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Abstract: Th e Auslander-Buchsbaum Theo rem states that pdR M + CodimR M = gl . dimR fo r

each fini tely g enerated nonzero module M over a Noetherian local ring R w ith fini te g lobal

dimension. This theo rem was generali zed to nonzero fini tely presented Noetherian modules M

over a coherent local ring R w ith fini tely g enerated maximal ideal J and fini te w eak g lobal

dimension( [2] ) . Our aim is to ex tend the Auslander-Buchsbaum Theo rem to any commutativ e

coherent ring s.
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摘要: Auslande r-Buchsbaum定理指出 ,如果 R是一个整体维数有限的 Noether局部环 , M是一个有限生成的非

零 R -模 ,那么 pdRM + CodimR M = gl . dimR . 文献 [ 2]证明上述公式对极大理想为有限生成的凝聚环上的有限

表现的非零 Noether模依然成立 .本文试图将 Auslander-Buchsbaum公式推广到任意的交换凝聚环上 .
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1　 Introduction

　　 Throughout this paper it i s assumed tha t all

rings are commuta tiv e ring s and all modules a re

uni tary. Our aim in this paper is to ex tend the

Auslander-Buchsbaum Theorem to any commutativ e

coherent rings.

　　 Let R be a ring and M a R-module. Recall tha t

M is called fini tely presented if there is a f ini tely

g enerated R -module P and a fini tely genera ted

submodule N of P such that P /N M . R is cal led a

coherent ring i f ev ery finitely g enerated ideal of R i s

fini tely presented.

　 　 In this paper, w e use Spec( R ) , Max ( R ) ,

gl . dimR , w . gl . dimR, pdR (M ) , f dR (M ) ,

CodimR ( M ) fo r the prime spect rum, the maximal

spectrum, g lobal dimension, w eak global dimension

of R , projectiv e dimension, f lat dimension,

codimension o f R-module M , respectiv ely.

　 　 The w ell-known Auslander-Buchsbaum

Theo rem sta tes that pdR M + CodimR M = gl . dimR

for each finitely g enerated nonzero module M over a

Noetherian local ring R w ith fini te g lobal

dimension[1 ] . In reference [ 2 ] , i t has been proved

tha t the Auslander-Buchsbaum formula w as t rue fo r

a finitely presented Noetherian R -module M over a

coherent local ring R w ith finitely generated

maximal ideal and fini te w eak global dimension.

　　 In Section 2, we ex tend this result to finitely

presented ( Noetherian ) modules over any

commutativ e coherent ring s.

　 　 In Section 3, we giv e some examples and

rema rks on the main resul ts in Section 2.
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2　Main results

　　 Let R be a ring and M a R -module. We set
Z (M ) = { x ∈ R; xa = 0 fo r somea≠ 0 in M } , the

set of zero divisors of M in R .

　　 First we giv e several Lemmas.

　　 Lemma　 2. 1　 Let R be a ring and I a f ini tely

g enerated ideal in R. Let M be a nonzero Noetherian
R-module and N a proper submodule o f M. If I 
Z (M /N ) th en there exists an element a∈ M but a 
N such that Ia N .

　　 In pa rticular, if I  Z ( M ) then there exists a

nonzero element a∈ M such tha t Ia = 0.

　　 Proof　 See reference [3, Theorem1. 3] .

　　Lemma 2. 2　 Let R be a coherent ring , M a

fini tely presented R -module. For any natural

numbers n , the fo llow ing statements a re

equiv ament.

　　 (a ) pdR M≤ n;
　　 ( b) f dR M≤ n;

　　 ( c) Tor
R
n+ i ( M , R /m ) = 0, for any m∈ Max (R )

and any i≥ 1.

　　 Proof　 See reference [ 4, Co ro llay 2. 5. 5 and

Co rollay 2. 5. 10 ].

　　 By using of localiza tion, f rom Lemma 2. 2, it i s

easy to get the fo llowing consequence.

