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Abstract: In this paper, w e study quadratic harmonic morphisms betw een semi-Euclidean spaces. We

giv e a st ructure equation of such morphisms using their coef ficient matrices analysis and special

coordinates g eneralizing the results of Ou-Wood on quadratic harmonic morphisms between

Euclidean spaces. As an application, we obtain a classifica tion of quadratic harmonic morphisms R
3
r→

R
2
s .
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摘要:在给出半定欧氏空间之间二次调和同态的结构方程之后 ,通过对结构方程的系数矩阵的分析及特殊坐标

系的运用 ,推广 Ou-Wood关于欧氏空间之间二次调和同态的结果 ,获得二次调和同态 R3
r → R2

s 的分类 .
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　　 Unless otherwise stated, all manifolds and maps

involv ed in this paper are assumed to be smooth.

　　 Definition 0. 1　 A mapO: (M ,g ) → (N ,h )

between tw o Riemannian manifolds is called a

harmonic map if the diverg ence of i ts differential

vanishes. Such maps are the critical points of the

energ y function

　　 E2 (O,Ψ) =
1
2∫Ψ|dO|

2
dx

over compact domain Ψ in M . For further detailed

account on harmonic maps, we refer to References [1

～ 3 ].

　 　 The function corresponding to the Euler-

Lag range equa tion is the tension fields, a system of

semi-linear second order elliptic partial differential

forms:

　　f(O) = t race
Δ
dO.

In local coo rdinates, harmonic map equation takes the

form:

　　fV = ΔMOV+ ∑
n

T,U= 1

gx (
Δ

　 MOT,
Δ

　 MOU ) (NгVTU○ O) =

g
ij
(
 

2
O
V

 x
i
 x

j -
M
г
k
ij
 O
V

 x
k +

N
г
V
UT
 O
U

 x
i
 O
T

 x
j ) ,

w here　
M
г
k
ij and　

N
г
V
UT are the Christoffel symbols of

the Levi-Civita connections on (M ,g ) and ( N ,h ) .Ois

called harmonic map i ff(O) = 0.

　　 Harmonic mo rphisms a re defined as mappings

betw een Riemannian manifolds w hich pull back ( local)

harmonic functions to ( local ) harmonic functions.

M ore precise is as follow:

　　 Definition 0. 2　 LetO: (M ,g ) → (N ,h) be a

mapping betw een Riemannian mani folds. ThenO is

called a harmonic mo rphism if for any harmonic

function f : U N → R withO- 1 (U ) non-empty , i ts

pull-back by f ○ O:O
- 1 (U) M → R i s harmonic as

w ell.
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　　Definition 0. 3　 AC
1
- mapO: (M

m
,g )→ (N

n
,

h ) is called horizontally w eak conformal map i f, at each

point x ∈ M , ei ther dO= 0 or the linear map

　　dO|(kerdO)⊥: (kerdO)⊥→ TO(x ) N

is conformal and surjectiv e. LetVx = ker dOx and Hx =

(kerdOx )⊥ , then ho rizontally w eak confo rmali ty can be

w rit ten as:

　　 h ( dO(X ) , dO(Y ) ) = λ
2
(x )g (X ,Y ) , X ,Y ∈

Hx .

We callλthe dila tion of horizontally w eak conformal

map O. It is easily seen that in local coo rdinates

(xi )i= 1, 2,… ,m and ( yT)T= 1, 2,… ,n around x andO(x ) , the

horizontal w eak conformality reads:

　　g
ij
( x )
 O
T

 x
i (x )

 O
U

 x
j (x ) = λ

2
(x )h

TU
, X , Y∈ Hx .

　 　 It is w ell know n that a mapping betw een

Riemannian manifolds is a harmonic mo rphism i f i t is a

horizontally w eak conformal harmonic map
[4, 5 ] .

　 　 In 1996, Fuglede
[4 ]

ex tended the above

characterization to harmonic morphisms betw een semi-

Riemannian manifolds. For an early study of harmonic

morphism betw een semi-Riemannian manifolds see

Reference [6] .

　　 Recall that a semi-Riemannian manifold
[7 ]

, the

Laplace-Belt rami operatorΔM is no t elliptic in general,

in local coo rdinates (x
i
) i= 1, 2,… ,m around x∈ M

m
, given

by

ΔM =
1

|gM|
∑
m

i= 1

 
 xi

( |gM|∑
m

j= 1
g
ij
M
 
 xj

) ,

w here gM = det ( gMij ) ,gMij and g
ij
M being the covariant

and the contra-variant components of the metric tenso r

gM . A harmonic mo rphism betw een semi-Riemannian

manifolds M , N is defined as a smooth map M → N

which pulls back local ha rmonic functions on N into

local ha rmonic functions on M . As in the Riemannian

case, a harmonic mo rphism is the same as a smooth

map which is harmonic and horizontally w eakly

confo rmal.

