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Abstract　 The formula fo r computing the homeomorphism classes num ber of g raphlike manifold

n+ 1 vertices is developed by finding num ber of sequences.
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摘要　利用求数列个数办法推导出计算图式流形
n+ 1 ver tices

的同胚类个数公式 .
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　　 It has been know n that the homeomorphism

classes of G. M. G. M. and G. M. , and the

homeom orphic classification of G. M.
n+ 1 vertices be e-

qual to the homeomo rphic classification of [
n
2 ] nega-

tive edges ( n≥ 6) . How many homeomorphism class-

es of G. M.
n+ 1 vertices are there? It is to be answ ered

in this paper.

　　 In G. M.
n+ 1 vertices

, if a radioedge is negativ e

and twisted out of i ts v ertex , it i s set posi tiv e. So the

homeom orphism class of G. M. n+ 1 vertices is equal to

the“ dist ribution of negative edges of the n-polygon”

( since a homeom orphism must be a local homeomo r-

phism, distinct negative-edge-dist ribution corresponds

to distinct homeomorphism class of G. M.
n+ 1 v ertices

n> 3. ) .

　　 Suppose each edge is ei ther positiv e o r negativ e in

the polygon, the case of negativ e-edge-distribution is

that of posi tion of posi tive edges relative to negativ e

edges. When there a rek negativ e edges, there are also

n-k positiv e edges. It is taken into consideration that

how many positive edges there are among negativ e

edges.

　　 Suppose

　　 n-k = p = p1 + p2 + … + pk , Pi≤ pj , i < j .

( 1) 　

pi is nonnegative integ er, i = 1, 2,… ,k , show ing the

number of positiv e edges which are between tw o

“ nearest” nega tive edges, the formula ( 1) is regarded

as a divided form ula of p, in which a random perm uta-

tion of pi or an o rdinal array of pi is corresponding to a

dist ribution of negativ e edges, e. g. when n= 10,k=

4,n - k = 6, 6= 0+ 0+ 2+ 4 is a divided fo rmula

co rresponding to the negative-edge-dist ribution as

showed in Figure 1 ( the bar on edge deno tes negativ e

edge) . It should be paid attention to that the divided

formula 6= ( 0, 0, 2, 4) is corresponding to the sam e

dist ribution of negative edges as arrays ( 0, 2, 4, 0) ,

( 2, 4, 0, 0) , ( 4, 0, 0, 2) , ( 0, 0, 4, 2) , ( 0,

4, 2, 0) , ( 4, 2, 0, 0) , ( 2, 0, 0, 4) , but not to

the same one as ( 0, 2, 0, 4) . Equality 6= ( 1, 1,

1, 3) is another divided formula ( whenn= 10,k= 4) ,

but Equality 6= ( 1, 1, 3, 1) is not a divided formula,

only a permutation of pi in ( 1, 1, 1, 3) .
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图 1

Fig 1

　　 Let us consider ( A) how many divided formulae

of p there are, and ( B) how many real dif ferent per-

mutations f rom a divided formula of p there are. The

former can be easily answ ered, e. g.n - k= 10 - 4=

6= ( 0, 0, 0, 6) = ( 0, 0, 1, 5) = ( 0, 0, 2,

4) = ( 0, 0, 3, 3) = ( 0, 1, 1, 4) = ( 0, 1, 2,

3) = ( 1, 1, 1, 3) = ( 1, 1, 2, 2) . But the later

is not.

　　 In a regular n- polygon, the dist ribution num ber

of k negativ e edges is corresponding to the number of

cyclic sequences below w hich are non-beginning, non-

ending and infini te:

　　 q
0

1q2… qk- 1 q
0

k = … q1q2… qkq1q2… qk… , ( 2)

in which

　　①∑
k

i= 1

qi = p,qi -nonnegative integer,

　　② appoint　 q
0

1q2… q
0

k = q
0

kqk- 1… q
0

1 .

