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Abstract　 An approximate Gauss-New ton based BFGS method fo r solving symmetric nonlinear

equations is presented. The proposed method alw ay s generates descent di rections w hatev er linear

search is used. The global and superlinear converg ence of the proposed method under suitable

condi tions is proved. Numerical results show that the proposed method is successful.
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摘要　给出一个解非线性对称方程组问题的近似高斯 -牛顿基础 BFGS方法 .该方法无论使用何种线性搜索 ,此

方法产生的方向总是下降的 .证明在适当的条件下 ,该方法的全局收敛性和超线性收敛性 ,给出数值检验结果。
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1　 Introduction

　　 It 's w ell know n that the Quasi-New ton methods

play a special role in solving unconstrained optimization

problems in References [1～ 6 ]. Some modified BFGS

methods wi th g lobal and superlinear converg ence fo r

nonconvex minimization problems have been proposed

in References [ 7～ 11 ]. We propose an approximate

Gauss-New ton based BFGS method which can

generate descent directions for the no rm function fo r

solving symmetric nonlinear equations in this paper.

　　 Consider a general Quasi-New ton method fo r

solving the following system of nonlinear equations:

　　F (x ) = 0,x ∈ R
n , ( 1. 1)

w here F: R
n
→ R

n
is continuously dif ferentiable.

Equation ( 1. 1) can generate a sequence of iterates

{xk } , xk+ 1 = xk + dk , w here dk is a solution of the

following sy stem of linear equations

　　Bkdk + F (xk ) = 0. ( 1. 2)

　　 If in Equation ( 1. 2) , matrix Bk is replaced by the

Jacobian F′(xk ) of the function F at xk , then the

method w ould be reduced to the w ell-know New ton

method.

　　 F′(xk )dk + F ( xk ) = 0. ( 1. 3)

　　 An interesting feature of Equation ( 1. 3) is i ts

local superlinear convergence property without

computation of Jacobians. To enlarg e the convergence

domain of a Quasi-New ton method, line search

technique or trust region st rategy can be exploited. In

this paper, w e use a backtracking line search technique

to globalize a Quasi-New ton method.

　　 A scalarTk ≥ 0 which satisfies the following

equation is a line search step at iteration k of an

iterative method

　　 F (xk + Tkdk ) ≤ F (xk ) , ( 1. 4)

　　 xk+ 1 = xk + Tkdk is the nex t i terate. WhereTk is

called the stepleng th. W e define the norm function as

θ(x ) =
1
2 F ( x ) 

2
x ∈ R

n
. So the nonlinear equation

problem ( 1. 1) is equivalent to the follow ing global

optimization problem

　　 minθ(x ) , x ∈ R
n , ( 1. 5)
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and Equation ( 1. 4 ) is equiv alent to the following

equation

　　θ( xk + Tkdk )≤θ(xk ) . ( 1. 6)

　　 A sequence xk satisfying Equations ( 1. 4) and

( 1. 6) are g enerated by an i terativ e method that is a

norm descent method. The inequality ( 1. 6) holds fo r

allTk≥ 0 sufficiently small if dk is a descent direction of

θat xk . Accordingly, the related i terativ e method is a

norm descent method. In particular, New ton 's method

is a norm descent method in the sense tha t gk+ 1 ≤

 gk holds on every i terations. How ever, if the vecto r

dk is determined from Bk , then dk may no t be a descent

di rection ofθat xk even if Bk is symmetric and positiv e

definite. Therefore, in o rder to g lobalize a Quasi-

New ton method, by the means of modifying a Quasi-

New ton direction, Li and Fukushima presented an

approximately no rm descent line search technique and

established global and superlinear convergence of a

Gauss-New ton based BFGS method for solving

symmetric nonlinear equations[12 ] .

　　 In this paper, w e update Bk by combining a

modified BFGS formula such that Bk+ 1 inheri ts positiv e

definiteness of Bk wha tever line search is used. We

adjust the stepleng th and the search direction

simultaneously so that the generated iterate sequence

satisfies Inequality ( 1. 6) . Under suitable condi tions,

w e establish a global converg ence theo rem which

show s that there exists an accumulation point that is a

stationary point of Problem ( 1. 5) ev en if F′(x ) is

singula r everyw here. We also get the superlinea r

converg ence of the modified method.

　　 In the nex t section, we present a w ay to generate

an approximately descent Quasi-New ton direction forθ

and then propose a new BFGS method for solving

Equation ( 1. 1) , and describe some properties of the

modified method. In section 3, we propose a modi fied

alg orithm. In sections 4 and 5, w e establish the global

and superlinear convergence of the modified method

under some reasonable condi tions respectiv ely. In

section 6, we report some numerical results.

2　 Descent direction by a new Quasi-Newton

method

　　 First, we giv e the follow ing Assumptions.

　　Assumption 1　 ( A) The level set

　　K= { x∈ R
n
|θ( x )≤θ(x 0 ) }

is bounded.

　　 ( B) F i s continuously differentiable on an open

convex setK1 containingK , and F′(x ) is symmetric for

ev ery x ∈ K1 .

　　 ( C) The Jaconbian of F bounded, and there exists

a positiv e constant M1 such that

　　 F′(x ) ≤ M1 , x ∈ K1 . ( 2. 1)

　　 ( D) The sequence { xk } is contained in a bounded

setK1 in which F is continuously dif ferentiable, and

there exists a constantm ,M≥ 0 such that

　　 m x - y ≤ F (x ) - F ( y ) ≤ M x - y .