　　 In this paper, w e focus on the study of harmonic

morphisms betw een semi-Euclidean spaces. W e use R
m
r

to denote the semi-Euclidean space w hich is R
m

as

manifolds and it is provided wi th the indefini te metric

g
m
r giv en by

　　 ( gij )≡
- Ir O

O Im- r

where ( gij ) deno tes the component matrix of tensor g
m
r

and Ir denotes the standard r× r identi ty matrix.

　　 Def inition 0. 4　 A mapO: R
m
r → R

n
s is called a

quadratic map if all component functions of O are

homogeneous polynomials of deg ree 2 in x 1 ,x 2 ,… ,xm .

In this case, f rom the theory of quadratic functions and

bi-linear fo rms w e know that a quadratic mapO: Rmr →

R
n
s can be alw ays w rit ten as

　　O= ( X
t
A1X , X

t
A2X ,… ,X

t
AnX )

w here X denotes the column vector in R
m
r , X

t
the

t ranspose of X and the symmetric ma trices Ai ( i= 1, 2,

… ,n) are called the component ma trices.

　　 Theorem 0. 1[ 8]　 A quadratic mapRm→ R
n (m≥

n) ( i. e. R
m
0→ R

n
0 ) with

　　O(X ) = (X t
A1X ,X t

A2X ,… , X t
AnX )

is a harmonic mo rphism if and only if

　　 ( 1) tr Ai = 0, ( i = 1, 2,… ,n) ;

　　 ( 2) AiA j + A j Ai = O, ( i , j = 1, 2,… ,n , i≠ j ) ;

　　 ( 3) A2
i = A

2
j , ( i , j = 1, 2,… ,n) .

　 　 The following characterization of harmonic

mo rphisms w as obtained in Reference [9 ].

　　 Theorem 0. 2　 Fo r a mapO: U  R
m
r → R

n
s

betw een semi-Euclidean spaces with

　　O(x ) = (O1 (x ) ,O2 (x ) ,… ,On (x ) ) ,

the harmonicity and ho rizontally w eak confo rmality

are equiv alent to the following condi tions respectiv ely

　　 - ∑
r

i= 1

 2OT

 x
2
i
+ ∑

m

i= r+ 1

 2OT

 x
2
i
= 0, ( 0. 1)

　　 - ∑
r

i= 1

 OT

 xi
 OU

 xi
+ ∑

m

i= r+ 1

 OT

 xi
 OU

 xi
= λ

2
XTWTU , ( 0. 2)

w hereT,U= 1, 2,… ,n; ( x1 ,x 2 ,… , xm ) are standard

coordinates of R
m
r ;λ: R

m
r → R is the dilation ofO; and

XT=
- 1,T= 1, 2,… , s

1,　 T= s+ 1,… ,n.

1　 Equations for quadratic Harmonic

　　 Proposition 1. 1　 LetO: R3
1→ R

2
0 be a quadratic

harmonic mo rphism w ith

　　O(X ) = (X t
AX , X t

BX ) ,

then

　　 ( i) tr A = 0, trB = 0,

　　 where the trace is taken with respect to the

metricg
m
r , for instance, A= (aij ) , then t race of A can

be w rit ten as

　　 trA = - ∑
r

i= 1

aii + ∑
m

i= r+ 1

aii .
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　　 ( ii) AI31B+ B I
3
1 A = O,

　　where I31 =

- 1 0 0

0 1 0

0 0 1

,

　　 ( iii) AI
3
1A = B I

3
1B.

　　 Proof　 Using the expression of a harmonic

morphism betw een semi-Euclidean spacesO: R
3
1→ R

2
0

given by

　　O( x1 ,x 2 , x 3 ) = (a11x
2
1 + a22x

2
2+ a33x

2
3 +

2a12x 1x2 + 2a13x 1x3 + 2a23x 2x3 ,b11x
2
1 + b22x

2
2 +

b33x
2
3 + 2b12x 1x 2 + 2b13x1x 3+ 2b23x 2x3 ) ,

　　O1 (x 1 , x2 ,x 3 ) = a11x
2
1+ a22x

2
2 + a33x

2
3 +

2a12x 1x2 + 2a13x 1x3 + 2a23x 2x3 , ( 1. 1)

　　O2 (x 1 , x2 ,x 3 ) = b11x
2
1 + b22x

2
2 + b33x

2
3 +

2b12x 1x 2 + 2b13x1x 3+ 2b23x 2x3 , ( 1. 2)

w e can find out the equations of coefficients ai j and

bij ( i , j = 1, 2, 3) .

