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Uniqueness of Solutions to a Degenerate Parabolic

Equation
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Abstract: The uniqueness of solutions to the initial boundary value problems of a degenerate

parabolic equation is proved by means of a regularizing technique based on elliptic operators.
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1 Introduction

This paper is concerned to the uniqueness of

solutions to the following initial boundary value

problems
26 _ AA@w + divB @), (1) € @,
G151
A(u(z,t)) = 0,(x,t) € a2 X (0,T), (1.2)
Cu(x,0)) = uy(x),xz € 0. €1.:8)

Where (2 is a bounded domain with smooth boundary
in RY,Q; = 0 X (0,T),A(s) and C(s) are continuous
differential function on R with A’ (s) = 0 and C' (s) =

0,A(s) = @,(C(s)), B () = ,(A(s)) and &, (s),

52(5) are locally Lipschite continuously functions and
uy(x) € L),

Equation (1.1) is a kind of equation with double
degeneracies. Generally ,as C' (s) 7 0, this is a typical
equation,  which
degenerates when A’ (s) = 0 . Similarly ,as A’ (s) #0 ,
it is the

parabolic-hyperbolic mixed

elliptic-parabolic mixed type, which
degenerates when C'(s) = 0. And its significance is

not only due to theoretical research but also due to its
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physical background. In the case of C(s) = s ,this kind
of equations have been paid much attention by many
pioneers. The discussion of existence and uniqueness of
solutions can be found in many papers! =%,

In this paper, we deal with the uniqueness of
generalized solutions to the problems (1. 1)~ (1. 3).
The method used was inspired by some ideas of Brézis

and Crandall®®.

problem but the initial boundary value problem,so the

We do not consider the Cauchy

regularizing procedure is achieved by means of an
elliptic operator.
Definition 1. 1
generalized solution of the initial boundary value
problems (1. 1) ~ (1. 3),if u € L*(Qr),Aw) €
L*(0,T;Hy(2)),C(w) € BV(Q;), and for any test
function ¢ € C= (Q;) with ¢(z,t) = 0 for z € a2 and
for¢t = T ,then the following integral equality holds

JJQ (Cu) %D + A(u)Ap — B (u) - V @)dxds +

A function u(x,t) is called a

Jnuo(x)¢(x,0)dx = 0, .4

2 Results

Theorem 2.1 If u,,u, are two generalized
solutions of the initial boundary value problems (1. 1)
~(1. 3)sthenCly,) = CCus) a.le, in@yr
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Since u,,u, € L*(Qr) are two

generalized solutions of the problems (1.1)~ (1. 3),

Proof

by the definition of generalized solutions, for any test
function ¢ € C*(Qy) with ¢(x,t) = 0 for x € a2 and

fort =T ,we have

j sl O T ” AAp dzdt — ” H-
Qp O Q Q
V{aixdt - 09

where
C=Cw) — Cw),A=Aw) — Alw,) ,H=

B () — B (uy).

We assert that C = 0

one can choose special test functions ¢.

(2.1

a.e.in Q7. From this equality

For small A > 0 ,we define the operator T'; as the
following
Ty :L*(Q) - L*(D), f|—>u,
where u = T, and f
Dirichlet problem
—Mu+ Au= f,xz € Q,
u=0,x € .
It is easy to see that T'; is a self-adjoint operator ,i.
e. ,for arbitrary f,g € L*(),

[ rr.gde = j 4T fikz,
n n

and from the L? theory for elliptic equations,we have
1T S N 220y < Coll fllz2car »
where C, is a constant depending only on N and {2 but

is determined uniquely by the

(22

independent of A and f.
Replace ¢ by T,¢ in the formula (2. 1),
we get

JJ ool aT—"qodg:dt -+ JJ AAT @ xdt — Jj H-
Q at Q Q
Q ot Q
@dads 4 U (diviED) T gilede = J J 20, Cddt +
Q

Qr

J | Q1,4 — Dypdads + ” T, (div i) @ dads =
T Qr

s 8

2C0 dadt + ”Q T A — AYo dode -+
” T (div F)g dzdt = 0.
Q

Owing to the arbitrariness of ¢ ,we have that

”510 = AT, A — A+ TitdiviEn

2.3

in the sense of distribution.
Denote

g:.(t) = Jn C(z,t)T,C(x,t)dx,

we can prove that
178

Eif(}g"(t) =2 0y Va) et e (05 T (2.4)

Once this is done,owing to the fact that

g:(t) = Ja C(z,t)T,C(x,t)dx =
Lomé(x,:) = AT, Clz )Ty Gty t)de =

AHTA C( ,t)“g, ) HVTA 6( ,t)llfo
we have,for almost allz € (0,7),
imAT, C(. ,t) = 0, imVT; CC ,2) = 0,in
A—+0 A0
LECED).
It follows that, in particular in the sense of
distributions,
1Aim,m CC o) = 0, 1mAT, C(.st) = 0,in
() A=>0
L2825
and hence
C( ,t) =limAT,C(. ,t) —AT,C( ,t)) = 0,in
A0
L2 (02).