( 2. 2)

　　 According to ( C) and ( D) of Assumption 1, for

all x ∈ K1 and d∈ R
n , w e have

　　m x - x
*  ≤  F (x ) =  F( x ) - F (x* ) ≤

M x - x
*  , ( 2. 3)

　　m d ≤ F′( x ) d ≤ M d , ( 2. 4)

　　
1
M
 d ≤ F′(x )d ≤

1
m
 d . ( 2. 5)

　　 In particular, for allx ∈ K1 , w e have

　　m x - x
*  ≤  F (x ) =  F( x ) - F (x* ) ≤

M x - x
*
 , ( 2. 6)

w here x
*

stands for the unique solution of Equation

( 1. 1) inK1 . Then w e have

　　 F( x ) ≤ M ,x ∈ K1 . ( 2. 7)

　　 Nex t, we describe a w ay to g enerate a descent

Quasi-New ton direction forθand then propose a new

descent BFGS method for solving Equation ( 1. 1 ) .

Recall that in New ton 's methods, the New ton

direction is a solution of the New ton Equation ( 1. 3) .

If F′(xk ) is singular, the Equation ( 1. 3) may have no

solution. To solve Equation ( 1. 3) , w e may need to

solv e the least squares problem

　　 min
1
2
 F′( xk )d + F (xk ) 2 ,

in order to obtain a direction dk , w hich results in the

so-called Gauss-New ton equation

　　 F′( xk )
2
d + F′(xk )F (xk ) = 0. ( 2. 8)

　　 Where, w e have used Assumption 1 ( A) . It is

noticed that, if F′(xk ) i s nonsingular, Equation ( 2. 8)

is equivalent to Equation( 1. 3) . In Reference [12 ], a

Gauss-New ton based method was proposed where the

Quasi-New ton direction is the solution of the following

system of linear equation.

　　Bkdk + qk = 0, ( 2. 9)
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where qk is an approximation of v ector F′(xk )F (xk )

and Bk is an approximation of matrix F′( xk ) 2.

Speci fically, letTk- 1 be the stepleng th used in the

previous iteration.

　　 Therefo re, w e can define vectorqk

　　 qk = (F (xk + Tk- 1F( xk ) ) - F (xk ) ) /Tk - 1≈

F′(xk ) F (xk ) ,

and matrix Bk is updated by the BFGS formula in

Reference [12]:

　　Bk+ 1 = Bk -
Bk sks

T
k Bk

s
T
k Bk sk

+
yk y

T
k

y
T
k sk

, ( 2. 10)

w hereyk = F ( xk + Wk ) - F( xk ) , sk = xk+ 1 - sk andWk

= Fk+ 1 - Fk . It is clear that i f sk is small, then

　　 Bk+ 1sk = yk≈ F′(xk ) 2sk .

Now w e replace yk by y
*
k . In Reference [12]

　　 yk = F( xk + Wk ) - F (xk ) ≈ F′(xk )Wk ≈

F′(xk ) F′(xk )sk .

　　We definey*k =
W
* T
k sk
 sk 2W

*
k , w hereW*k = Wk+ Aksk ,

Ak = _ k

|gT
k+ 1 ( gk+ 1 - gk )|

 sk 
,_k is a positive constant.

　　 In the following w e will discuss y*k =
W
* T
k sk
 sk 2W

*
k .

　　We know

　　 y
*
k - F′(xk+ 1 )

2
sk =  

W* T
k sk

 sk 
2W

*
k -

F′(xk+ 1 ) 2sk ≤ M′ sk + M″ sk ,

w hereM′=
 Wk 2

 sk 
2 +  F′(xk+ 1 )

2
 and M″= 2|M Ak|

+ |A2
k|, if  sk is suf ficiently small, and by using

Assumption 1 ( C) and ( D) , and Formulae ( 2. 4) and

( 2. 7) , w e obtainMM≥
 Wk 

2

 sk 2≥ mm ,|Ak|≤ _k MM ,

by using  F′(xk+ 1 ) ≤ M 1 . Then, we get  y*k -

F′(xk+ 1 )
2
sk → 0.

　　 Therefo re, w e can get

　　 y
*
k ≈ F′(xk+ 1 )

2
sk . ( 2. 11)

　　 Replacing yk by y
*
k , we can get the approximate

Guass-New ton-Based BFGS update formula:

　　 Bk+ 1 = Bk -
Bksk s

T
k Bk

s
T
k Bksk

+
y
*
k y

* T
k

y
* T
k sk

, ( 2. 12)

w here sk = xk+ 1 - sk , y*k =
W
* T
k sk
 sk 2W

*
k , whereW*k = Wk+

Ak sk , Ak = _k
|gT

k+ 1 ( gk+ 1 - gk )|
 sk ,_k is a posi tiv e

constant.

　　 If Bk+ 1 is updated by the formula ( 2. 12) , w e can

get

　　 s
T
k Bk+ 1sk = y

* T
k sk =

W* T
k sk

 sk 
2W

* T
k sk =

(W* T
k sk ) 2

 sk 
2 > 0,

( 2. 13)

therefore, Bk+ 1 is posi tiv e symmetric matrix whatev er

line search is used. Since the solution dk of Fo rmula

( 2. 9) may not be a descent direction ofθat xk when xk

is far away from a solution of Equation ( 1. 1) , i t is no t

possible to g et a steplengthTk ≥ 0 satisfying Fo rmula

( 1. 6) . Instead, w e use the following line search, theTk

> 0 satisfies the equation.

　　θ(xk + Tkdk ) - θ(xk )≤ - e1 Tkdk 2 -

e2 TkF (xk ) 
2
+ Xk F (xk ) 

2
, ( 2. 14)

w heree1 ande2 a re positiv e constants, andXk satisfies

　　∑
∞

k= 0

Xk < ∞ . ( 2. 15)

　　 BecauseXk is small, w e can get { xk } is

approximately norm descent. Observ e that

　　 lim
T
k- 1
→ 0+

qk = F′(xk ) F (xk ) qk .

