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Abstract In this paper, we study quadratic harmonic morphisms betw een semi—Euclidean spaces. We
give a structure equation of such morphisms using their coefficient matrices analysis and special
coordinates generaliziing the results of Ou-Wood on quadratic harmonic morphisms between

Euclidean spaces. As an application, we obtain a classification of quadratic harmonic morphisms R—>

2

K.
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Unless otherwise stated, all manifolds and maps
involved in this paper are assumed to be smooth.
Definition 0. 1 A map QO (M,g)— (N.h)

between two Riemannian manifolds is called a
harmonic map if the divergence of its differential
vanishes. Such maps are the critical points of the

energy function i
EOQ) = —éfn\ €0 dx

over compact domain  in M. For further detailed
account on harmonic maps, we refer to References |1
~ 3]

The function corresponding to the Euler—
Lagrange equation is the tension fields, a system of
semi—linear second order elliptic partial differential

forms
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f(() = trace AdQ

In local coordinates, harmonic map equation takes the

form
e 0,0+ D) g xO. yO) (o O) =
T 1
j 0wy D vy &0
g((’?xi(’?xj— ij (’)xk‘l‘ ILT%Ci(:).)Cj)’

where " and " " are the Christoffel symbols of
the Levi-Civita connections on (M ,g) and (N, k). Ois
called harmonic map if f(O) = 0.

Harmonic morphisms are defined as mappings
between Riemannian manifolds which pull back (local)
harmonic functions to (local) harmonic functions
M ore precise is as follow

Definition 0. 2 Let @ (M.g) > (N.h) be a
mapping between Riemannian manifolds. Then O is
called a harmonic morphism if for any harmonic
function f: UC N— R with O '(U) non-empty, its
pull-back by f© QOO '"(U)C M— R is harmonic as
well.
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Definition 0. 3 AC' — map® (M".g)—> (N",
h) is called horizontally weak conformal mapif, at each
pointx & M, either dO=
dD ery s (kerd— Tao N
is conformal and surjective LetVx = ker d and H =

0 or the linear map

(kerdQ )L » then horizontally weak conformality can be

written as
h(dX)

Hx.

We callA the dilation of horizontally weak conformal

[dQY)) = M¥)gX,Y), VX, YE

map O It is easily seen that in local coordinates
(x")i= 1.2~ and (

horizontal weak conformahty reads

g (x) %E(x) ;Ix?(x)- Nk LY X, YE H.

T)L 1.2~ around x and (x), the

It is well known that a mapping between
Riemannian manifolds is a harmonic morphism ifit isa

horizontally weak conformal harmonic map“‘“_

In 1996, Fugledem extended the above
characterization to harm onic morphisms betw een semi—
Riemannian manifolds. For an early study of harmonic
morphism between semi—Riemannian manifolds see
Reference[6].

Recall that a semi-Riemannian manifoldm, the
Laplace-Beltrami operator® is not elliptic in general,
in local coordinates (X[)i= 1.2.-.m aroundx€  M" | given

by
Ay =

1 m a
=
| gul
where gu = det(glf) ,gl/ and gii being the covariant

\gM\Z i)

and the contra—variant components of the metric tensor
gv. A harmonic morphism between semi—Riemannian
manifolds M, N is defined as

which pulls back local harmonic functions on N into

a smooth map M— N

local harmonic functions on M. As in the Riemannian
case, a harmonic morphism is the same as a smooth
map which is harmonic and horizontally weakly
conformal

In this paper, we focus on the study of harmonic
morphisms betw een semi—Euclidean spaces. W e use R"
to denote the semi—Euclidean space which is R” as
manifolds and it is provided with the indefinite metric

g" gven by

(&) 0 I,

IEAE 2005F 118 % 12%% 43

| |

where (gi) denotes the com ponent matrix of tensor gr
and I denotes the standard »< ridentity matrix.
Definition 0. 4 A map ©® B'— R is called a
quadratic map if all component functions of O are
homogeneous polynomials of degree 2inx1,x2,-++ ,Xm.
In this case, from the theory of quadratic functions and
bidinear forms we know that a quadratic map() R"—
R{ can be always written as
Oz (X' AX,X 40X, X 4X)
where X denotes the column vector in B, X the
transpose of X and the symmetric matrices 4i (i= 1, 2,
,n) are called the component matrices

Theorem 0. 1® A quadratic map R~ R (m=>

n) (i. e. Ri— RO) with

OX) = (X' AX X' A X X A X)
is a harmonic morphism if and only if
(Dtr 4= 0,(i= 1,2, ,n);
(2)4idi+ A;jdi= O, (i,j= 1,2,
(3)Ai= A, (i.j= 1,2 .n).

The following characterization of harmonic

NN AT

morphisms was obtained in Reference [9].

Theorem 0. 2 For a map WUC R'—> R
betw een semi—Euclidean spaces with

Ox)= Ox),00x),.0%x)),
the harmonicity and horizontally weak conformality

are equivalent to the following conditions respectively

N 20 30
-Z,l 5t Zﬁlsz_ , (0. 1)
A Y 4 A 5
‘Z Xt Z?xa-”‘“ﬁ (0.2)
w here T,Uz 1,2, ,n; (x1,x2,-- ,xm) are standard

coordinates of R";A: R*—> R is the dilation of Q and
1,T= 1,2, s
1, T= s+ 1, ,n.

