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Abstract　 A new BFGS-type formula and a new BFGS-type method wi th weak Wolfe-Pow ell

( WW P) step size rule are presented. The numerical results are bet ter than that by using the other

method m entioned in relevant references.
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摘要　给出新的 BFGS型公式 ,并利用弱的 W olf e-Pow ell步长准则给出新的 BFGS型方法 .该方法的数值结果

比相关文献的方法好 .
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1　 Introduction

　　 Consider the unconst rained optimization problem

　　min{ f ( x )|x ∈ R
n } , ( 1. 1)

w here f ( x ) is continuously dif ferentiable, whose

g radient at xk will be deno ted by gk , i. e. , 5 f (xk ) =

gk . Quasi-New ton m ethods for solving ( 1. 1) of ten

need to upda te the i terate matrix Bk . Tradi tionally,

{Bk } satisfies the following Quasi-New ton equation:

　　Bk+ 1 Sk = yk , ( 1. 2)

w here yk = gk+ 1 - gk and sk = xk+ 1 - xk . The very

fam ous update Bk is the BFGS formula

　　Bk+ 1 = Bk -
Bk sks

T
k Bk

s
T
k Bk sk

+
yk y

T
k

s
T
k yk

. ( 1. 3)

　　 It has been show n that BFGS is the most ef fectiv e

in Quasi-New ton methods. But the g lobal converg ence

for a g eneral function f i s still open even, if it is

converg ent ( globally and superlinearly ) fo r convex

minimization [ 1～ 7 ] . Our pioneers have made g reat

efforts to find out a Quasi-New ton m ethod w hich is

not only possessing g lobal converg ence but also

superior than BFGS [8～ 14 ]. In Reference [12] , Wei,

Li and Qi proposed a new quasi-New ton equation as

follows. If w e use the Taylo r formula to the objectiv e

function f ( x ) , w e have

　　 f (x )  f (xk+ 1 ) + 5 f ( xk+ 1 )
T
( x - xk+ 1 ) +

1
2

(x - xk+ 1 ) T5 2
f (xk+ 1 ) ( x - xk+ 1 ) .

　　 Hence

f (xk ) f (xk+ 1 ) - 5 f ( xk+ 1 )
T
sk+

1
2
s
T
k 5

2
f (xk+ 1 )sk .

　　 Therefore

　　 s
T
k5

2
f (xk+ 1 )sk  2[ f ( xk ) - f ( xk+ 1 ) ] +

25 f ( xk+ 1 )
T
sk = 2[ f ( xk ) - f (xk+ 1 ) ] + (gk+ 1 +

gk ) T
sk + s

T
k yk .

　　 The above equality giv es us a new idea that, if w e

set

　　 Ak =
2 [f (xk ) - f ( xk+ 1 ) ]+ (gk+ 1 + gx ) T

sk

 sk 
2 I

( 1. 4)

and

　　 y
*
k = yk + Ak sk ,

w hich replaceyk in ( 1. 2) , then w e can get

Bk+ 1sk = y
*
k = yk+
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2 [f (xk ) - f ( xk+ 1 ) ]+ (gk+ 1 + gk ) Tsk
 sk 2 sk . ( 1. 5)

　　 In Reference [12 ] , Wei, Li and Qi replace all the

yk in ( 1. 3 ) and in the following modified BFGS

m ethod:

　　Bk+ 1 = Bk -
Bk sks

T
k Bk

s
T
k Bk sk

+
y
*
k ( y*

k ) T

s
T
k y

*
k

. ( 1. 6)

　　 But w e found that the numerical behavior is not

g ood enough. Now , w e replace tw o yk in( 1. 3) only and

get another modified BFGS formula( M BFGS)

　　Bk+ 1 = Bk -
Bksk s

T
k Bk

s
T
k Bk sk

+
(yk + Ak sk ) (yk + Aksk )

T

s
T
k yk

( 1. 7)

= Bk -
Bk sks

T
k Bk

s
T
k Bk sk

+
yk y

T
k

s
T
k yk

+

yk ( Aksk ) T + Ak sky
T
k + Ak sk ( Ak sk ) T

s
T
k yk

= BFGS+

yk ( Aksk ) T + Ak sky
T
k + Ak sk ( Ak sk ) T

s
T
k yk

. ( 1. 8)

　　 Using ( 1. 8) , ( 1. 4 ) and the following w eak

Wolfe-Pow ell ( WW P) step-size rule

　　 f (xk+ 1 )≤ f ( xk ) + WTkgT
k dk ( 1. 9)

and

　　g
T
k+ 1dk≥egTk dk , ( 1. 10)

w hereW∈ ( 0, 1 /2) ande∈ (W, 1) , w e proposed the

following　 alg orithm s.