　　When pi is dif ferent f rom pj , j≠ i , suppose

the divided form ula ( 1) of p w as pk , and fixed. If r

≠ s , r , s∈ 1, 2,… ,k - 1 , pr≠ ps , the number of

permutation of pj , j = 1, 2,… ,k - 1 on thek - 1 posi-

tions is (k - 1)! . According to② , ev ery permutation,

except forp1 , p2 ,… ,pk- 1 w hich is symm etry ( i. e. pi =

pk- i , i = 1, 2,… ,k - 1) , counts twice, e. g. ( p1 ,p2 ,

… , pk- 1 , pk ) and ( pk - 1 ,… , p2 ,p1 , pk ) . When pj =

pj , i≠ j , i≠ k , j≠ k , i. e. ( p1 , p2 ,… , pk- 1 ) = (p11 ,

p12 ,… , p1t
1
, p21 , p22… , p2t

2
,… , pm 1 , pm 2 ,… , pmt

m
) , and

puv = puw ,u = 1, 2,… ,m ,v , w ∈ 1, 2,… , tu . The

repeti tion num ber of these permutations is∏
m

j= 1
( tj! ) .

　　 Fo r the divided formula ( 1) of p, if pi , p j , j

≠ j , and p j = pi , the element w ith minimum repeti-

tion number can be fixed ( The purpose is to simplify

the procedure. ) , and supposed as pk . Similarly , none

of all perm utations of p1 ,p2 ,… , pk - 1 which are sym-

metrical has repetition, unless in the following cases

only:

( i ) since permutation of ap2p3… pk- 1 a expresses

the same sequence of number ( here p1 = pk = a) as

apk - 1… p3p2a, w hile the permutation of p1 ,p2 ,… ,

pk- 1 ,ap2p3… pk- 1 , is different f rom that of

apk - 1… p3p2 , unless pi = pk+ 1- i , i = 2, 3,… , k - 1.

Therefo re it may has a repetition, i. e. when p1 = pk =

a, the inverse of each permutation of p2p3… pk- 1 may

has a repetition;

　　 ( ii) suppose in pi ( i = 1, 2,… ,k ) , the element

wi th minimum repeats appearss tim es, and s≥ 2, giv e

a, pk = a and pil , pi 2 ,… , piti = Qi , i = 1, 2,… , s, pij

≠ a, then permutation

　　 QsaQs- 1a… Qia… Q2aQ1a

expresses the same sequence of number as

Qi- 1a… Q2aQ1aQsa… Qia i = 2, 3,… ,s,∑
s

i= 1

t i + s = k .

Hence, there is probably a repetition ( provided Qi≠

Qj ) .

　　 ( iii) g enerally, permuta tion

　 　 aa… a
q
l+ 1

Ql aa… a
q
i

Ql- 1 aa… a
q
l+ 1

Ql- 2… aa… a
q
i+ 1

Qi…

aa… a
q

2

Q1 aa… a
q
i

expresses the same sequence of number as

aa… a
q
i
- q

0

Qi- 1… aa… a
q

2

Q1 aa… a
q
l+ 1

+ q
1

Ql… aa… a
q
i+ 1

Qi aa… a
q

0

,

i = 2, 3,… l ,∑
s

i= 1

t i + s = k ,s = ∑
l+ 1

i= 1

qi ,qi≥ 0, q0≥ 1 ,

and there is probably a repetition ( provided Qi≠ Qj ,

and qi ,qj≥ 1; o rqi≠ qj ) .

　　 For the div ided formula ( 1) of p , suppose the

sym metric number of p1 , p2 ,… , pk- 1 is si , the repeti-

tion times of ( i ) , ( ii ) and ( iii) are ri , and the number

of corresponding dif ferent sequence ( 2) is

　　 di = 1
2

(k - 1)!

∏
m

j= 1
( ti j! )

+ si - ri .

　　 Suppose the num ber of divided formula of p is l ,

then the dist ribution-number of k negative edges is

　 f k = ∑
l

i= 1

d i = ∑
l

i= 1

1
2

(k - 1)!