　　 From Equation ( 0. 1) , we get

　　 -
 2O1

 x
2
1
+
 2O1

 x
2
2
+
 2O1

 x
2
3
= 0,

　　 -
 2O2

 x 2
1
+
 2O2

 x 2
2
+
 2O2

 x 2
3
= 0

and

　　 - a11 + a22 + a33 = 0, - b11+ b22+ b33 = 0,

w hich imply s that

　　 trA = 0, trB = 0.

　　 According to Equation ( 0. 2) , w e have

　　 -  O
T

 x 1

 O
T

 x 1
+  O

T

 x 2

 O
T

 x 2
+  O

T

 x3

 O
T

 x 3
= XTλ2 ,T= 1, 2.

( 1. 3)

　　 -
 O
T

 x 1

 O
U

 x1
+
 O
T

 x2

 O
U

 x 2
+
 O
T

 x3

 O
U

 x 3
= 0,T,U= 1, 2,

T≠U. ( 1. 4)

Substituting ( 1. 1) and ( 1. 2) into ( 1. 3) , w e have

　　 ( - a
2
11+ a

2
12+ a

2
13 )x

2
1+ ( - a

2
12+ a

2
22+ a

2
23 )x

2
2+

( - a
2
13 + a

2
23 + a

2
33 ) x2

3 + 2( - a11a12 + a12a22 +

a13a23 ) x1x 2+ 2( - a11a13 + a12a23+ a13a33 )x 1x 3 +

2( - a12a13 + a22a23 + a23a33 ) x2x 3 =
λ2

4
,

expressed by matrix , w e get

(x 1 , x2 ,x 3 )

- a11 a12 a13

- a12 a22 a23

- a13 a23 a33

a11 a12 a13

a12 a22 a23

a13 a23 a33

x1

x2

x3

=

λ
2

4 ,

in the same way, we have

(x 1 , x2 ,x 3 )

- b11 b12 b13

- b12 b22 b23

- b13 b23 b33

b11 b12 b13

b12 b22 b23

b13 b23 b33

x 1

x 2

x 3

=

λ2

4
,

therefore

　　 AI
3
1A = B I

3
1B .

Expanding ( 1. 4) , w e have

　　 ( - a11b11 + a12b12 + a13b13 )x 2
1+ ( - a12b12+

a22b22 + a23b23 ) x
2
2 + ( - a13b13+ a23b23 + a33b33 )x

2
3 +

2 [ ( - a11b12+ a12b22+ a13b23 ) + ( - b11a12 +

b12a22 + b13a23 ) ]x 1x2 + 2 [ ( - a11b13 + a12b23+ a1 3b33 )

+ (- b11a13 + b12a23 + b13a33 ) ]x 1x3 +

2 [ ( - a12b13 + a22b23+ a23b33 ) + ( - b12a13+ b22a23+

b23a33 ) ]x 2x3 = 0,

w hich implies that

( x1 ,x 2 ,x 3 )

- a11 a12 a13

- a12 a22 a23

- a13 a23 a33

b11 b12 b13

b12 b22 b23

b13 b23 b33

x 1

x 2

x 3

=

( x1 ,x 2 ,x 3 ) A I31B

x1

x2

x3

= 0.

　　 Noting that AI31B is not symmetric in general, w e

conclude that

　　 AI
3
1B+ BI

3
1 A = O.

　　 Thus w e end the proof of the lemma.

　　 In a similar w ay , w e can obtain more general

results in the following:

　　 Proposition 1. 2　 LetO: R
m
r → R

n
s (m≥ n) be a

quadratic map given by

　　O(X ) = (X t
A1X ,X t

A2X ,… , X t
AnX ) ,

thenOis a harmonic mo rphism　 if and only if

　　 ( 1) trAi = 0, ( i = 1, 2,… ,n ) ,

w here t race of Ai is taken with respect to the metric

g
m
r ,

　　 ( 2) Ai I
m
r Aj + A j I

m
r Ai = O , ( i , j = 1, 2,… ,n; i≠

j ) ,

　　 ( 3)Xi Ai I
m
r Ai = Xj Aj I

m
r Aj , ( i , j = 1, 2,… ,n ) .

for i , j = 1, 2,… ,n, where

　　 I
m
r =

- Ir O

O Im- r

.