　　 Corol lary 2. 3　 Let R be a coherent ring , M a

fini tely presented R -module and n a non-negativ e

integ er. Then

　　 (a ) pdR M = f dR M;

　　 ( b) f dR M = n i f a nd only if f dR
m Mm≤ n fo r all

m ∈ Max ( R ) and there exists at least one max imal

ideal m such that f dR
m

Mm = f dR M = n.

　　 In the fo llowing discussion, the maximal ideals
m which satisfying f dR

m
Mm = f dR M wil l play a very

impo rtant role.

　　Lemma 2. 4　 Let R be a coherent ring and m∈
Max (R ) . Then

　　 w . gl . dimRm = f dR (R /m ) = f dRm ( Rm /mm ) .

　　 Proof　 By reference [5, Theo rem 5] ,

w . gl . dimRm = f dR
m
( Rm /mm ) fo r Rm i s a coherent

lo cal ring wi th unique maximal idealmm . So w e need

only to prove f dR ( R /m ) = f dR
m
( Rm /mm ) . Sincemm′

= Rm′ if m≠ m′∈ Max (R ) and from reference [4,

Theo rem 1. 3. 14] , w e have

　 f dR (R /m ) = sup{ f dR
m′(R /m )m′|m′∈ Max ( R ) }

= sup{ f dR
m′
( Rm′ /mm′)|m′∈ Max ( R ) } =

f dR
m
(Rm /mm ) .

　　Def inition 2. 5　 Let R be a ring , I an ideal o f R

and M a R -module. w e define

　　 I-codimR ( M ) = sup {n|T1 ,… ,Tn is a regula rM-

sequenceinI } andcodimR ( M )= sup{ I-cod imR ( M )|I

is an ideal of R } , which are cal led the codimension

of M in I and codimension of M respectiv ely. Since

every ideal of R must be contained in a max imal ideal

of R , w e havecodimR (M ) = sup{m-codimR ( M )|m i s

a maximal ideal o f R } .

　　 Theorem 2. 6　 Let R be a coherent ring and M a

finitely presented R-module. If m i s a maximal ideal

of R satisfying f dR
m Mm = f dR M = n <∞ andT1 ,… ,

Ts i s a regular M-sequence in m , then

　　 pdR ( M /(T1 ,… ,Ts )M ) = pdR M+ s

and pdR
m
( Mm / (T1 ,… ,Ts ) Mm ) = pdR (M / (T1 ,… ,

Ts )M ) .

　　 Proof　 For a set M , w e use idM to deno te the

identi ty map of M . We prove i t by induction on s .

　　 If s= 1, thenT∈ m is a regular M-sequence and

thus there exists a short exact sequence:

　　 0 M
f

M→ M /T1M→ 0, ( 1)

w here f (x ) = T1x , x ∈ M. So w e have a long

exact sequence:

　　… → Tor
R
j+ 1 (M , R /m )

Hj+ 1

Tor
R
j+ 1 ( M , R /m )→

Tor
R
j+ 1 ( M /T1M , R /m )

Δ
Tor

R
j ( M , R /m )

Hj

Tor
R
j (M , R /m ) →…

　　 j ≥ 0,Hj = Tor
R
j ( f , idR /m ) = Tor

R
j (Ti idM ,

idR /m ) = Tor
R
j ( idM ,T1 idR /m ) = Tor

R
j ( idM , 0) = 0.