　　 Accordingly , the solution of Eqaution ( 2. 9) w ith

qk instead of q
-
k i s d

~
k = - B

- 1
k F′( xk )F (xk ) . Using

Assumption 1 ( B) , then w e can get q~k i s a descent

direction ofθat xk . This observation prompts us to

reg ardTk - 1 as a parameter. When this parameter is

adjusted to be small enough, the solution of Eqaution

( 2. 9) is a descent direction ofθat xk . The following

process gives details of its realization . Let

　　 qk (T) = (F (xk + TF( xk ) ) - F (xk ) ) /T.

( 2. 16)

　 　 Consider the system of linear equation w ith

parameterT

　　Bkdk + qk (T) = 0. ( 2. 17)

　　 Let d (T) be the solution of Equation ( 2. 17) . The

following lemma show s that whenT> 0 is suf ficiently

small, every solution of Equation ( 2. 17) is a descent

direction ofθat xk .

　　 Lemma 2. 1　 Lete1 ande2 be posi tiv e constants

and Bk be a symmetric and positive defini te matrix. If

xk is not a stationary point of Formula ( 1. 5) , then

there exists a constantT-> 0 depending on k such that

w henT∈ ( 0,T-) , the unique solution d (T) of Equation

( 2. 17) satisfies

　　 5θ(xk ) T d (T) < 0. ( 2. 18)

　　 Moreover, the inequality

　　θ(xk + Td (T) ) - θ(xk ) ≤- e1 Td (T) 
2

-
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e2 TF (xk ) 2 ( 2. 19)

holds for allT> 0 suf ficiently small.

　　 Proof　 According to Equation ( 2. 16) , w e have

　　 lim
T→ 0

qk (T) = F′( xk ) F (xk ) .

　　 Therefo re, w e obtain from Equation ( 2. 17) that

lim
T→ 0

+
5 θ(xk )

T
d (T) = - lim

T→ 0
+
F (xk )

T
F′( xk )B

- 1
k qk (T) =

- F (xk ) TF′( xk )B- 1
k F′(xk ) F( xk ) .

　　 Since F′(xk ) is symmetric and F′(xk )F (xk )≠ 0 ,

as xk is not a stationary point of Formula ( 1. 5) , the

last equality and positiv e defini teness of Bk imply

Formula ( 2. 18) . Inequality ( 2. 19) has been proved.

No tice that

　　 lim
T→ 0+

(θ(xk + Td (T) ) - θ( xk ) )
T

=

lim
T→ 0+

5 θ(xk )
T
d (T) =

- F (xk ) TF′( xk )B- 1
k F′(xk ) F( xk ) < 0.

　　 Since the righ t hand side of Inequali ty ( 2. 19) is

o(T) . Then the Inequality ( 2. 19) holds for allT> 0

sufficient ly small. The proof is complete.

　　 From the above lemma, w e can find a descent

quasi-New ton direction by adjusting parameterT.

3　 The statement of algorithms

　　 In this section, w e giv e an algori thm. Firstly, w e

give two procedures:

　　 Procedure 1　 Let constantd∈ ( 0, 1) be giv en.

Let ik be the smallest nonnegativ e integ er such that

Inequality ( 2. 19) holds withT= d
i , i = 0, 1,… . Let

dk = d (d
i
k ) and qk = qk (d

i
k ) .

　　 Procedure 1 ensures that the value ofθat xk +

d
i
k dk is less than that ofθat xk , though dk may not

necessarily be a descent di rection of θ at xk . It is

reasonable to let the scalar d
i
k be the stepleng th.

How ever, this stepleng th may be very small if ik is

larg e. To enlarg e stepleng th, we exploit the following

forward procedure.

　　 Procedure 2　 Let ik and dk be determined by

procedure 1. If ik = 0, letTk = 1. Otherwise, let jk be

the larg est posi tiv e integer j ∈ { 0, 1, 2,… , ik - 1}

satisfying

　　θ(xk + dik- j
dk ) - θ(xk ) ≤- e1 dik- j

dk 2 -

e2 d
i
k
- j
F( xk ) 

2
, ( 3. 1)

letTk = d
i
k
- j

k .

Based on the above process, w e propose a norm descent

Gauss-New ton based BFGS method as follows.

　　 Algorithm 1

　　 Step 0　 Choose an initial symmetric posi tiv e

definite ma trix B0∈ R
n× n

. Let x 0∈ R
n
. Let k = 0;

　　 Step 1　 Stop i f gk = 0. Otherwise, determine dk

andλk by Procedures 1 and 2. Let the nex t iterativ e be

xk+ 1 = xk + Tkdk .

　　 Step 2　 Put sk = xk+ 1 - xk = Tkdk ,Wk = F (xk+ 1 )

- F (xk ) , and y
*
k =
W* T
k sk

 sk 
2W

*
k . UpdateBk to get Bk+ 1 by

Fo rmula ( 2. 12) .

　　 Step 3　 Let k = k+ 1. Go to step 1.

Now let 's see the properties of Alg orithm 1.

　　 Property　 In Alg orithm 1, If ik = 0, letTk = 1.

Otherwise, let jk be the largest positive integer j∈ { 0,

1, 2,… , ik- 1 } satisfying

　　θ(xk + dik- j
dk ) ) - θ(xk ) ≤- e1 dik- j

dk 2 -

e2 d
i
k
- j
F (xk ) 

2
, ( 3. 2)

w hereTk = dik- jk .

　　 Note that Formula ( 3. 2) is satisfied wi th j = 0

and Bk is symmetric positiv e definite matrix.

Therefo re, Alg orithm 1 is well-defined.

　　 dk andTk are generated by the algorithm. From

the alg orithm , it is easy to see that

　　θ(xk + Tkdk ) - θ(xk )≤ - e1 Tkdk 2 -

e2 TkF (xk ) 2 , ( 3. 3)

w hich co rresponds to Formula ( 2. 14) w ithX= 0. It is

also easy to see tha t ifTk≠ 1 , thenT′k = Tk /dsatisfies

　　θ(xk + T′kdk ) - θ(xk ) > - e1 T′kdk 2 -

e2 T
′
kF (xk ) 

2
. ( 3. 4)

Notice that the alg ori thm generates a direction dk

which satisfies

　　 Bkdk + qk = 0, ( 3. 5)

w hereqk = qk (dik ) . Vectorqk dif fers f rom qk (Tk ) if jk≠

0.