1 Equations for quadratic Harmonic

Proposition 1. 1 Let () Ri— R be a quadratic
harmonic morphism with

X)) = (X'AX,X'BX),
then

(1)rd= 0,rB = 0,

where the trace is taken with respect to the
metricg: , forinstance, A= (@), then trace of 4 can

be written as

r m
D0 at D an.
=1

i=r+ 1

trd =
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(i)AILB+ BLA= O,
- 10
where I = 0 1 .
0 0
(iii) Alid = BIB.

Proof

morphism between semi-Euclidean spaces () Ri—~ Ro

Using the expression of a harmonic

given by

Qxr,x2,x3) = (anxi+ anxi+ asxi+
2aix1x2+  2a13x1X3 + 2a23xzxs,b11x%+ boxs +
buxi+ Duxixa+ 2bnxixs+ 2bnxaxs),

O(xl,xz,xs): anxi+ anxi+ anxi+
2aiex1x2+ 2ax1x3+  2a23x2X3, (L1

O(xn,xz,)m)= buxi+ bexi+ buxi+
Dixixz+ 2bisxixs+  2esxexs, (L2
we can find out the equations of coefficients a; and

By (ij= 1,2,3).

From Equation (0. 1), we get
20 20 20
Tkt T AT v
2090 20_
B
and
— an+ an+ an= 0, - bu+ bn+ bun= 0,
which implys that
rd= 0,rB = 0.

According to Equation (0. 2),we have

O a O aOa4 2
(1.3)
_ g%*‘ g%+ %z%i: 0,TU= 1,2,
T U (L4

Substituting (1. 1) and (1. 2) into (1. 3),we have
2 2 2 2 2 2 2 2

(- an+ av+ as)xi+ (- do+ an+ as)x2+

(- ats+ as+ @&)xi+ 2(- anan+ anan+

aizas)xix2+ 2(— anaiz+ avasn+ apsas)xixs+
2

2(— avas+ axas+ asazs)xex: = e

expressed by matrix, we get
—an an ay | an az ag | xi

(XI,XZ ,X3) — arz a2 axs aiz  dx»  axs X2 =
— a3  as as3 ais  axs  asz X3
2
A
4 B

in the same way, we have

- bu bz by | b b2 by | xi
(x1,x2,x3) — bz b b | bz b2 b | x =
— bz bz by | bz bas by | x3
270

\2
e
therefore

AliA= BEB.
Expanding (1. 4),we have

(- aubu+ avnbn+ asbs)xi+ (- anbn+
arb2 + az}bz})x%+ (— abiz+ aqnbs + a33b33)x§+
2[(- aubn+ avbhn+ aibs)+ (- buan+
bran+ biaxs) xix2+ 2[(- aubsz+ avbs+ @bs)
+ (= bunasz+ burasn+ bian) xixs+
2[(= avbs+ axbs+ axby)+ (- bras+ bran+
bxsasz) x2xs = 0,
which implies that

—an az a3 | bu bz by | xi

(x1,x2,x3)] — a2 a2 a3 | b2 b2 b3

- a3 _as ay | bz bs by | x3
X1
(x1,x2,x3)ALB| x2f = 0.
X3

Noting that A1 B is not symmetric in general, we
conclude that

AllB+ BLid= O.

Thus we end the proof of the lemma.

In a similar way, we can obtain more general
results in the following

Proposition 1. 2 LetQR'—> R (m= n) bea
quadratic map given by

OX)= (X' AX X' A X , X AnX),
then Ois a harmonic morphism if and only if

() trdi= 0,(i= 1,2, ,n),
where trace of 4i is taken with respect to the metric
g,

(2) A" 4+ Al'Ai= O,(i,j= 1,2,
7

( 3)XA1‘17A:‘ = X4 1' 4, (i,j= 1,2, ,n).
fori,j =

1 27“' ,Nn, where

) - I 0
I' = .
0 Im—r
Example 1. 1°'  LetQ B> R by
(Xxl ,xz,x3,x4) = (2)c'x3 - it x4
2,2 4,2

Y+ () (x

harmonic

2%, (x4 (x
then O is a

) )
morphism defined by

homogeneous polynomial of degree 2 with dilation
4 x| 2.
In this example, it is well known that
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0 0 1

0 0 0 -
Al— )

1 0 0

0O -1 0

0 0 0 1

0 0 1
A> = s

01 0 (

1 0 0 ¢

1 0 0 ¢
ds = 01 0 '

0 0 1 (

0 0 0 J

By a routine com putation, we can easily get

trdi= 0,trd2= 0,trds= 0.