∏
m

j= 1
( tij! )

+ si - ri , ( 3)

and the distribution-number of k negativ e edges is i-

dentical wi th that ofn - k positive edges, therefore the

answ er of the question is as follow s.

　　 Lemma 1　 The dist ribution number of negativ e

edges in a regularn-polygon is
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s (n) = ∑
n

k= 0

f k =

2∑

n- 1
2

k= 0

f k ,　　　 (n - odd) ,

2∑
n
2

- 1

k= 0
f k + f n

2
,　 (n - even) .

Example 1　 Find the number of the homeomorphism

class of G. M. .

Solution　 By Lemm a 1, s ( 5) = 2( f 0+ f 1 + f 2 )

　　 f 0 = f 1 = 1　　 (by means of f 0 and f 1 )

　　w hen k = 2,n - k = 3 = 0+ 3= 1+ 2,

　 　 By Formula ( 3 ) , f 2 = 1
2

1!
1!

+ 1 +

1
2

1!
1!

+ 1 = 2 (here si = 1, ri = 0, i = 1, 2) .

　　 Hences ( 5) = 2( 1+ 1+ 2) = 8.

Example 2　 Find the number of the homeomorphism

class of G. M.
11 vertices

.

Solution　 By Lem ma 1, s ( 10) = 2∑
4

k= 0

f k + f 5 , f 0 =

f 1 = 1,

　　w hen k= 2,n - k = 8= 0+ 8= 1+ 7= 2+ 6= 3+

5= 4+ 4.

　　 By Formaula ( 3) , f 2 = 1+ 1+ 1+ 1+ 1= 5.

　　When k = 3,n - k = 7 = ( 0, 0, 7) = ( 0, 1,

6) = ( 0, 2, 5) = ( 0, 3, 4) = ( 1, 1, 5) = ( 1, 2,

4) = ( 1, 3, 3) = ( 2, 2, 3) .

　　 By Formaula ( 3) , f 3 = 1+
2!
2
× 3+

2!
2

+

1
2

2!
2!

+ 1 × 3 = 8.

　　When k= 4,n - k= 6= ( 0, 0, 1, 5) = ( 0, 0, 2,

4) = ( 0, 0, 3, 3) = ( 0, 1, 1, 4) = ( 0, 1, 2, 3)

　　　　 = ( 0, 2, 2, 2) = ( 1, 1, 1, 3) = ( 1, 1, 2, 2) .

　　 By Form ual ( 3) , f 4 = 1+
1
2

3!
2!

+ 1 × 5+

3!
2

+ 1
2

3!
3!

+ 1 × 2 = 16.

　　When　 k = 5,

n - k= 5= ( 0, 0, 0, 1, 4) = ( 0, 0, 0, 2, 3) = ( 0, 0, 1,

1, 3) = ( 0, 0, 1, 2, 2) = ( 0, 1, 1, 1, 2) =

( 1, 1, 1, 1, 1) . .

　　 By Formaula ( 3) , f 5 = 1+
1
2
×

4!
3!
× 2+

1
2×

4!
2! 2! + 2 × 2 +

1
2 ×

4!
3! +

1
2
×

4!
4!

+ 1 = 16.

　　 Hence s ( 10) = ( 1+ 1+ 5+ 8+ 16) × 2+ 16=

78.

Example 3　 Find the number of the homeomo rphism

class of G. M. .

Solution By Lemma 1, s( 3) = 2∑
l

k= 0
f k , but due to i ts

full symm etry , G. M. is homeom orphic to , the

number found is s( 3) - 1= 3.

　　 It is easy to see the case of Example 3 only when

n = 3.

　　 Therefore i t can be concluded that:

　　 Theorem 1　 The number of homeomo rphism

classes of G. M. n+ 1 vertices is:

s (n) =

∑
n

k= 0

f k =

2∑
n- 1

2

k= 0
f k , (n≥ 5　n - odd) ,

2∑
n
2

- 1

k= 0
f k + f n

2 , (n≥ 4 n - even) ,

∑
n

k= 0
f k - 1　　 (n = 3) .
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