4　 Global convergence analysis

　 　 In this section, w e will establish g lobal and

superlinear convergence for Algori thm 1. In a similar

w ay w e can get the g lobal and superlinear convergence

of Algori thm 2. Let {xk } and {Bk } stand for the

sequences of itera tes and matrices g enerated by

Algori thm 1 respectiv ely. From Algo rithm 1, we can

obtain the following lemma straight forw ard.

　　 Acco rding to Assumption 1( D) , Formulae ( 2. 6)
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and ( 2. 7) , i t is not difficulty to deduce that

　　 y*k  ≤
 W*k  2

 sk 
≤ (M + _k MM ) 2 sk ( 4. 1)

and

　　Ak≤_ kM F( xk+ 1 ) - F (x
*
) ≤ _k MM xk+ 1 -

x
*
 , ( 4. 2)

if k is large enough, w e have xk+ 1 → x
*

, and by

choosing suitable_ k , we can get Ak→ 0.

Define　 Gk =∫
1

0
F′(xk + fTk- 1Fk ) df. ( 4. 3)

　　 Then w e haveT
- 1
k - 1 [F (xk + Tk - 1Fk ) - Fk ] =

GkFk .

　　 Hence Fo rmula ( 2. 17) can be rew rit ten as

　　 Bkdk + Gk Fk = 0. ( 4. 4)

　　Lemma 4. 1　 Let Assumption 1 be satisfied. The

sequence {θ( xk ) } is strictly decreasing. In addition, the

following statements hold.

　　 ( 1) Ifsk→ 0, then there are constantsm1 > 0 and

M 2 > 0 such that fo r allk sufficient ly la rge

　　M 2 sk 2≥ y
* T
k sk≥ m1 sk 2 . ( 4. 5)

　　 ( 2) Suppose thatTk = 1 holds only for a fini te

number of k. Then we have

　　∑
∞

k= 0
 TkFk 2 < ∞ ( 4. 6)

and

　　∑
∞

k= 0

 Tkdk 2 = ∑
∞

k= 0

 sk 2 < ∞ . ( 4. 7)

　 　 Moreover, Fo rmula ( 4. 5 ) holds for all k

sufficient ly large.

　　 Proof　 ( 1) By Assumption 1 and the mean-value

theorem , we have

　　W
* T
k sk = s

T
k (Fk+ 1 - Fk ) + Ak sk = s

T
k∫

1

0
F′( xk +

fsk )dfsk + Ak sk = s
T
k [∫

1

0
F′( xk+ fsk )df]2sk+ s

T
k∫

1

0
F′( xk

+ fWk ) dfWk - s
T
k [∫

1

0
F′(xk + fsk ) df]

2
sk + s

T
k∫

1

0
F′( xk+

fsk )dfsk - s
T
k∫

1

0
F′( xk + fWk ) dfWk + Ak sk =  ∫

1

0
F′(xk+

fsk )dfsk 
2
+ s

T
k [∫

1

0
F′(xk + fWk ) - F′( xk +

fsk ) ) df]∫
1

0
F′(xk + fsk )dfsk + s

T
k [∫

1

0
F′(xk + fsk )sk -

F′(xk + fWk )Wk ) df]+ Ak sk≥ Fk+ 1 - Fk -

 s
T
k [∫

1

0
F′( xk + fWk ) - F′(xk + fWk ) )df]  ∫

1

0
F′( xk +

fsk )dfsk -  sTk [∫
1

0
F′(xk+ fsk )sk - F′( xk+ fWk )Wk df] 

+ Ak sk≥ m sk 
2
-  sk 

2
M∫

1

0
F′(xk + fWk ) - F′(xk+

fsk ) df-  sk ∫
1

0
 F′(xk + fsk )sk - F′(xk + fWk )Wk df

+ Aksk = [m - M∫
1

0
 F′(xk + fWk ) - F′( xk +

fsk ) df] sk 
2

- [∫
1

0
 F′( xk + fsk )sk - F′(xk +

fWk )Wk df] sk + Aksk , ( 4. 8)

w here the last inequality follow s Formulae ( 2. 2) and

( 2. 4) . If sk → 0, thenWk = Fk+ 1 - Fk→ 0. By the

continui ty of F′(xk ) , we haveF′( xk+ fsk )→ F′(xk ) ,

F′(xk + fWk ) → F′(xk ) and using Ak → 0. So w e can

obtainW* T
k sk≥ m′ sk 2 , y* T

k sk =
W
* T
k sk
 sk 2W

* T
k sk , therefo re,

w e get the left hand side of Formula ( 4. 5) . By using

Fo rmulae ( 2. 2) and ( 4. 1) , w e have

　　 y
* T
k sk≤ W

*
k  

2
≤ (M+ _ kMM )

2
 sk 

2
.

　　 Then w e get the right hand side of Fo rmula

( 4. 5) . Therefore, w e get Formula ( 4. 5) .

　　 ( 2) IfTk = 1 holds for only finitely many k′s, then

Fo rmula ( 3. 1) is used to determine a steplengthTk for

all k suf ficiently larg e. By Formula ( 2. 14) , we have

　e1 λkFk 2+ e2 sk 2≤ Fk 2 -  Fk+ 1 2 + Xk gk 2 .

　　 Since { Fk } is bounded and {Xk } satisfies Fo rmula

( 2. 15 ) , w e get Formulae ( 4. 6 ) and ( 4. 7 ) by

summing these inequalities. In particular,  sk → 0,

w hich also implies that Formula ( 4. 5) holds fo r all k

suf ficiently large. The proof is complete.