Aib A+ ADBA= O,

AiBAs+ AsBAi= O,

A2BAs+ AsBAx= O,

XAiBAi = XA DB A,

XAib A = XA31§A3,

XA1L A= XA A5, whereX= — 1,%= - 1,X
= L

2 Some classifications of quadratic

harmonic morphism$: R*> R’

Proposition 2. 1 Let O Ri—> Ri be a quadratic
harmonic morphism, then, up to an isometry of R*,Ois
the composition of an orthogonal projection

¢ Ri~> R(Z),Q(xl,xz,m) = (0,x2,x3),
followed by a quadratic harmonic morphism Q Ri—~>
Ro.

Proof LetOX) = (X'AX,X'BX). After a

: : . . Py
suitable choice of orthogonal coordinates in R is done,

A takes the diagonal form

At 0
A = 0 }\2 ,
0 0 A3

whereAi+ A2+ AFE 0.
Using Equations (i), (ii) and (iii) of Proposition
L. 1, we have

— A+ Ao+ As= 0, = bu+ bn+ bu= 0,

(21
- 2ubn (= A+ X2)bz (= A+ A3)biy
(= A+ A2)bi2 Qobn (A24 A3)b2s
(= X+ X3)biz 2+ A3)bx Nabss
= 0, (22

IEAE 2005F 118 % 12%% 43

and
- A0
0 A3 =
0 0 A

- bu bz bi| bu b2 b
— b b by | b2 b2 b
— bz bxn by | bz b b

It is easy to check that none of the following cases
is held

(DA 0,

(iNi+ M= 0,i# j,ij= 1,23,

(iii)A2= 0 butAAs7~ 0,0rAs= 0 butAd7 0.
Consider the caseA1 = 0,A27% 0,A7% 0. From (2. 1)
we get

A2+ A3= 0, — A+ A2~ 0, — A+ AsZE
Leth2= A X3= = X, from (2 2),it follows that

b= bs= bn= b= 0.

Combining (2 3) we see that

(2.3)

bu= 0.
Thus,
00 O
B=|0 0 b
0 bs O
Again from (2. 3) it follows that
bs =+ X,
Therefore, we obtain
0 0 0 0
A= 0 A ,B=10 0 +
0 0 - 0 £ A

This means that Ois the com positionQ3© €of €and
Q). Thus we obtain Proposition 2. 1.

In a similar way, for such as Q R~ Ri, 0 R~
Ri,ORI > R,OR} > R, we have the same
conclusion

Proposition 2. 2 Any quadratic harmonic
morphisms betw een semi—Fuclidean spaces (9 R— Ri
is, up to an isometry of R’, the composition of an
orthogonal projection G Ri — Ri followed by a
quadratic harmonic morphism R~ Ri.

Proof Let QX)= (X AX,X'BX). According
to Proposition 1. 2, we have

Hwrd= 0,rB= 0,

2)ALB+ BLid= O,

3) - Alld= BIiB.

We can choose a suitable coordinates, such that 4

271



can be w ritten

A0
A=1| 0 A2 "
0 0 A;
A direct checking shows that the following cases are
impossible
(i)AAAs=~ 0,

(i))Ar = O but A7 0,

(A2 + A= 0,2 /.

Then we are left with the case thatAs = 0, but
AA7 0 (orA2= 0buthids7#= 0).

By 1) we have

A= A= ¥ 0,— Ak A5F 0 A5~ Q.

By 2)we get

bi= bs= bn= bz= 0

Using 1) again we deduce that

bun= 0.
From 3) it follows that
b=+ A.
Thus, we hav
A0 0 £2A
A= 0 A B=|EA 0
0 0 0 0

It follows that Q © € with being orthogonal
projection defined by €(x1,x2,x3) = (x1,x2,0) and Q
being an quadratic harm onic mo rphism.

Similarly, for @ R~ R, as long as we take the
orthogonal projection as ¢ R3—> Ri, defined by C(x1,
x2,x3) = (0,x2,x3), we can get the same result as
Proposition 2. 2.

The above results can be summarized as follows

Theorem 2 1 Let @R~ R’ be a quadratic
harmonic morphism, then, up to an isometry of R*, Ois
the composition of an orthogonal projection ¢ Ri—> R’
(eithert = r ort= r — 1) followed by a quadratic
harmonic morphism R— R.

In the process of proof, we can describe the forms
of these quadratic harmonic morphisms.

Theorem ( 2 l)l Suppose that QR— Risa
quadratic harmonic morphism with

QX) = (X'AX.X'BX).

(i) If r+ sis even, then with respect to suitable

) . p3(
coordinates in R, Oassumes the normal form

X0 0 +£2A
Qx)=|[ x| 0 % gxx|+xr o0
0 o 0 0

272

whereX is the positive eigenvalue ofA;X= + lor
— 1, which satisfies XX + XX = 0, where X as
previous stated-

(if) Ifr+ sis odd,then with respect to suitable

. . 3
coordinates in R- , Oassumes the normal form

00 O 0 0
Qxy=| x| o X o|xxlo o+Nux,
(00 3 0+ |
whereX= + 1or— 1,which satisfies XX+ XX
= 0

Remark 2 1
condition (3) in Proposition 1. 2,ifr= Oands= 1(or

Since it is restricted by the

r= 3ands= 1) then mapping OR> Ris no longer
an quadratic harmonic morphism. Of course, these
cases are excluded in Theorem 2. 1.
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