　　AlgorithmMBFGS

　　 Step 0　 Choose an initial point x 1 ∈ R
n

and a

symmetric posi tiv e defini te matrix B0≥ 0. LetX> 0

and set k = 1.

　　 Step 1　 If gk ≤X, stop.

　　 Step 2　 Solv eBkdk + gk = 0 to obtain a search

direction dk .

　　 Step 3　 FindTk by WW P.

　　 Step 4　 Set xk+ 1 = xk + Tkdk . Calculate updated

ma trix Bk+ 1 by formula ( 1. 8) .

　　 Step 5　 Set k = k+ 1 and go to step 1.

　　 If calculating the upda ted matrix by Fo rmula ( 1.

6) , w e will get Algorithm W LQBFGS.

　　 This paper is organized as follows. The global

converg ence properties of the M BFGS are represented

in the nex t section. The preliminary numerical results

for the Algorithm MBFGS are given in section 3, and

the results would be com pared wi th that by using

W LQBFGS m ethod and the original BFGS method.

2　 Global convergence analysis

　　 In order to obtain the g lobal converg ence, we need

the following assumptions.

　　 Assumption 2. 1　 The level set

　　K= { x|f (x )≤ f ( x0 ) }

is contained in a bounded convex set D .

　　 Assumption 2. 2　 The function f is continuously

dif ferentiable on D and there exists a constant L > 0

such that

　　 g (x ) - g ( y ) ≤ L x - y , for all x , y∈ D.

　　 Assumption 2. 3　 The function f is uni formly

convex , i. e. , there are positive constantsλ1 andλ2 such

that

　　λ1 z 
2
≤ z

T
G(x )z≤λ2 z 

2

for all x , z∈ R
n , w here G denotes the Hessian matrix

of f .

　　 Since { f (xk ) } is a decreasing sequence, i t is clear

that the sequence { xk } g enerated by Algori thm

M BFGS is contained inK, and there exists a constant

f
*

such that

　　 lim
k→∞

f (xk ) = f
* . ( 2. 1)

　　 Moreover, f rom the fact that {xk } is bounded, by

using Assumption 2. 2, we can deduce that there exists

M≥ 0 such that for all k

　　 gk ≤ M . ( 2. 2)

　　 To establish the global convergence of Algori thm

M BFGS, w e give some useful lemmas.

　　 Lemma 2. 1　 Let {xk } be generated by Algori thm

M BFGS, then we have

　　 m1 sk 2≤ s
T
k yk≤ m 2 sk 2 , ( 2. 3)

　　λ1 sk 
2
≤ s

T
k y

*
k ≤λ2 sk 

2
, ( 2. 4)

　　∑
+ ∞

k= 0
( - g

T
k sk ) <+ ∞ ( 2. 5)

and

　　 y*
k  ≤ ( 2L + λ2 )sk . ( 2. 6)

　　 Proof　 From ( 2. 1) w e have

　　∑
∞

k= 1
( f (xk ) - f ( xk+ 1 ) ) = lim

N→+ ∞∑
N

k= 1
( f (xk ) -

f (xk+ 1 ) ) = lim
N→+ ∞

( f ( x1 ) - f (xk+ 1 ) ) = f ( x1 ) - f
*

.

