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Abstract Let G be a finite group. For a weak n —Engel condition of G, we mean that [X,ny]€
Z(G) for two elementsx and y of G, wheren is a positive integer. A subgroup H of Gis called -
supplemented in Gif there exists a subgroup K of Gsuch that HK = Gand H| K<< Cores( H). In
this paper, we discuss the sufficient conditions of a p—ilpotent group by using supplementation of
the cyclic subgroups of order 4 under some assumptions weaker than the n—¥ngel condition on
minimal subgroups of G.
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1 TIntroduction

For many questions in group theory, especially for
group structure problems, it is helpful if one knows
some criteria for p—nilpotency of a group. It shows that
for an oddp, a group Gis p-nilpotent provided that all
elements of Gof order p lie in the centre of G and that
G is 2nilpotent provided that all elements of G of order
2 or 4 lie in the centre of G''. In recent years, the p—
nilpotent structures of a group G (namely, for a Sylow
p-subgroup P of G, there exists a normal subgroup N
of Gsuch that G= PN and P[1 N =
widely studied” °.

For convenience, we introduce some basic terms

1) have been

and definitions. A minimal subgroup of a group Gis a

subgroup of prime order, and a p—element of Gis an
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element in G of prime p—power order. Let [x,)] be
commutator for x and y. We denote [x,0y] the
element X and [x .,y ] the commutator [X,e-1ny,y],
wheren is a positive integer. We call a subgroup H c—
supplemented in G, if there exists a subgroupN of G
such that HN = Gand H[| N<< Corec( H). In this
paper, we discuss the sufficient conditions of a p—
nilpotent group by using supplementation of the cyclic
subgroups of order 4 under some assum ptions weaker
than the n—Engel condition on minimal subgroups.

Throughout, all groups are finite.
2 Preliminaries

Lemma 1
Then
(1) ¥ == K<< G, then H is c-supplemented in

Let H be c—supplemented in G.

K;
(2)¥K4_ Gand K< H, then H /K is csupple-
mented in G /K.
Lemma 2 Let G be a minimal non—2-nilpotent

1



group (non2-nlpotent group all of whose proper
subgroups are 2-nilpotent) , and if a cyclic subgroup <
x> of Gof order 4is csupplemented inG. Then < x
> is a normal subgroup of G.

Proof By c—supplementation condition, there is a
subgroup L of Gsuch that G= < x> L with < x>[)
L< Cores( < x> ). f <x>[) Lisof order 4, then
<x>< L,andso <x>= <x>[] L= Cores( <
x> )4 G ifl <x>N Ll = 2, then| G/l = 2and
L is a non—trivial proper normal subgroup of G. Hence,
< X > is a normal subgroup of G by Reference [7,
Lemma 4];if < x>() L= 1, it is easy to prove that
|G LZl = 2whereZ= <x’> andLZ4_ G Notice
that L is a proper subgroup of G so L is nilpotent. Let
Ly be a normal 2-complement of L, then Lq is also a
normal 2-complement of LZ and so Ls4_ G. In this
case, Lqis a Sylow g—subgroup of Gand G= PX 0, a
final contradiction, and the lemma is prov ed.

Lemma 3" LetGbea minimal non—p-nilpotent
group- Then

(1) G= PQ, where P is a normal Sylow p-
subgroup for a prime p and Q is a cyclic Sylow ¢-
subgroup for a primeq(¢7 p);

(2) If Pis abelian, then P is an elementary abelian
p-group;

(3)Ifp> 2, then the exponent of Pisp. Ifp =
2, then the exponent of P is 2 or 4

(4) c€ P - H(P) if and only if [c,b]# 1,
whereb is an element of Q which generates O;

(52(G) = H(G = H(p)x H(Q).

Lemma 4 Let G= AB, where 4 is a nilpotent
normal subgroup of G and B is a nilpotent subgroup of
G with (‘ Al | Bl )= L If there is a positive integer”
such that [x,»y |€ Z(G), wherex isa p-element of 4
and ¥ is a g—element of B, then [x,y |= 1.

Proof Since [x,y ]€ Z(G) means [x,2y]€
Z(G), we may assumern= 2 Leta= [x,-2y], by
the hypothesis we have [(y"')'y.y]= la,y.y]€
Z(G), It follows that (y "Y'yy= y(y ')'yz for some
z€ Z(G. Thatis, (v )y = y(» )%, i e,
[(y l)“,y]e Z(G). We consider the following cases

(1) lBla= 1orlBl2> 1andgqis an odd
then o(»)| Gy and  ((y ')'y)"
() (e Y ) =

Hence (3 )"V is a g—element of G.

prime,

(2) Il Bl2> Tlandgis 2,then ((y ')'»)*" = 1
and (y° ')y is a 2-element of G.

On the other hand, since 4 is a normal subgroup
of G, ')y = la,y]€ 4. And (y"')'yis a p-
element. Therefore, by the above discussions, [a,y |=
(y")y= 1. Thatis, [x,-1y]= L Now,a simple

induction on”, we have [x,y ]= L.

3  Main resul ts

Theorem 1  Let G be a finite group. If every
cyclic subgroup of G of order 4 is c-supplemented in G
and if for every element x of order p in G and any g-
element (g7 p)y in G, there is a positive integer n
such that [X ..y ] eitheris a p—element or lies in Z(G),
then Gis p-nilpotent.