　　 We are going to establish a global convergence

theorem of Algo rithm 1 to show that under

Assumption 1, there exists an accumlation point of

{ xk } which is a stationary point of Fo rmula ( 1. 5) ,

namely,

　　 lim inf
k→∞

 5 θ(xk ) = 0. ( 4. 9)

　　 It is obtained from Lemma 4. 1 that if limk→∞ supTk

≠ 0, then limk→∞ F (xk ) = 0, hence, Formula ( 4. 9)

holds. So, w e need only to show Fo rmula ( 4. 9) for the

case limk→∞Tk = 0.

　　We do it by assuming

　　 lim inf
k→∞

 5 θ(xk ) > 0 ( 4. 10)

to deduce a contradiction.

　　 Notice that Fo rmula ( 4. 10) particularly implies

that there is a constantZ> 0 such that F (xk ) ≥Zfor

all k.

　　 Therefo re, f rom Fo rmulae ( 4. 1) , ( 4. 5) and

Theo rem 2. 1 in Reference [2 ] w e get the following

lemma

95广西科学　 2004年 5月　第 11卷第 2期



　　 Lemma 4. 2　 If Formula ( 4. 10) holds, then

there are posi tive constantsUi , i= 1, 2, 3, such that fo r

any positiv e integer k inequalities

　　 Bi si ≤U1 si ,U2 si 2≤ s
T
k B isi≤

U3 si 
2

( 4. 11)

hold for at least [k /2] many i≤ k.

　　 Inequalities ( 4. 11) and ( 3. 5) imply that there

are at least [k /2] many i≥ k satisfying

　　 qi =  B idi ≤U1 di , di ≤

U
- 1
2  qi . ( 4. 12)

　 　 Next , w e prove the global convergence of

Algori thm 1.

　　 Theorem 4. 1　 Let Assumption 1 be satisfied,

and xk be generated by Algori thm 1. Then Formula

( 4. 9) holds.

　　 Proof　We need only to show Formula ( 4. 9) fo r

the case limk→∞Tk = 0. In this case, Inequali ty ( 3. 4)

holds for all suf ficiently larg e k . Suppose contrarily

that Formula ( 4. 9) is not held o r equivalent, Formula

( 4. 10) holds. Denote by K the set of indices i such that

Formula ( 4. 11) holds. Then K is infinite. Since {xk }

 K i s bounded. Let K 1  K and subsequences

{xk }k∈ K
1

and {dk }k∈ K
1

converge to x
* and d

* ,

respectiv ely. Then we have

　　 lim
k∈ K

1

qk = 5θ(x* ) . ( 4. 13)

　　 Dividing both sides of Inequali ty ( 3. 4) byT
′
k and

then taking limi ts as k→∞ with k∈ K 1 , we get

　　 5θ( x
*
)
T
d
*
≥ 0. ( 4. 14)

　　 On the other hand, taking inner product wi th dk in

Formula ( 3. 5) , w e get

　　 0 = d
T
k Bkdk + q

T
k dk≥U2 dk 2+ q

T
k dk .

　　 Taking limits in both sides ask→∞ with k∈ K 1

yields

　　 5θ(x* ) d* ≤ - U2 d*  2 .

　　 This together wi th Formula ( 4. 14) implies d
* =

0. It then follow s Formula ( 4. 12) that limk∈ K
1
qk = 0,

w hich together wi th Formula ( 4. 13 ) yields a

contradiction with Formula ( 4. 10) . The contradiction

proves Formula ( 4. 9) .

　　 Remarks　 In the modified BFGS method in this

paper, the i terativ e matrix Bk is alw ays positiv e

definite, and the similar updating technique is also

adopted as used in Reference [ 11 ]. Consequently, w e

establish Theo rem ( 4. 1 ) which show s that the

iterative sequence has an accumulation point which is a

stationary point of problem minθ( x ) =
1
2 F( x ) 

2
. It

may no t be a solution of the nonlinear equation ( 1. 1)

if the Jacobian is singular at that point. The following

theorem show s a st rong convergence property of

Algori thm 1.

　　 Theorem 4. 2　 Let Assumption 1 hold. Suppose

that the sequence {xk } g enerated by Algo rithm 1 has a

subsequence converging to a stationa ry x
*

in w hich

F′(x* ) is nonsingular. Then x
*

is a solution of

Equation ( 1. 1) . Mo reover, the whole sequence {xk }

converges to x
*
k .

　　 Proof　 Sincex
*

satisfies 5θ( x
*
) =

F′(x* )F (x* ) , w e have F (x* ) = 0 if F (x* ) is

nonsingular. Since {θ(xk ) } is convergent, every

accumulation point of {xk } is a solution of Equation

( 1. 1) . By the nonsingularity of F′(x
* ) again, x

*
is an

isolated limit point of {xk } . From Formulae ( 4. 6) and

( 4. 7) , we have xk+ 1 - xk→ 0 as k→∞ . Therefo re,

the whole sequence {xk } converges to x
* . Nex t, w e

giv e a choice of_ k to satisfy Formula ( 4. 2) .

　　 LetYand m3 ,m4 (m3 < m4 ) be posi tiv e constants

andU∈ [0, 1] , w e define theO1:

　　O1 = {k|m3 W3 ≤ Y|g
T
k+ 1 (gk+ 1 - gk )|≤

m4 Wk }

and choose_ k as follows:

　　_k =

Y,　　　　　　　　　　　　　　　　 if k∈ O1 ,

(Um3 + ( 1 - U)m4 )
m3 Wk 

|g
T
k+ 1 (gk+ 1 - gk )|

, if k O1 .

　　 It is v ery clear that Fo rmula ( 4. 2) holds.

　　 In the follow ing w e will prov e the superlinear

convergence of Algori thm 1.