　　 Thus

　　∑
∞

k= 1

( f ( xk ) - f (xk+ 1 ) )≤+ ∞ ,

w hich combines wi th

　　 f (xk+ 1 )≤ f (xk ) + WTkg
T
k dk ,

yields

　　∑
∞

k= 1

( - Tkg
T
k dk ) <+ ∞ .
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　　 Therefore, ( 2. 5) holds. From the defini tio n of

y
*
k , w e have

　 　 y*
k =  yk + ( 2sk [f (xk ) - f ( xk+ 1 ) ] +

(g (xk+ 1 )+ g (xk ) ) Tsk ) / sk 2 ≤ yk + |2 [ f (xk ) -

f (xk+ 1 ) ]+ (g ( xk+ 1 ) + g (xk ) ) Tsk|/ sk ≤ 2 yk +

|sTk G(xk + θ(xk+ 1 - xk ) )sk|/ sk ≤ 2L sk + λ2 sk =

( 2L + λ2 )sk .

　　 Therefo re, ( 2. 6) holds. Using ( 1. 4) and Taylo r

expansion, w e have

　　s
T
k y

*
k = s

T
k ( yk + ( 2sk [ f (xk ) - f (xk+ 1 ) ]+ ( gk+ 1

- gk ) Tsk ) / sk 2 ) = s
T
k yk + 2 [ f (xk ) - f (xk+ 1 ) ] +

(gk+ 1 - gk ) Tsk = 2 [f (xk ) - f ( xk+ 1 ) ] + 2gT
k+ 1sk =

2[- g
T
k+ 1sk+

1
2
s
T
k G(xk + θ(xk+ 1 - xk ) )sk ]+ 2gT

k+ 1sk

= s
T
k G(xk + θ( xk+ 1 - xk ) )sk .

　　 Hence ( 2. 4) holds by Assumption 2. 3. ( 2. 3)

can be got f rom ( 2. 2) and Assumption 2. 3, w hich is

omit ted here.

　　 The above lemma indicates that yk sk > 0 , w hich

combines wi th ( 1. 7) yields Bk+ 1 > 0, so that {Bk } i s a

positive definite sequence.

　　Lemma 2. 2　 Let {xk } be generated by Algo rithm

MBFGS. Suppose that ( 2. 3) holds, then there must

be a posi tive constant M1 such that

　　 Tr (Bk+ 1 )≤ M 1 (k+ 1) ( 2. 7)

and

　　∑
k

i= 0

 B isi 
2

s
T
i Bi si

≤ M 2 (k+ 1) . ( 2. 8)

　　 Proof　 From Lemma 2. 1, by taking the trace

operation in both sides of ( 1. 8) , w e have

　　 Tr (Bk+ 1 ) = Tr(Bk ) -
 Bk sk 2

s
T
k Bk sk

+
 y*

k 2

y
T
k sk

≤

Tr(Bk ) -
 Bk sk 

2

s
T
k Bk sk

+
( 2L+ m 2 )

2

m1
≤… ≤ Tr( B0 ) -

∑
k

i= 0

 Bi si 
2

s
T
i B isi

+
( 2L + m2 )

2

m1
(k+ 1) .

　　 Using that Bk+ 1 is positiv e defini te, w e have

Tr (Bk+ 1 ) > 0 . Therefore, the last inequality im plies

( 2. 7) and ( 2. 8) .

　　We can also see the similar proof of the above two

lem mas in Reference [14].

　　Lemma 2. 3　 Let {xk } be generated by Algo rithm

MBFGS and G is continuous at x
* . Then w e have

　　 lim
k→∞
 Ak = 0. ( 2. 9)

　　 Proof　 By using Taylor 's fo rmula, w e have

　　 y
T
k sk = ( gk+ 1 - gk )

T
sk = s

T
k G(a1k )sk

and

　　 f ( xk ) - f (xk+ 1 ) = - g
T
k+ 1sk +

1
2
s
T
k G(a2k )sk .

　　WhereY1k = θ1k (xk+ 1 - xk ) ,Y2k = θ2k (xk+ 1 - xk ) ,

andθ1k ,θ2k ∈ ( 0, 1) . From the definition of Ak and the

following equality

　　 f ( xk ) = f ( xk+ 1 )+ g
T
k+ 1 ( xk - xk+ 1 ) + 1

2
( xk -

xk+ 1 )Bk+ 1 (xk - xk+ 1 ) ,

w e get

　　 Ak =
s
T
k Bk+ 1sk - s

T
k G(a1k )sk

 sk 2 I

and

　　 s
T
k Bk+ 1sk = s

T
G(a2k )sk .