　 　 Thus,  j ≥ 0, w e have a short ex act

sequence:

　　 0→ Tor
R
j+ 1 (M , R /m ) → Tor

R
j+ 1 ( M /T1M , R /m )

→ Tor
R
j (M , R /m ) → 0. ( 2)

　　 Since f dR M = f dR
m

Mm = n < ∞ , Tor
R
n+ 1 ( M ,

R /m ) = 0 and Tor
R
n (Mm , Rm /mm ) ≠ 0. Hence

Tor
R
n (M , R /m ) ≠ 0. Thus f rom Sequence ( 2 ) ,

Tor
R
n+ 1 (M /T1M , R /m )≠ 0 and therefore, by Lemma

2. 2, pdR ( M /T1M ) ≥ n + 1 = pdR M + 1. By

Sequence ( 1 ) and reference [ 6, Lemma 9. 26 ] ,

pdR ( M /T1M ) ≤ pdR M + 1 = n + 1. Hence

pdR ( M /T1M ) = pdR M + 1. From the above

discussion, w e also have pdR (M /T1M ) =

pdR
m
(M /T1M )m = n+ 1.

　　 Now suppose s > 1,T1 ,… ,Ts is a M -sequence in

m . Set M
*

= M /T1M. By the above pro of , pdR M
*

= pdR
m
( M

* )m = pdR M + 1 and i t is clear tha tT2 ,

… ,Ts is a regula r M
* -sequence in m . Hence, by the

inductiv e hypo thesis, w e have pdR ( M
*

/ (T2 ,… ,

Ts )M* ) = pdR M+ s - 1= pdR M+ s , M
* / (T2 ,… ,

Ts )M* = (M /T1M ) /( (T2 ,… ,Ts ) M /T1M ) M / (T1 ,

… ,Ts ) M and pdR ( M
* / (T2 ,… ,Ts ) M

* ) =

pdR
m
(M*

m /(T2 ,… ,Ts )M*
m ) .
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　　 Thus pdR (M / (T1 ,… ,Ts ) M ) = pdR M+ s

and pdR ( M /(T1 ,… ,Ts )M ) = pdR
m
(M*

m /(T2 ,… ,

Ts ) M
*
m ) = pdR

m
( Mm /(T1 ,… ,Ts )Mm ) .

　　 Lemma 2. 7　 Let R be a coherent ring and M a

fini tely presented noetherian R -module and m a

maximal ideal of R satisfying pdR
m

Mm = pdR M . If

w . gl . dimRm <∞ then pdR M = w . gl . dimRm if and

only i f there exists a nonzero submoduleN o f M such

that mN = 0.

　　 Proof　 If there exists a non-zero submodule N

o f M such tha t mN = 0, w e may assume N =

(x ) . The homomo rphism R→ N , in w hich r∈ R i s

mapped into rx , has kernelm , hence N R /m , and

then we have an exact sequence 0→ R /m→ M→
M /N→ 0. By lo calization, the sequence

　　 0→ Rm /mm→ Mm→ Mm /Nm→ 0 ( 3)

is also exact. Since w . gl . dimRm = n < ∞ , by

Lemma 2. 4, w . gl . dimRm = f dR
m
( Rm /mm ) a nd by

reference [4, Theo rem 1. 3. 9 ] , w . gl . dimRm =

sup{ f dR
m
( Rm /I )|I a fini tely g enerated ideal o f Rm }

and by referencee [7, Theorem 1. 2. 5] , f dR
m
(Rm /I )

= sup{i|Tor
R
i ( Rm /I ,Rm /mm ) ≠ 0} , thus there

exists a fini tely genera ted ideal I o f Rm such tha t
w . gl . dimRm = f dR

m
( Rm /I ) = n and then

Tor
R

mn ( Rm /I , Rm /mm )≠ 0 and Tor
R

mn+ 1 ( K ,Rm /mm ) = 0

fo r any Rm - module K . Write the long exact

sequence of Tor
R

m ( Rm /I , - ) resulting f rom the

short exact sequence ( 3) to obtain exact sequence 0

→ Tor
R

mn ( Rm /I , Rm /mm ) → Tor
R

mn ( Rm /I , Mm ) and

then Tor
R

m
n ( Rm /I , Mm ) ≠ 0, which shows tha t

f dR
m

Mm≥ n. But w . gl . dimRm = n. Hence f dR
m

Mm

= w . gl . dimRm = n and then pdR M= w . gl . dimRm .