5　 Superlinear convergence analysis

　　 To obtain superlinear convergence of Algori thm

1, we need the following Assumption 2.

　　 Assumption 2　 F′(x ) is H ö lder continuous at

x
*
; i. e. , there are posi tive constants M3 andesuch

that fo r every x in a neighborhood of x* ,

　　 F′(x ) - F′(x* ) ≤ M3 x - x
*  e. ( 5. 1)

　　 The follow ing lemma show s that , like the

ordinary BFGS method, the Dennis-Moré condi tion in

References [4, 5 ] ensures superlinear convergence of

96 Guangxi Sciences, Vol. 11 No. 2, May 2004



Algori thm 1. Recall that Bk is updated so as to

approximateF′2k = F
′
kF
′T
k in Algori thm 1.

　　Lemma 5. 1　 Let Assumption 1 hold. If

　　 lim
k→ 0

 (Bk - F′( x* ) 2 )pk 
 pk 

= 0, ( 5. 2)

thenλk≡ 1 for all k sufficient ly larg e. Moreover, {xk }

converg es superlinearly.

　　 Proof　 Omitted. For the proof see Reference

[12 ] [Lemma 3. 5 ].

　　 This lemma show s that to establish superlinea r

converg ence of Algo rithm 1, it verifys that {xk }

satisfies the Dennis-Mo ré condi tion ( 5. 2) .

　　 Lemma 5. 2　 Let Assumption 1 hold. Then, fo r

any fix edV> 0, w e have

　　∑
∞

k= 0

 xk - x
*  V < ∞ . ( 5. 3)

　　 Moreover, we have

　　∑
∞

k= 0
ik (V) <∞ , ( 5. 4)

w hereik (V) = max { xk - x
*  V, xk+ 1 - x

*  V} .

　　 Proof　 Omit ted. For the proof see Reference [12 ]

[Lemma 3. 6 ].

　　 Lemma 5. 3　 Let Assumptions 1 and 2 hold.

Then, there exist positive constants M4 and m2 such

that for all k suf ficiently larg e

　　 y
*
k - F′

2
( x

*
)sk ≤ M4ik sk and  y

*
k  ≥

m2 sk , ( 5. 5)

w hereik = max { xk - x
*  V, xk+ 1 - x

*  V} .

　　 Proof　 Since xk→ x
*

, Fo rmula ( 5. 1) holds fo r

allk larg e enough.

　　W
* T
k skW

*
k = (Wk + Ak sk )

T
sk (Wk + Ak sk ) = (W

T
k sk +

Ak s
T
k sk ) (Wk + Ak sk ) = W

T
k skWk + AkW

T
k sksk + Ak s

T
k skWk +

A
2
k s

T
k sk sk . ( 5. 6)

　　 By using Formula ( 4. 2) , we obtain

　　 Ak ≤ C xk+ 1 - x
*  ≤ Ci

k
. ( 5. 7)

　　WhereC = _ kMM .

　　 By using the mean value theo rem we have for allk

sufficient ly large

　　 WTk skWk - s
T
k skF

′2 ( x* )sk =

 sTk F′(Y1 )sk F′(Y1 )sk - s
T
k skF′( x* ) F′(x* )sk ≤

 sTk F′(Y1 )sk F′(Y1 )sk - s
T
k F′(Y1 )skF′(x* )sk +

 sTk F′(Y1 )sk F′(x* )sk - s
T
k sk F′(x* ) F′(x* )sk ≤

M sk 3 F′(Y1 ) - F′( x* ) +

 F′( x* )sksTk F′(Y1 )sk - s
T
k sk F′(x* ) (sk sTk ) - 1 (sk sTk )  

F′(x
*
)sk ≤ MM3 sk 

3
ik +  F′( x

*
)  

 sk sTk F′(Y1 )sk - (sk sTk ) - 1
sk (sTk sk )sTk F′(x* )sk =

MM3 sk 3ik +  F′( x* )  sk sTk F′(Y1 )sk -

(sk sTk ) - 1 (sTk sk )sksTk F′(x* )sk ≤ MM3ik sk 3 +

M sk  s
T
k F′(Y1 ) - F′(x

*
)  sk ≤

2MM 3ik sk 3 . ( 5. 8)

　　WhereY1∈ (xk ,xk+ 1 ) . Using Formulae ( 5. 6) ,

( 5. 7) and ( 5. 8) , w e can get:

　　 y*k - F′(x* ) 2sk =

 
W* T
k skW*k - s

T
k skF′(x* ) 2sk

s
T
k sk

 ≤
 WT

k skWk - s
T
k skF

2
* sk 

 sk 2 +

 AkWTk sksk 
 sk 

2 +
 Aks

T
k skWk 
 sk 

2 +
 A2

k s
T
k sksk 
 sk 

2 ≤

2MM 3ik sk + CMik sk + CMik sk + C
2ik sk =

M4ik sk , ( 5. 9)

w hereM4 = 2MM3+ 2CM+ C
2
. Therefore, the fi rst

inequality of Formula ( 5. 5 ) holds. Mo reover, by

Fo rmulae ( 2. 2) and ( 4. 8) w e have

　　 y*k  ≥ m′ W*k  ≥ m′m sk .

　 　 Therefo re, the second inequali ty of Fo rmula

( 5. 5) holds. The proof is complete.

　　Remarks　 Denote P = F′(x
*

)
- 1

. For an n× n

matrix A , define a matrix norm  A p =  PAP F ,

w here   F denotes the Frobenius norm of a matrix.

Here let Hk and Hk+ 1 stand fo r the inverse matrices of

Bk and Bk+ 1 , respectiv ely. The following lemma show s

that the BFGS Formula ( 2. 12 ) exhibi ts a property

similar to that of the ordinary BFGS formula.