　　 Hence

　　 Ak ≤ G(a2k ) - G(a1k ) .

　　 Therefore, ( 2. 9) holds.

　　 Lemma 2. 4　 Let {xk } be generated by Algori thm

M BFGS, then there must be a posi tiv e constantc1 such

that

　　∏
k

i= 0
Ti≥ c

k
1 . ( 2. 10)

　　 Proof　 Using sk = - TkB
- 1
k gk and ( 1. 10) , w e

have

　　 ( 1 - e)s
T
k Bksk = - ( 1 - e)Tk s

T
k gk≤Tks

T
k yk =

Tk sTk [∫
1

0
G(xk + fsk ) df]sk .

　　 Therefore,

　　Tk≥ ( 1 - e)
s
T
k Bk sk
s
T
k G
 
k sk

.

　　 Com bining with ( 2. 4) and Assumpton 2. 3, w e

obtain

　　
s
T
k y

*
k

s
T
k Bksk

≥
1
Tk
C ,

w hereC =
λ1 ( 1 - T)

λ2
andG

 
k =∫

1

0
G( xk + fsk ) df.

　　 From Lemma 2. 1, by taking the determinant in

bo th sides of ( 1. 8) , w e have

　　 Det ( Bk+ 1 ) ≥ Det(Bk )
y

*
k sk
yk sk

( y*
k ) Tsk

s
T
k Bk sk

≥ Det (Bk )

λ2

m1

C
Tk =

D
Tk Det (Bk ) ≥… ≥ D

k+ 1
Det (B0 )∏

k

i= 0

1
Ti

,

w hereD =
λ2C
m 1

. Using the follow ing inequali ty

　　 Det (Bk+ 1 )≤ [
1
n

Tr(Bk+ 1 ) ]n

and ( 2. 7) , w e obtain that

　 　∏
k

i= 0

Ti ≥
D

k+ 1Det(B0 )
Det (Bk+ 1 )

≥
D

k+ 1Det( B0 )

[
Tr (Bk+ 1 )

n
]n
≥
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D
k+ 1 Det(B0 )

[
M 1 (k+ 1)

n
]n

.

　　 Therefo re ( 2. 10) holds for all larg ek.

　　 The follow ing theorem is taken from Theorem

5. 1 of Reference [14 ].

　 　 Theorem 2. 1　 Let {xk } be generated by

Algori thm MBFGS. Then, w e have

　　 lim inf
k→∞

 gk = 0. ( 2. 11)

　　 Proof　 Suppose that the conclusion does not

hold, then there exists a constantX≥ 0 such that for all

k ,

　　 gk ≥X.

　　 Hence

　　 + ∞ > ∑
∞

k= 0
( - g

T
k sk ) = ∑

∞

k= 0
(
s
T
k Bk sk
Tk ) =

∑
∞

k= 0
(
s
T
k Bk sk gk 
 Bk sk 

) = ∑
∞

k= 0
(Tk gk 

2 s
T
k Bk sk

 Bksk 2 )≥

X2∑
∞

k= 0
(Tk

s
T
k Bk sk
 Bk sk 2 ) .

　　 Therefore, for anyY> 0 there exists constants k0

such that fo r any posi tive integ er q,

　　 q{∏
k

0
+ q

k= k
0
+ 1

Tk
s
T
k Bk sk

 Bksk 2 }
1
q ≤ ∑

k
0
+ q

k= k
0
+ 1

Tk
s
T
k Bksk
 Bk sk 2≤Y,

w here the lef t hand side of the inequality follows from

the geometric inequality. Thus

　　 ( ∏
k

0
+ q

k= k
0
+ 1

Tk )
1
q ≤ Y

q
(∏

k
0
+ q

k= k
0
+ 1

 Bksk 2

s
T
k Bk sk

)
1
q ≤

Y
q

2 ∑
k

0
+ q

k= k
0
+ 1

 Bksk 
2

s
T
k Bksk

≤
Y
q

2∑
k

0
+ q

k= 0

 Bksk 
2

s
T
k Bk sk

≤

Y(k0 + q+ 1)

q
2 M 2 .