　　Now supposepdR M= w . gl . dimRm , w e need to

prove there exists a nonzero submodule N of M such

that mN = 0. Otherwise, by Lemma 2. 1, there

existsT∈ m such tha tTis not a zero-divisor on M

and then by Theo rem 2. 6, pdR
m
(Mm /TMm ) =

pdR M /TM = pdR M + 1 = w . gl . dimRm + 1 >

w . gl . dimRm . This contradiction completes our

proo f.

　　 Now , w e can prove our main result , which is a

generali zation of Auslander-Buchsbaum Theorem

over any commutativ e rings.

　　 Theorem 2. 8　 Let R be a coherent ring , M a

nonzero R -module and m a maximal ideal of R

satisfying pdR
m

Mm = pdR M.

　　 ( 1) If M is finitely presented, then p dR M +

m-codimR M≤ w . gl . dimRm ;

　　 ( 2) If M is a fini tely presented Noetherian R -

module and w . gl . dimRm < ∞ , then pdR M +

m-codimR M = w . gl . dimRm .

　　 Proof　 ( 1) LetT1 ,… ,Ts be any M-sequences in

m . By Theo rem 2. 6,

　　 pdR M+ s = pdR (M / (T1 ,… ,Ts )M ) = pdR M+

s= pdR
m ( Mm / (T1 ,… ,Ts ) Mm )≤ w . gl . dimRm , w hich

implies that pdR M+ m - codimR M≤ w . gl . dimRm .

　 　 ( 2 ) By ( 1) , m-codimR M ≤ w . gl . dimRm <

∞ . Suppose m-codimR M = s. Then there exists a

regular M -sequenceT1 ,… ,Ts in m. By Theo rem 2. 6,

w e have pdR M + m-codimR M = pdR M + s =

pdR ( M /(T1 ,… ,Ts ) M ) . Now w e need only to show

tha t pdR ( M /(T1 ,… ,Ts ) M ) = w . gl . dimRm . Thus,

by Lemma 2. 7, w e need only to prove m annihilates

some nonzero submodule o f M / (T1 ,… ,

Ts )M . Otherwise, since M is a finitely presented

Noetherian R -module, so is M /(T1 ,… ,Ts )M . By

Lemma 2. 1, there existsTs+ 1 ∈ m such tha tTs+ 1 i s

not a zero divisor on M /(T1 ,… ,Ts ) M. This means

tha tT1 ,… ,Ts ,Ts+ 1 is a regular M -sequence in m , and

thereforem-codimR M≥ s+ 1, which contradicts the

above hypothesis.

　　 Hence pdR M+ m-codimR M = w . gl . dimRm .

　　 Corollary　 2. 9　 Let R be a coherent lo cal ring

and M a nonzero R-module. Then

　　 ( 1) If M is a non-zero fini tely presented R-

module, then pdR M+ codimR M≤ w . gl . dimR.

　 　 ( 2) If M is a non-zero finitely presented

Noetherian R -module and w . gl . dimR < ∞ , then

pdR M+ codimR M = w . gl . dimR.

　　 Corollary 2. 10　 Let R be a Noetherian ring and

M a non-zero fini tely genera ted R-module and m ∈
Max (R ) sati sfying pdR M = pdR

m
Mm and gl . dimRm

< ∞ . Then pdR M + m-codimR M = gl . dimRm .

　　 Corol lary 2. 11　 Let R be a coherent ring and M

a non-zero fini telypresentedNoetherianR-module. If

m ∈ Max ( R ) satisfies pdR M = p dR
m

Mm and

w . gl . dimRm <∞ , then m-codimR M = codimRm Mm .

　　 Proof　 By Theo rem 2. 8( 2) , w e have pdR M+

m-codimR M= w . gl . dimRm . FromCo ro llary2. 9, w e

have pdR
m

Mm + codimR
m

Mm = w . gl . dimRm . From

the assumption pdR M = pdR
m

Mm and the above tw o

equations, w e get m-codimR M = codimR
m

Mm .