　　 Lemma 5. 4　 Under Assumption 1 ( A) and

( B) , there exist positiv e constants M5 ,M6 ,M 7 , andk

∈ ( 0, 1) such that for allk sufficiently large

　　 Bk+ 1 - F′( x* ) 2 p≤ Bk - F′( x* ) 2 p + M5ik ,

( 5. 10)

　 　  Hk+ 1 - F′( x
*
)
- 2
 

- 1
p ≤ ( 1 -

1
2kk

2
k +

M6ik ) Hk - F′(x
*
)
- 2
 

- 1
p + M7ik , ( 5. 11)

w hereik (V) = max { xk - x
*  V, xk+ 1 - x

*  V} and

Kk is given by

　　 K k =
 p

- 1
[Hk - F

′- 2
( x

*
) ]y

*
k  

 Hk - F
′- 1 (x* ) - 1

p  py*k  
. ( 5. 12)

　　 In particular, { Bk } and { Hk } are bounded.

　　 Proof　 Omit ted. Fo r the proof see Reference [12]

[Lemma3. 8 ].

　 　 The following theorem show s that the new

descent directions of the presented Qusi-New ton

method also have the property of superlinear

convergence.
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　 　 Theorem 5. 1 　 Let Assumption 1 and

Assumption 2 hold. Then

　　 lim
k→∞

 (Bk - F′(x* ) 2sk 
 sk 

= 0. ( 5. 13)

　 　 Moreover, {xk } g enerated by Algori thm 1

converg es superlinearly andλk≡ 1 for all k sufficiently

larg e.

　　 Proof　 Formula ( 5. 11) can be rew rititen as

　　 1
2
k_ 2

k Hk - F′(x* ) - 2 P- 1≤ Hk -

F′(x
*
)
- 2
 P- 1 -  Hk+ 1 - F′(x

*
)
- 2
 P- 1+ M 6 Hk -

F′(x* ) - 2 P- 1ik+ M7ik .

　　We know that { Hk - F′(x* ) - 2 } is bounded

andik = ik (V) satisfies Fo rmula ( 5. 4) . Therefore,

summing the above inequali ties, w e obtain

　　
1
2
k∑
∞

k= 0
_ 2
k Hk - F′(x* ) - 2 P- 1 < ∞ . ( 5. 14)

　　 According to Formula ( 5. 12) , w e have

　　 lim
k→∞
_ 2

k Hk - F′( x* ) - 2 P- 1 =

lim
k→∞

 P- 1 ( Hk - F′(x* ) - 2 ) y*k  2

 Hk - F′( x* ) - 2 P- 1 Py*k  2 = 0.

　　 Since Hk - F′(x
*
)
- 2
 P- 1 is bounded, it follow s

　　 lim
k→∞

 P
- 1

( Hk - F′(x
*
)
- 2

) y
*
k  

 Py*k 
= 0. ( 5. 15)

　　 Acco rding to Fo rmulae ( 2. 5) and ( 4. 1) , w e

have

　　 Py
*
k  =  F′(x

*
)
- 1
y
*
k  ≤

1
m
 y

*
k  ≤

M
2

m
 sk .

　　 By Formula ( 2. 4) , w e get

　　 P
- 1

( Hk - F′( x
*
)
- 2

)y
*
k =  F′(x

*
) ( Hk -

F′(x* ) - 2 ) y*k  ≥ m ( Hk - F′(x* ) - 2 )*k  .

　　 Therefo re, Fo rmula ( 5. 15) implies

　　 lim
k→∞

 ( Hk - F′( x
*
)
- 2

) y
*
k  

 sk 
= 0. ( 5. 16)

　　On the other hand, w e have

　　 (Hk - F′( x* ) - 2 ) y*k  =  Hk ( F′(x* ) 2 -

Bk )F′(x
*
)
- 2
y
*
k ≥ Hk (F′( x

*
)
2
- Bk )sk -

 Hk (F′( x
*
)
2
- Bk ) (sk - F′( x

*
)
- 2
y
*
k ) =

 Hk (F′( x* ) 2 - Bk )sk -  Hk ( F′(x* ) 2 -

Bk )F′(x* ) - 2 ( y*k - F′( x* ) 2sk ) ≥

 Hk (F′( x
*
)
2

- Bk )sk - M4ik Hk (F′(x
*
)
2

-

Bk )F′(x
*
)
- 2
  sk =  Hk ( F′(x

*
)
2

- Bk )sk -

o( sk ) ,

w here the last inequality follow s f rom Formula ( 5. 5) .

We know that { Bk } and { Hk } are bounded, and

{ Hk } is unifo rm ly nonsingular. Therefo re, there is a

constantm3 > 0 such that Hk ( F′(x
*
)
2
- Bk )sk ≥

m3 ( F′(x* ) 2 - Bk )sk for allk . So w e have

　　 ( Hk - F′(x* ) - 2 ) y*k  ≥ F′(x* ) 2 -

Bk )sk - o( sk )

and hence Formula ( 5. 16) yields Formula ( 5. 13) . In

view of Lemma 5. 1, the proof is complete.

6　Numerical results

　 　 In this section, w e report results of some

preliminary numerical experiments by the proposed

method. W e solv e the following problem which is

similar to the problem 1 in various sizes in Reference

[12] .

　　 Problem 1　 The discreti zed tw o-poi t boundary

value problem
[6 ]

,

　　 g (x ) Ax +
1

(n+ 1)
2F (x ) = 0,

w hen A is then× n t ridiagonal ma trix given by

　　 A =

8 - 1

- 1 8 - 1

- 1 8 - 1

   

  - 1

- 1 8

and F (x ) = (F1 ( x ) ,F2 ( x ) ,… , Fn (x ) ) T with Fi (x )

= cos xi - 1, i = 1, 2,… ,n. In Algori thm 1, w e

choose_ k as follow s:

　　 _ k =

1,　　　　　　　 if k∈ O1 ,

m 3 gk+ 1 - gk 
|g

T
k+ 1 (gk+ 1 - gk )|

, if k O1

wherem3 = 10
- 13

,m4 = 10
- 5

, and

　　O1 = {k|m3 gk+ 1 - gk ≤|g
T
k+ 1 ( gk+ 1 - gk )|≤

m4 gk+ 1 - gk }.