　　 Let q→ ∞ yield a contraction, because Lemma

2. 4 ensures that the lef t hand side of the above

inequality is g reater than a positive constant , w e get

( 2. 11) .

3　Numerical resul ts

　　 The numerical results for Alg orithm M BFGS will

be repo rted and compared with that for the o riginal

BFGS method in this section. The 34 problems that w e

tested come from the websi te f tp: / /f tp. mathwo rks.

com /. The code w as w rit ten in M ATLAB 6. 1 and in

double precision ari thmetic. All runs w ere perfo rm ed

on PC( CPU PentiumⅣ 1. 7G) . For each problem, the

termina tion condition is

　　 g (xk ) ≤ 10
- 6

.

　　 Fo r each problem , w e choose the ini tial matrix B0

= I , i. e. , the uni t matrix. We will test the following

quasi-New ton methods.

　　 BFGS M ethods: The BFGS method with the

w eak Wolfe-Pow ll( WW P) step-size rule andW= 0. 1,

e= 0. 9

　 　 M BFGS Methods: The Algorithm MBFGS

method with the WW P, andW= 0. 1,e= 0. 9.

　　 W LQBFGS M ethods: The Algo rithm

W LQM BFGS method w ith the WW P, andW= 0. 1,e

= 0. 9.

　　 In order to rank the i terative numerical methods,

one can compute the to tal number of function and

g radient evaluation by the formula

　　 N total = N F+ m* NG, ( 3. 1)

w here N F, NGdenote the number of times of function

evaluations and gradient ev aluation respectively , andm

is an integer. According to the results of automatic

dif ferentiation
[15, 16] , the value ofm can be set tom = 5.

It means tha t one g radient ev aluation is equiv alent tom

tim es of function evaluation in automatic

dif ferentiation.

　　 Table 1 shows the results of BFGS and MBFGS

method, w here the colum ns have the following

meanings:

　 　 Problem, the nam e of the test problem in

M ATLAB; Dim, the dim ension of the problem; N I :

the number of iterations; N F , the number of function

evaluations; N G, the number of g radient ev aluations.

　　W e compare BFGS and M BFGS in the following

w ay. For each testing example i , com pute the total

tim es of function evaluations and g radient evaluations

according to the evaluated methods ( MBFGS) and

BFGS respectively , and denote them by N total, i

( MBFGS) andN total, i ( BFGS) ; then calculate the ratio

　　 ri ( MBFGS) =
N total, i ( MBFGS)
N total, i ( BFGS)

. ( 3. 2)

　　 If EM ( j0 ) does no t wo rk for example i0 , w e

replace the N total, io ( M BFGS) by a posi tiv e constantf

w hich define as follow s

　　f= max {N total, i ( M BFGS): ( i , j ) S1} ,

w here

　　 S1= { ( i , j ): m ethod j does not w ork fo r ex ample

i }.
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　　 The geometric mean of these ratios for method

EM ( j ) ov er all test problems is defined by

　　 r ( EM ( j ) ) = (∏
i∈ S

ri ( MBFGS) ) 1 /|S|, ( 3. 3)