　　 Corol lary　 2. 12　 Let (R ,m ) be a coherent

local ring wi th maximal ideal m and P a finitely

g enerated prime ideal properly contained inm .

　　 ( 1) If w . gl . dimR = 2, then P must be

projectiv e, therefo re P must be a principal ideal;

　　 ( 2) If w . gl . dimR = 3, then pdR P≤ 1.
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　　 Proof　 ( 1) Let M = R /P. By the hypothesis,

there existsT∈ m - P. Obv iously, Tis no t a zero

diviso r on M fo r P is a prime ideal. Thus codimR R /P

≥ 1 and by Co ro llary 2. 9( 1) , pdR R /P≤ 1. The

exactness o f the sho rt sequence 0→ P→ R→ R /P→

0 show s that pdR P= 0and therefo re P i s a pro jectiv e

R- module and therefore P is f ree fo r R is a lo cal

ring. Th e fact that R is a domain implies that P i s a

principal ideal.

　　 ( 2) The proof of ( 2) is simi lar to that o f ( 1) ,

w e omit it.

3　 Examples and remarks

　　 Example 3. 1　 Let (R ,m ) be an umbrella ring

w ith unique maximal ideal m ( see reference [ 8] for

the definition ) . By reference [ 9, Example 3 ] , w e

know that R i s a coherent local domain and

w . gl . dim R = gl . dimR= 2 and m can be genera ted

by a tw o-element R-sequence {T1 ,T2 } and there is a

maximal non-fini tely g enerated prime ideal P o f
R . So R is a non-Noetherian coherent local ring.

　　 ( 1) Let M = R /m . Then M i s a f ini tely

presented Noetherian R -module. It i s easy to v erify

that codimR M = 0, pdR M = f dR M = 2, and hence

pdR M+ codimR M = w . gl . dim R .

　　 ( 2) Let M = R /(T) , where (T) is a principal

prime ideal of R. Then M is also a finitely presented

Noetherian R -module. We can veri fy tha t codimR M

= 1, pdR M = f dR M = 1 and the equali ty pdR M+

codimR M = w . gl . dim R ho lds.

　　 ( 3) Let M = m = (T1 ,T2 ) . Then M i s a f ini tely

presented non-Noetherian R -module and i t i s easy

to v erify that codimR M = 1 and pdR M = f dR M = 1.

Hence pdR M+ codimR M = w . gl . dim R.

　　 ( 4) Let M = (T) be a principal ideal of R. Then

M  R is a fini tely presented non-Noetherian R -

module and obviously codimR M = 2, pdR M = 0 and

therefo re pdR M + codimR M = w . gl . dim R also

holds.

　　 ( 5) Let M = R /P , w here P i s the maximal non-

fini tely g enera ted prime ideal o f R. Then M i s a

Noetherian R -module but no t a finitely presented R-

module by reference [6, Co ro llary 3. 63 ] . It is easy

to verify that codimR M = 2. By reference [ 4,

Theo rem 6. 3. 3 ], P is a f lat R -module. If R /P i s fla t

then i t is f ree by reference [ 10, Th eo rem 7. 10 ] ,

w hich implies tha t P is a principal ideal of R, a

cont radiction. Hence f dR R /P ≥ 1 and therefo re
pdR M+ codimR M≥ 1+ 2= 3> w . gl . dimR.

　　 Example 3. 2　 Let R = { f ( x )∈ Q [x ]|f ( 0)∈

Z } , w here Q is the field of rational numbers and Z i s

the ring of integ ral numbers. By reference [ 11,

Theo rem 1 and Theo rem 2 ] , w e have M ax ( R ) =
{p R|p i s a prime number in Z }∪ {p (x ) R|p ( x ) i s
an i rreducible polynomial∈ Q [x ] a nd p ( 0) = 1 o r -
1} and SpecR = M ax (R ) ∪ {P∞ , 0} , where P∞ =

{ f (x ) ∈ R|f ( 0) = 0} is the unique non-finitely

g enerated prime ideal o f R and P∞  p R fo r any
prime numbers p ∈ Z and w . gl . dim R = 1 =
w . gl . dim Rm , m∈ Max ( R ) and R i s a Bezout ring
( therefo re a coherent ring ) . Clearly , R i s not a

semilo cal ring.

