 = 0. ( 8)

- ∑
r

i= 1

 OT1 (x )
 xi

 OU1 (x )
 xi

+ ∑
m

i= r+ 1

 OT1 (x )
 xi

 OU1 ( x )
 x i = λ2

1XTWTU.

( 9)

- ∑
q

j= 1

 2OT2 ( y )

 y
j 2 + ∑

p

j= q+ 1

 2OT2 ( y )

 y
j 2 = 0. ( 10)

- ∑
q

j= 1

 O
T
2 ( y )
 yj

 O
T
2 (y )
 yj

+ ∑
p

j= q+ 1

 O
T
2 ( y )
 yj

 O
U
2 ( y )
 yj

= λ2
2XTWTU.

( 11)

So w e get

∑
m+ p

k= 1

Xk
 

2
(O1⊕O2 )

T
(x , y )

 (uk ) 2

= ∑
m

k= 1
Xk
 

2
(O
T
1 ( x ) + O

T
2 ( y )

 (xk ) 2 + ∑
p

j= 1
Xj
 

2
(O
T
1 ( x ) + O

T
2 ( y ) )

 (yj ) 2

= - ∑
r

i= 1

 2OT1 ( x )

 xi
2 + ∑

m

i= r+ 1

 2OT1 (x )

 xi
2

- ∑
q

j= 1

 2OT2 ( y )

 yi
2 + ∑

p

j= q+ 1

 2OT2 ( y )

 yi
2

= 0, ( by ( 8) and ( 10) )

here w e denote that

u
1 = x

1 ,… ,um = x
m ,um+ 1 = y

1 ,… ,um+ p = y
p ;

and

Xk =
- 1,k = 1, 2,… , r ,m+ 1,… ,m+ q;

1,k = r + 1,… ,m ,m+ q+ 1,… ,m + p.

Again,

∑
m+ p

k= 1

Xk
 (O1 ( x )⊕O2 (y ) )T

 uk
 (O1 (x )⊕ O2 ( y ) )U

 uk

= ∑
m

k= 1

Xk
 (O

T
1 (x ) + O

T
2 ( y ) )

 ( xk )
 (O

U
1 (x ) + O

U
2 ( y ) )

 ( xk )

+ ∑
p

j= 1
Xj
 (O

T
1 ( x ) + O

T
2 (y ) )

 ( yj )
 (O

U
1 ( x ) + O

U
2 (y ) )

T

 ( yj )

= - ∑
r

i= 1

 OT1 ( x )

 xi
 OU1 (x )

 xi
+ ∑

m

i= r+ 1

 OT1 (x )

 xi
 OU1 (x )

 xi

　 - ∑
q

j= 1

 OT2 (y )

 y
j

 OU2 (y )

 y
j + ∑

p

j= q+ 1

 OT2 ( y )

 y
j

 OU2 ( y )

 y
j

　 = λ
2
1XTWTU+ λ

2
2XTWTU ( by ( 9) and ( 11)

　 = (λ
2
1 + λ

2
2 )XTWTU.

　　 This ends the proof of Theorem 3.

　　 Example 1　 Let

O: R
4
2→ R

3
2

by

O(x 1 ,x 2 , x3 ,x 4 ) = ( 2x 1
x

3 - 2x 2
x

4 , 2x1
x

4 + 2x 2
x

3 ,

( x1 ) 2 + ( x2 ) 2 + ( x3 ) 2 + ( x4 ) 2 ) .

ThenOis a harmonic mo rphism defined by hom oge-

neous polynomial of degree 2 wi th dilation 4|x|2 .
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In fact, since

O
1

= 2x
1
x

3
- 2x

2
x

4
,O

2
= 2x

1
x

4
+ 2x

2
x

3
,O

3
= (x

1
)

2
+

(x
2
)

2
+ (x

3
)

2
+ (x

4
)

2
,

now by simply calculating , w e get

∑
2

i= 1

 2OT

 xi
2 + ∑

4

i= 3

 2OT

 xi
2 = 0,T= 1, 2, 3.

- ∑
2

i= 1

 OT

 xi
 OU

 xi
+ ∑

4

i= 3

 OT

 xi
 OU

 xi
= 0,T≠U

　　　 - ∑
2

i= 1
(
 OT

 xi
) 2 + ∑

4

i= 3
(
 OT

 xi
) 2

=

- 4|x|2 = 4|x|2X1W11 ,T= 1,

- 4|x|2 = 4|x|2X2W22 ,T= 2,

4|x|
2
= 4|x|

2
X3W33 ,T= 3.

By Lemma 2,Ois exact ly a harm nic m orphism.

　　Example 2　 As in Example 1, mapO: R
m
r → R

n
s is

a harm onic morphism , then the complete lif t ofOde-

fined byH: R
4
2× R

4
2→ R

3
2 is a harm onic morphism with

dilation 4 (|x|
2
+ |y|

2
) .

In fact,

O( x , y ) = (∑
4

i= 1

 O1 (x )
 xi

y
i ,∑

4

i= 1

 O2 (x )
 xi

y
i ,∑

4

i= 1

 O3 ( x )
 xi

y
i ) ,

w here

O
1

= 2x
1
x

3
- 2x

2
x

4
,O

2
= 2x

1
x

4
+ 2x

2
x

3
,O

3
= (x

1
)

2
+

(x
2
)

2
+ (x

3
)

2
+ (x

4
)

2
.

So

H1 ( x ,y ) = 2x 3
y

1 - 2x4
y

2 + 2x 1
y

3 - 2x 2
y

4 ,

H2 ( x ,y ) = 2x 4
y

1+ 2x3
y

2 + 2x 2
y

3+ 2x 1
y

4 ,

H3 ( x ,y ) = 2x 1
y

1+ 2x2
y

2 + 2x 3
y

3+ 2x 4
y

4 .

It can be calculated that

∑
8

k= 1
Xk
 

2
H
T

 (u
k
)

2 = ∑
4

k= 1
Xk
 

2
H
T

 (x
k
)

2 + ∑
4

j= 1
Xj
 

2
H
T

 (y
j
)

2

　　　　 = 0,　　T= 1, 2, 3.

∑
8

k= 1

Xk
 HT

 uk
 HU

 uk
= ∑

4

j= 1

Xj
 HT

 x j

 HU

 xj
+ ∑

4

j= 1

Xj
 HT

 yj
 HU

 yj

= 0,　　　　T≠U

∑
8

k= 1
Xk (
 H

T

 u
k )

2
= ∑

4

j= 1
Xj (
 H
T

 x
j )

2
+ ∑

4

j= 1
Xj (
 H
T

 y
j )

2

=

- 4(|x|2 + |y|2 ) = 4(|x|2 + |y|2 )X1W11 ,T= 1,

- 4(|x|2 + |y|2 ) = 4(|x|2 + |y|2 )X2W22 ,T= 2,

4(|x|2 + |y|2 ) = 4(|x|2 + |y|2 )X3W33 ,T= 3.

　　 This amounts to check thatH(x , y ) is a harmonic

m orphism.
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