Table 1　 Test results for BFGS, MBFGS and

WLQBFGSmethods

BFGS MBFGS W LQB FGS
No. Problems Dim

N I /N F /N G N I /N F /NG N I /N F /N G

1 ROSE 2 34 /54 /35 30 /49 /31 29 /51 /30

2 FRO TH 2 10 /22 /11 8 /20 /9 10 /22 /11

3 BADSC P 2 158 /233 /159 146 /212 /149 166 /244 /167

4 BADSCB 2 12 /56 /13 12 /54 /13 12 /55 /13

5 BEALE 2 15 /24 /16 12 /21 /13 15 /25 /16

6 JEN SAM 2 11 /24 /13 11 /24 /13 14 /26 /15

7 HELIX 3 28 /56 /30 25 /52 /27 28 /55 /29

8 BARD 3 23 /34 /24 21 /32 /22 21 /34 /23

9 GAU SS 3 4 /7 /5 4 /7 /5 4 /7 /5

10 M EYER - - -

11 GULF 3 1 /4 /2 1 /4 /2 1 /4 /2

12 BOX 3 30 /41 /32 23 /36 /24 21 /39 /24

13 SIN G 4 29 /52 /30 38 /63 /40 23 /46 /24

14 W OOD 4 52 /97 /53 51 /91 /52 53 /93 /54

15 KOW OSB 4 28 /32 /29 28 /33 /29 28 /32 /29

16 BD 4 23 /82 /24 19 /76 /20 -

17 OSB1 5 - - -

18 BIGGS 6 36 /47 /39 30 /38 /32 35 /46 /36

19 OSB2 11 53 /80 /54 53 /78 /54 56 /82 /57

20 W AT SON 20 55 /91 /56 57 /93 /58 56 /93 /58

21 ROSEX 8 86 /152 /87 74 /133 /75 80 /140 /81

50 256 /652 /257 233 /607 /234 232 /600 /233

22 SINX 4 29 /52 /30 38 /63 /40 23 /46 /24

23 PEN1 2 179 /262 /182 166 /233 /169 178 /256 /185

24 PEN2 8 531 /768 /539 691 /918 /696 -

50 293 /845 /298 332 /907 /339 331 /902 /336

25 V ARDIM 2 6 /14 /7 5 /13 /6 5 /13 /6

50 27 /69 /31 37 /83 /39 30 /74 /33

100 36 /83 /39 73 /133 /74 516 /8406 /524

26 TRIG 3 15 /23 /19 13 /18 /15 13 /18 /16

50 44 /48 /45 42 /43 /43 42 /43 /43

100 48 /51 /49 48 /49 /49 49 /52 /50

28 BV 3 6 /14 /7 6 /14 /7 6 /14 /7

10 18 /39 /19 18 /39 /19 18 /39 /19

29 IE 3 7 /11 /8 7 /11 /8 7 /11 /8

50 12 /15 /13 11 /15 /12 12 /15 /13

100 12 /15 /13 11 /15 /12 12 /15 /13

200 12 /15 /13 11 /15 /12 12 /15 /13

30 TRID 3 12 /31 /14 11 /27 /12 12 /29 /13

50 63 /340 /64 65 /334 /66 67 /335 /68

100 112 /637 /113 109 /633 /110 112 /644 /113

200 216 /1223 /217 195 /1153 /196 195 /1155 /196

31 BAND 2 11 /21 /12 8 /20 /9 10 /28 /11

32 LIN 2 1 /3 /2 1 /3 /2 1 /3 /2

50 1 /3 /2 1 /3 /2 1 /3 /2

500 1 /3 /2 1 /3 /2 1 /3 /2

1000 1 /3 /2 1 /3 /2 1 /3 /2

33 LIN1 2 2 /10 /3 2 /10 /3 2 /10 /3

10 3 /22 /4 3 /22 /4 3 /22 /4

34 LIN2 4 2 /11 /3 2 /11 /3 2 /11 /3

w here S denotes the set of the test problems and|S|

the number of elem ents in S. One advantage of the

above rule is that the com parison is relativ e and not be

domina ted by a few problems for which the method

requires a g reat deal of function evaluations and

g radient functions. W e can also com pare methods

W LQBFGS and BFGS by using the sam e rule.

　 　 From Table 2, w e found that the average

performance of the M BFGS m ethod is a lit tle better

than the other two methods.

Table　 2　 Rel ative ef ficiency of BFGS, MBFGS and

WLQBFGS algorithms

BFGS M BFGS W LQBFGS

1 0. 9783 1. 0413
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cos2( 2E - 3A+ A
2
) =

sin1

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

+ sin2

0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

+

cos2

0 0 　 0 　 0

0 1 - 1 - 1

0 1 - 1 - 1

0 0 　 0 　 0

=

sin1 0 0 0

0 sin2+ cos2 - cos2 - cos2

0 cos2 sin2 - cos2 - cos2

0 0 0 sin2

.
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