This shows that C = C(«,) —C(u,) =0 ina.e. Q.

Now we turn to the proof of the formula (2. 4).
Let J. be the standard mollifier in z. From the formula
(2. 3) and the symmetry of 7', ,we have

dif T.(J.C)J.Cdzx = zj iTA(J,f)Jt Cdz =
tla o dt
2| J.(2T,0)0. Cdx = 2[ J.OT, A F +

n c n

T,(div FI))J, Cdz.

Integrating with respect to ¢ give

[ T.0.C@ 01,0 iz =
LT;(Jg C(x,00)J. Clx,0)dz + ZUQJE(ATA e

A + Ti(div H))J, Cdzxds.
Let € > 0 and note C(z,0) = C(u,(z,0)) —
C(uy(2,0)) = ug(x) — uy,(x) = 0, we have

i) = 2” (AT, A — A + T,(div H)) Cdxds.
Ql

(2./5)
From C(«,),C(u,) € BV(Q;), we know that C
is bounded, A(s),C(s) are continuously differentiable

and @, (s) ,P,(s) are locally Lipschite continuous,there
must exist two positive constants M, and M, such that

the following estimate holds
| Al < M| T, | H | <M,| A
C and A have the same sign due to the assumption that
A'(s) = 0and C' (s) = 0 ,we get
CA=|TIAl> 4 | AP,
By using of Schwartz’ s inequality and Young’ s
Guangxi Sciences, Vol. 13 No. 3, August 2006



inequality, we get

|f T, (div Ay Tdz| = |J div B+ T, Cdz| =
n o
|j H. VT,Cdz| < (J | B |*dz)V2
o n
( lvr.Cldm < (Al -
n
dwa(f VT, CTldo)” < A%j] Aldr +
7} od n
MM s _lf - _MOMfJ
TL'VT‘C' de =t | [Ajtds — =200 7,
2
CAT, Cdz = o[ | Adz — Mf T, OO0 C —~
oJ a2 4 o]
2
Dol e LJ | Al*dz — MAJ 7, Bitds =+
Mo ¥} 4 7}

M M}
4
Therefore,from the formula (2.5),we have

GO 2”Q (AT, A — A+ Ty(div 1)) Cdzds <

2
MJ T,C « Cdz < lj | A|%dx + e
4 0 M,)a

2 e
2M0AUQ | T, Cdzds + Y "2M : j gi()ds.

On the other hand, for the solution # = T'.f of the
formula (2. 2),it is easily seen that

fﬂl VT.f|*dz + AfﬂlTAdex = CJn|f|de.

Using Sobolev’s inequality we get
[tz <cf 171
a

Hence,
< ZMOA”Q | T, T |dzds +
2 M o 4
M;M‘fogmwds < MOAUQ (I C|* + |T,C|*)dxds +
2™ b
M"ZM‘J gA<s>ds<clA” O 12 dds
0 Q
MM?

7 J;g,\(s)ds.

The application of the Gronwall’s inequality yields
g:(t) < CA,
where C is a constant depending only on M,,M,,C,,T
and the measure of 2 , but independent on A and ¢ .
Therefore,
EiirggA(t) = 0,a.e.t € (0,T),
which implies that
C=C(u) —C(u,) =0a.e.in Qr,
that means
Cluy(2)) = Clu, (ast))a. e (zit) Q.
The proof is completed.
From the proof of the theorem 2. 1,we have the
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following result.

Theorem 2. 2 If both @,(s) and 52(5) are

globally Lipschite continuous, and the set E = {5
A'(s) = 0} does not contain any interior point, then
the initial boundary value problems (1. 1)~ (1. 3) has
at most one generalized solution.

Proof Let u,,u, € L”(Q7) be two generalized
solutions of the problems (1. 1) ~ (1. 3), from
Theorems 2. 1 and formula (2. 1) ,we have

” Alp dxdt = ” H- Ve dxdr <

< <

(” | & dedzyﬂ(” |V p|2dzd)2 <
o o

M(,MI(JJ~ lélzdxdt)”z(jf | V o|?dzde)!? =0,
9 Q

which implies that

A= A(w) — Aw,) =0a.e.in Qr
for the arbitrariness of ¢.

Since the set E = {s; A’ (s) = 0} does not contain
any interior point, then A(s) is a strictly increasing
function, hence we get

u,(z,t) = u,(x,t),a.e. (z,t) € Q.

The proof is completed.
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