　　 Example 1. 1
[9 ]
　 LetO: R

4
2→ R

3
2 by

　　O( x1 ,x 2 ,x 3 , x4 ) = ( 2x 1
x

3 - 2x 2
x
4 , 2x1

x
4 +

2x
2
x

3
, (x

1
)
2
+ (x

2
)
2
+ (x

3
)
2
+ (x

4
)
2
) ,

then O is a harmonic morphism defined by

homogeneous polynomial of deg ree 2 wi th dilation

4|x|2 .

　　 In this ex ample, it is w ell know n that
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　　 A1 =

0 0 1 0

0 0 0 - 1

1 0 0 0

0 - 1 0 0

,

　　A2 =

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

,

　　A3 =

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

.

By a routine computation, w e can easily g et

　　 tr A1 = 0, trA2 = 0, t rA3 = 0.

　　A1I
4
2 A2 + A2 I

4
2A1 = O ,

　　A1I
4
2 A3 + A3 I

4
2A1 = O ,

　　A2I
4
2 A3 + A3 I

4
2A2 = O ,

　　X1 A1 I
4
2 A1 = X2 A2 I

4
2 A2 ,

　　X1 A1 I
4
2 A1 = X3 A3 I

4
2 A3 ,

　　X2 A1 I
4
2 A2 = X3A3I

4
2 A3 , whereX1 = - 1,X2 = - 1,X3

= 1.

2　 Some classifications of quadratic

harmonic morphism : R3
r→R

2
s

　　 Proposition 2. 1　 LetO: R3
1→ R

2
0 be a quadratic

harmonic morphism, then, up to an isometry of R
3 ,Ois

the composi tion of an orthogonal projection

　　c: R3
1→ R

2
0 ,O1 (x 1 , x2 , x3 ) = ( 0, x2 ,x 3 ) ,

follow ed by a quadratic harmonic mo rphismO1: R2
0→

R
2
0.

　　 Proof　 LetO(X ) = (X t
AX , X t

BX ) . Af ter a

sui table choice of orthogonal coo rdinates in R
3 i s done,

A takes the diag onal fo rm

　　A =

λ1 0 0

0 λ2 0

0 0 λ3

,

w hereλ
2
1+ λ

2
2 + λ

2
3≠ 0.

　　 Using Equations ( i) , ( ii) and ( iii) of Proposition

1. 1, w e have

　　 - λ1+ λ2 + λ3 = 0, - b11+ b22 + b33 = 0,

( 2. 1)

- 2λ1b11 ( - λ1 + λ2 )b12 ( - λ1+ λ3 )b13

　 ( - λ1 + λ2 )b12 2λ2b22 (λ2+ λ3 )b23

　 ( - λ1 + λ3 )b13 (λ2 + λ3 )b23 2λ3b33

= O , ( 2. 2)

and

　　

- λ
2
1 0 0

0 λ2
2 0

0 0 λ
2
3

=

- b11 b12 b13

- b12 b22 b23

- b13 b23 b33

b11 b12 b13

b12 b22 b23

b13 b23 b33

. ( 2. 3)

　　 It is easy to check that none of the following cases

is held

　　 ( i)λ1λ2λ3≠ 0,

　　 ( ii )λ
2
i + λ

2
j = 0, i≠ j , i , j = 1, 2, 3,

　　 ( iii)λ2 = 0 butλ1λ3≠ 0, orλ3 = 0 butλ1λ2≠ 0.

Consider the caseλ1 = 0,λ2≠ 0,λ3≠ 0. From ( 2. 1)

w e get

　　λ2 + λ3 = 0, - λ1+ λ2≠ 0, - λ1 + λ3≠ 0.

Letλ2 = λ,λ3 = - λ, f rom ( 2. 2) , it follows that

　　 b12 = b13 = b22 = b33 = 0.

Combining ( 2. 3) w e see that

　　 b11 = 0.

Thus,

　　B =

0 0 0

0 0 b23

0 b23 0

.

Again f rom ( 2. 3) it follow s that

　　 b23 = ± λ.

　　 Therefore, w e obtain

　　 A =

0 0 0

0 λ 0

0 0 - λ

,B =

0 0 0

0 0 ±λ

0 ± λ 0

.