Proof Suppose that the result is false and let G
be a counterexample of minimal order.- Because every
cyclic subgroup of order 4 of each proper subgroup of
G is c-supplemented in this subgroup; on the other
hand, since every element x of orderp or every (¢ p)
g—element ¥ of each proper subgroup K of G is an
element of order p or a g-element of G, then we have
[x,7y ] either is a p-element or lies in Z(G)[) K<<
Z(K).

nilpotent and G is a minimal non—p-nilpotent group, G

Thus, every proper subgroup of G is p-

= PQ with properties given in Lemma 3.
For every elementc of orderp of P and an element
b of O, which generatesQ by the assumption, there is a
positive integer 7 such that [c,.b ] is a p/—element or
liesin Z(G). If [c,nb ]is ap/—element, we have [¢,nD]
= lsince Pis a normal subgroup of G. Now Lemma 4
yields that [c,b] = 1, so c€c H(P)< Z(G) from
Lemma 3. On the other hand, Lemma 2 implies that <
x> Qis a proper subgroup of Gand so < x> Q0= <
x> X Qfor every elementX of order 4 of P. Thus, P
< G5(0Q) from Lemma 3(3). In other words, G= P
X @, which contradicts G is non-p-nilpotent. This
contradiction shows that the theorem is proved.
Let G be a finite group and N a
normal subgroup of G such that G/N is p—nilpotent. If

Theorem 2

every cyclic subgroup of N of order 4 is c-
supplemented in G and if for every element x of N of
order p and g-element (¢~ p)y of G, thereis a positive
integern such that [x,,y ] dther is a p—element or lies
in Z(G). Then Gis pilpotent.
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Proof Suppose the theorem is false and let G be
a counterexample with minimal order. For each proper
subgroup K of G, because every cyclic subgroup of
order 4 of N is csupplemented in G, then, using
Lemma 1, we know that every cyclic subgroup of order
4 of K[ N is csupplemented in this subgroupK. On
the other hand, because each subgroup of a p-nilpotent
group is p—nilpotent, then from K /K[ N= KN IN,
we have that K /K1 N is a p-nilpotent subgroup of
G/N. 1t is easy to see that K and K[| N satisfy the
assum ption of Theorem 2 and so K is a p-nilpotent
subgroup of G. Tt follows that G= PQ, whereP and O
have properties in Lemma 3.

Now,if N =
p-ilpotent, a contradiction f N = G, then from the

1, then, by the given condition, Gis

given condition and Theorem 1, we obtain that G is
also p-nilpotent, again a contradiction. Thus, N is a
proper subgroup G and so N is nilpotent. Let N = N»
X Ng, whereNp is a Sylow p-subgroup of N and Ny is
a Sylow g-subgroup of N. We claim that N, is a proper
subgroup of P and N« is a proper subgroup of Q. In
fact,since NV is a normal subgroup of G. We have that
Np and Ny are normal subgroups of G, it follows that
N,<X Pand N/ Q. Hence, we only need to proveN,
< P. SupposeN,= P, thenP<< N. If P is abelian,
then P is an elementary Abel group from Lemma 3
(2). It follows by the given condition and Lemma 4
that P << C6(Q), G is a

counterexample. Hence, P is nonabelian and the

contrary to that

exponent of P is 2 or 4. Let X be an element of P of
order 2, then by the given condition and Lemma 4 we
obtainx€ Co(Q). K x is an element of P of order 4,
then Lemma 2gives that < x> Qis a proper subgroup
of G, and so < x> Qis nilpotent. In particular, < X
><C (G(Q). So, all elements of P are contained in
Co(0).
shows that P is a proper subgroup of G.

Thus, G is p-nilpotent. This contradiction

By the above discussions, it is easy to see that
Ny Qis a proper subgroup of G, and so Ny Q= N,X
Q. This means that N~ H(P)}< Z(G) from Lemma
3(4). On the other hand, obviously, PN, = PX Ny
and Ny is contained in Co(P). Hence, N Z(G) and
G/Z(G) is p-nilpotent since G/N is p-nilpotent. It
follows that G/Z(G), and hence Gis nilpotent. This is
a final contradiction and the proof of the theorem is
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com plete.

Theorem 2 may be considered as a generalization
of Theorem 3 in Reference [ 5 ], Theorem 2 in
Reference [9] and Theorem 5 in Reference[7].

Theorem 3 Let G be a finite group and P an
arhitrary p-subgroup of G. Ifp = 2, then every cyclic
subgroup of P of order 4is c—supplemented in N¢(P) ,
and if for every element x of orderp of P and g—element
(& p) y of N6(P), thereis a positive integer? such
that [x,»y] either is a p/—element or lies in Z(G).
Then G is p-nilpotent.

Proof lety be an arbitrary g-element (¢ p) of
Nc(P). We can consider the groupP < y> . Since P
< y><< Na(P), ifp= 2, then every cyclic subgroup
of P < y> of order 4isa cyclic subgroup of P of order
4, and hence, it isc supplemented in P < y > from
Lemma 1. Additionally, for every element X of order p
of P < y> we havex& P. Therefore, let y, be any g—
element of P < y > , then , since for some positive
integern, [x 2y Teither is ap/-element and [x,ny' =
1or [x ,ny/ € Z(No(P))) P < y> , which implies
that P <y> isp-nilpotent from Theorem 1. So that P
< ¥ > is a nilpotent subgroup of G. Tt follows that
Na(P) ICc(P) is a p-group. By the Frobenius
Theorem, G is p-milpotent. The proof is completed.

It is easy to see that a normal subgroup of Gisa c—
supplemented subgroup of G and G is nilpotent if and
only if Gis p—nilpotent for every primepl | G . Asa
direct application of the above Theorems, we will
obtain a series of known results on nilpotency and p—
nilpotency of a group. For instance, we have the
following corollary.

Corollary let G be a finite group and P a p-
subgroup of G. If for every element x of orderp or 4
(if p= 2) of P and g-element (¢ p) ¥y of N6(P),
there is a positive integer n such that [x .y = 1
ThenNc(P) /Cs(P) isp—group[g].
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