　　 In the experiments, the parameters of Algori thm

1 w ere set to bed= 0. 1,T- 1 = 0. 001,T1 = T2 = 10- 5 ,

and in the nonlinear equation problem the initial

matrix B0 was set to beB0 = A. The iteration stopped

when the condition F (x ) ≤ 10
- 6

was satisfied. The

columns of the tables have the following meaning s.

　　 Problem: the name of the test problem in

M ATLAB;

　　 Dim: the dimension of the problem;

　　 N I: the number of itera tions;

　　 N F: the number of function;

　　 The numerical results indicate that the proposed

method perfo rms w ell for Problem 1. Moreover, the

initial points have not much influence upon the number
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of iterations. It is observed that the method is useful

w hen the dimension of the problem becomes larger.

The test results for nonlinear equation problems as

follows:

　　 ( 1) Small-scale problems refer to Table 1;

　　 ( 2) Large-scale problems refer to Table 2.

Tabl e 1　 Test results for Algor ithm 1

x 0 ( 10,… , 10) ( 100,… , 100) ( 1000,… , 1000) (- 10,… , - 10) ( - 100,… , - 100) (- 1000,… , - 1000)

Dim NI /NF NI /N F NI /NF NI /N F N I/NF NI /N F

n = 9 21 /137 23 /145 24 /147 21 /135 23 /145 24 /147

n = 50 69 /579 71 /589 70 /583 70 /587 71 /591 72 /593

n = 99 125 /1093 126 /1097 128 /1109 126 /1103 129 /1115 127 /1099

n = 100 126 /1109 127 /1117 128 /1113 128 /1111 127 /1105 128 /1119

n = 200 215 /1943 222 /1997 242 /2151 226 /2035 222 /1999 234 /2101

x 0 ( 10, 0, 10, 0,… ) ( 100, 0, 100, 0,… ) ( 1000, 0, 1000, 0,… ) (- 10, 0, - 10, 0,… ) ( - 100, 0, - 100, 0,… ) (- 1000, 0, - 1000, 0,… )

Dim NI /NF NI /N F NI /NF NI /N F N I/NF NI /N F

n = 9 21 /139 21 /139 24 /153 20 /135 23 /149 22 /143

n = 50 68 /577 71 /587 71 /587 69 /579 69 /579 71 /587

n = 99 126 /1107 125 /1099 127 /1101 127 /1109 127 /1113 128 /1121

n = 100 126 /1087 127 /1097 125 /1095 126 /1089 126 /1097 128 /1101

n = 200 220 /1989 224 /2025 233 /2095 209 /1905 225 /2033 237 /2121

Tabl e 2　 Test results for Algor ithm 1

x 0 ( 10,… , 10) ( 100,… , 100) ( 1000,… , 1000) (- 10,… , - 10) ( - 100,… , - 100) (- 1000,… , - 1000)

Dim NI /NF NI /N F NI /NF NI /N F N I/NF NI /N F

n = 300 220 /1995 241 /2191 266 /2423 215 /1951 246 /2245 261 /2377

n = 350 234 /2127 249 /2267 276 /2517 240 /2185 255 /2323 286 /2611

n = 400 226 /2063 245 /2241 277 /2527 220 /2011 250 /2283 280 /2561

n = 450 242 /2197 274 /2487 304 /2761 247 /2243 268 /2443 309 /2807

n = 500 245 /2233 269 /2449 297 /2717 240 /2191 268 /2443 293 /2681

x 0 ( 10, 0, 10, 0,… ) ( 100, 0, 100, 0,… ) ( 1000, 0, 1000, 0,… ) (- 10, 0, - 10, 0,… ) ( - 100, 0, - 100, 0,… ) (- 1000, 0, - 1000, 0,… )

Dim NI /NF NI /N F NI /NF NI /N F N I/NF NI /N F

n = 300 214 /1961 243 /2227 274 /2505 214 /1961 247 /2261 273 /2501

n = 350 239 /2185 264 /2413 289 /2643 241 /2201 262 /2395 289 /2643

n = 400 228 /2089 255 /2335 289 /2645 228 /2089 255 /2335 290 /2651

n = 450 236 /2159 269 /2459 305 /2783 236 /2159 269 /2459 297 /2709

n = 500 242 /2209 268 /2447 290 /2647 242 /2209 268 /2447 304 /2775

　　 From the numerical results, w e can propose that

Algori thm 1 is useful for symmetric nonlinear equation

problems, specially , for the larg e-scale problems. In

summary, the presented numerical results rev eal that

the given method has potential advantag es when

applying to symmetric nonlinear equations whose

function is no t difficult to compute while the dimension

is larg e.
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　　模型 ( 12)的求解问题归结为求方程组 ( 13)满足

条件

　　kt ≥ 0, ( t = 1, 2,… , 12) ,

的解 .解方程组 ( 13)有

　　X = ( 20, 18, 20, 15, 30, 10) T ,

　　K = (k1 ,k2 ,… ,k12 ) T = (
10
7
,
30
7
,
5
7
,
15
7
, 1, 1, 0,

0,… , 0) T .

　　求解得到该运输公司调度运输工具 A1和 A2的

数量分别是 20辆和 18辆 ;运输工具 A1装载货物 D1

和 D2的数量分别是 20(箱 /辆 )和 15(箱 /辆 ) ;运输

工具 A2装载货物 D1和 D2的数量分别是 30(箱 /辆 )

和 10(箱 /辆 ) ;最小费用为 1420元 .说明优化后的模

型不但获利最大 ,而且运输工具的承载能力得到充分

利用 .
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