　　 This means thatOis the compositionO1○cofcand

O1 . Thus w e obtain Proposition 2. 1.

　　 In a similar way , for such as: O: R3
0→ R

2
0 ,O: R3

2→

R
2
0 ,O: R3

3 → R
2
0 ,O: R3

2 → R
2
2 , w e have the same

conclusion.

　 　 Proposition 2. 2　 Any quadratic harmonic

mo rphisms betw een semi-Euclidean spacesO: R
3
1→ R

2
1

is, up to an isometry of R3 , the composi tion of an

orthogonal projection c: R
3
1 → R

2
1 followed by a

quadratic harmonic morphismO1: R
2
1→ R

2
1 .

　　 Proof　 LetO(X ) = ( X
t
AX , X

t
BX ) . Acco rding

to Proposition 1. 2, w e have

　　 1) trA = 0, trB = 0,

　　 2) AI31B + B I
3
1 A = O ,

　　 3) - A I
3
1A = B I

3
1B.

　　We can choose a suitable coo rdinates, such that A
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can be w rit ten

　　 A =

λ1 0 0

0 λ2 0

0 0 λ3

,

A direct checking shows that the following cases are

impossible

　　 ( i)λ1λ2λ3≠ 0,

　　 ( ii)λ1 = 0 butλ2λ3≠ 0,

　　 ( iii)λ2
i + λ2

j = 0, i≠ j .

　　 Then w e are lef t w ith the case thatλ3 = 0, but

λ1λ2≠ 0 ( orλ2 = 0 butλ1λ3≠ 0) .

　　 By 1) w e have

　　λ1= λ2= λ≠ 0, -λ1+ λ3≠ 0,λ2+ λ3≠ 0.

　　 By 2) w e get

　　b11 = b13 = b22 = b23 = 0.

　　 Using 1) again w e deduce that

　　 b33 = 0.

　　 From 3) it follow s that

　　 b12 = ±λ.

　　 Thus, w e have

　　A =

λ 0 0

0 λ 0

0 0 0

,B =

0 ±λ 0

±λ 0 0

0 0 0

.

　　 It follow s that O1 ○ c with being o rthogonal

projection defined byc(x 1 , x2 ,x 3 ) = (x 1 ,x 2 , 0) andO1

being an quadratic harmonic mo rphism.

　　 Similarly, fo rO: R
3
2→ R

2
1 , as long as w e take the

o rthogonal projection asc: R3
2→ R

2
1 , defined byc(x 1 ,

x2 ,x 3 ) = ( 0, x2 ,x 3 ) , we can get the same result as

Proposition 2. 2.

　　 The above results can be summarized as follow s:

　　 Theorem 2. 1　 LetO: R
3
r → R

2
s be a quadratic

harmonic morphism, then, up to an isometry of R
3
,Ois

the composi tion of an orthogonal projectionc: R3
r→ R

2
t

(either t = r or t = r - 1) followed by a quadratic

harmonic morphismO1: R
2
t → R

2
s .

　　 In the process of proof , w e can describe the forms

of these quadratic harmonic morphisms.

　　 Theorem ( 2. 1)′Suppose thatO1: R3
r → R

2
s is a

quadra tic harmonic mo rphism w ith

　　O(X ) = ( X t
AX ,X t

BX ) .

　　 ( i ) If r+ s is even, then with respect to suitable

coo rdinates in R
3
r ,Oassumes the normal form

O( X ) = X
t

X
′
1λ 0 0

0 X′2λ 0

0 0 0

X ,X t

0 ±λ 0

±λ 0 0

0 0 0

X

　　whereλis the positiv e eig envalue of A;X
′
i = + 1 or

- 1, w hich satisfiesX
′
1X1 + X′2X2 = 0, w hereXi as

previous stated.

　　 ( ii) If r + s is odd, then wi th respect to sui table

coordinates in R
3
r ,Oassumes the normal form

O(X ) = X
t

0 0 0

0 X
′
2λ 0

0 0 X′3λ

X ,X t

0 0 0

0 0 ±λ

0 ±λ 0

X ,

　　whereX′i = + 1 or - 1 , which satisfiesX′2X2+ X′3X3

= 0.

　　 Remark 2. 1　 Since i t is rest ricted by the

condition ( 3) in Proposi tion 1. 2, if r = 0 and s= 1 ( or

r = 3 and s = 1) then mappingO: R
3
r→ R

2
s is no longer

an quadratic ha rmonic morphism. Of course, these

cases are excluded in Theorem 2. 1.
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