　　 ( 1) T∈ R,T≠ 0, let M = R / (T) . Obv iously ,
M is a finitely presented R -module and pdR M =

1. By using o f Theo rem 2. 8( 2) , w e can veri fy that

if m ∈ Max ( R ) satisfies pdR
m

Mm = pdR M then

m-codimR M = 0. Hence the equali ty pdR M +

m-codimR M= w . gl . dim Rm holds. ( No tice that M=

R /(T) may be Noetherian o r non-Noetherian. Fo r
example, R /( 8) Z / ( 8) is a Noetherian, but R / (x )

is no t a Noetherian R -module) .

　　 ( 2) Let M = R /P∞ . Then M i s a Noetherian R-

module. By reference [7, Co ro llary 3. 63 ], M i s not
finitely presented. We can also veri fy that for any

prime numbers p ∈ Z , f dR
(p )

M(p ) = f dR M = 1 and

( p ) -codimR M= 1. Thus f dR M+ (p ) -codimR M= 2

> w . gl . dimR( p ) .

　　 By observing the above examples, we have the

follow ing remarks:

　　 Remark 3. 1　 If M is a Noetherian R -module

but not finitely presented, then Theo rem 2. 8( 2) and
Co ro llary 2. 9( 2) will no t ho ld. See Example 3. 1( 5)

and Example 3. 2( 2) .

　　 Remark 3. 2　 So far, w e can no t find a coherent

ring R and a nonzero finitely presented non-

Noetherian R -module M and a max imal ideal m of R

sa tisfying pdR M = pdR
m

Mm and w . gl . dimRm < ∞ ,

but f dR M + m-codimR M < w . gl . dimRm . See
Example 3. 1( 3) , ( 4) and Example 3. 2( 1) . So w e

have a question: wi thout the assumption "

Noetherian" does the Theo rem 2. 8( 2) hold?
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(上接第 96页 Continue f rom page 96)

　　 R
H

R = T diag (λ1 ,… ,λt , 0,… , 0) T
H ,

w here T = ( ti j )n× n i s a unite matrix , andλ1 > 0.

　　 Since C = (ci j )n× n = T
H

R
H

RDR
H

R DT , G =

(gi j )n× n = T
H

R
H

E RT are non-negativ e defini te

matrices, then c11≤ 0, g11≥ 0.

　　 Let F = diag (λ1 ,… ,λt , 0,… , 0) T
H

DT+ T
H

DT

diag (λ1 ,… ,λt , 0,… , 0) ,

w e obtain f 11 = 2λ1 (∑
n

i= 1
di t1i t

H
1i ) .

　　 From∑
n

i= 1

t1i t
H
1i = 1,di > 0 , w e have

　　 f 11 + c11+ g11 > 0,

w hich is a contradiction to Fo rmula ( 2. 6) .

　　 So R = 0 , and A
H≤ B .

　 　 Corollary 2. 8　 Let A , B be non-negativ e

defini te matrices, if A≤ B , A
3
≤ B

3
, then AB = B A

.

　　 Proof　 If A≤ B , A
3≤ B

3 , then A
H≤ B , so AB

= B A.

3　 Conclude

　　 The relation betw een the minus partial ordering

o f two matrices A and B rela tes to the B- H pa rtial

o rdering of thei rs exponent A
k and B

k (k = 2, 3) a re

giv en, But our method seems unavai lable fo r the

general case, and w e po se an open question.

　 　 Question 　 As a consequence o f above

corolla ry, we conjecture

　　 A≤ B , A
k
≤ B

k
(k≥ 4) AB = B A.
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