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Almost Periodic Solutions of Linear Impulsive Delay
Differential Equations”
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Abstract: This paper deals with the existence of almost periodic solutions of linear impulsive delay
differential equations as follows,

{x’ = A®z@® + D AWz — r) + h(#) b # 14y1 < Tk ==+ 1, + 2L,
i=]

Az(t) = Bx(t) + Ik(l'(t),) 4 pust = Ty,
by using the fixed point theorem of contraction mapping principle we present a set of sufficient
conditions to ensure the existence and uniqueness of almost periodic solutions of impulsive delay
differential equations in some closed convex set.
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In real world, many problems and phenomena
can be described with impulsive delay differential
equations. Recently, impulsi\}e delay differential
equations have been intensively researched™~*!, Some
qualitative properties such as oscillations, asymptotic
behavior and stability are investigated by many authors

(for example, see reference [4 ~ 8] and references
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cited therein).

To the author’s knowledge, there are few works
on almost periodicity of impulsive delay differential
equations. The study for the almost periodicity of the
delay differential equations with impulsive effects is
still in an initial stage of its development® =%,

In this paper, we investigated the existence of
almost periodic solutions for linear impulsive delay

differential equations as follows:
= AWz@) + D AWz —r) +
i=1

h(@)st # Tyt < Typipk =% 1, £ 2,0
Ax(t) = Bix(2) + Li(x(@)) + pust = T,
@D
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where A(2),A;(t) € C(R,R™") (i = 1,2,+*,n). h(2)
€ C(R"),B, € R*™,I, € C(R,R"),p; € R".

Let PC(J,R"),J € R be the set of all piecewise
continuous functions z:J — R with points of
discontinuity of first kind 7z; in which it is left
continuous, namely,

@y =10) =.2(5) s8z2(5) = o5+ 0) —
(T —10)R.E) 2,

Together with the system (1) we first consider
the linear system

=A@z @) ,t # s

{A.z(t) = Bix(t),t = 1}

Definition 177 Let B = {r;}, and the set of
sequences {t}},tl =tiy; — T,k € Z,j € Z,{t;} € B

is said to be uniformly almost periodic if for arbitrary €

(2)

> 0 there exists relatively dense set of e-almost
periodic common for any sequences.

Definition 22 The function ¢ € PC(R,R") is
said to be almost periodic,if ;

(a)The set of sequences {7i},7i = T4y; — T4,k €
Z,j € Z,{ty} € Bis uniformly almost periodic.

(b)For any € > 0 there exists a real number > 0
such that if the points ¢’ and #” belong to one and the
same interval of continuity of @(¢#) and satisfy the
inequality |t/ — ¢”| << & ,then |@(#') — (") | < e.

(c)For any € > 0 there exists a relatively dense set
T such that if r € T ,Then |@(z + ) — ¢(2) | < efor
all # € R satisfying the condition |t — 7| > €,k € Z.

The elements of 7" are called e-almost periodic of
o) .

Recall [2] that if U,(z,s) is the Cauchy matrix
for the following system

2@ =AWx@) yu, <t <7, {t € B}, (3)
then the Cauchy matrix for the system (2) is in the

form
U(t,s) 9Tk—1 <SS TSt

U1 @yt + 0)(E + BOU,(t,s),
Tl <SSO S Ty
Uit1@yt + 0) (E 4+ BOU, (1,
Ty + 0)+>-(E + BU:(7;y5)
Tl s ST < <L ST
4)

Woltys) =

and the solutions of (2) are written in the form
T Estonze) = Wi(tste) Xy (5)
For system (1), we introduce the following
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conditions ,

H1 A@®) € C(R,R”™) and A;(2) € (R,
R™™)(i = 1,2, ,n) are almost periodic.

H2 Det (E + B,) # 0(E € R™") and the
sequence {B;} is almost periodic.

H3 The set of sequences {7}},7} = T, — T4,k
€ Z,j € Z,{r,} € Bis uniformly almost periodic and
there exists @ = 0 such that inf, {7y, — 17} =60>>0.

H4 The function A(#) is almost periodic, {p:} is
almost periodic sequence and there exists a positive
constant C, such that max {sup,c |2 (2) | ymax,; | p:| } <
Cy A
H5 The sequence of functions I,(x) is almost
periodic uniformly with respect to £ € R and there
exists L > O such that |[;(z) — Li(y) | < L|x — y|.

Lemma 1
H5 hold, then for each € > 0, there exist & (0 < & <

€) and relatively dense sets 7" of real numbers and Q of

Suppose that the conditions H1 ~

whole numbers such that the following relations hold,

(I AG+ 2)e A << & [ A + 23 —
A@)| < et € Tyi=1,2,n;

(2)|Biyy, — Bi| <€t €ER,gE Q€ Z

B) [y — il <& |ti—7| <6,g€EQ,r€T,
kE Z;

Wh@t+1)—hr@®) | <e,t€ R,v€ Tand |t —
| >ek € Z.

Lemma 2/ Suppose that there exist positive
constants K and A such that

IWiGess) == Ke “ar =5, (6)
then for any e > 0,t =5, |t — 7| > &, |s — | > &
7 € T, there exists a positive constant I" such that the
following inequality holds:

W+ 7,5 +1) —W(t,s)| <elem W29 4>
5, D)

Under the above assume conditions,we have

Theorem 1 Suppose that

( I ) Conditions H1 ~HS5 and inequalities (6) and
(7) hold;

(I) Let L; be denoted the norm of A;(¢) ,and
the number

P =S+ £, (8)

1—e?

then system (1) has a unique almost periodic

i=]

solution in some closed convex set.
We denote D,D C PC(R,R") the set of
107
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all almost periodic functions u(z) satisfying the

inequality [|«| < M, |l«|| = sgkplu(t)l , where M =
t

1 1
KC°(7 + 1_—8_4).

Define an operator S in D as follows,
Su = Jlt W(t,s)[EA,-(s)u(s —7r) +
—o9 i=1

R(s)1ds + D W t,z) [Liu(t) + pi) (9)

T, <t ’
and subset D* ,D* C D,D* =
YM

{u € D,llu — ull <

].Ty}, where
uo=J-[ Wt h()ds + SIW &yt (10)
= <t
We get
luol supt [ IWa@olh)lds + X W,
<t
wialh < spt [ K ol +

&
ZKe'“'“”') | pe |} <K(% = _Oe?‘) =M. (11)

1 i
<t
Then for any « € D* ,from (10) and (11),we have
7 M
lleell <l — wol] 4 Nluwo | < 7+ M=1—
12)

Now we prove that S is a self mapping from D* to
D*. For arbitrary u € D" it follows

ISu — woll = sup( [ 1We,) 1[0 3 A Csduts —
tER J —co per

rlds  + MW, | | Le@)|} <

L

tER

D IKe WL} <

<t

sup{ ‘ Ke_“'_’)zl"'“u”ds o3
—o0 it

KG DL+ =l <7l <725 aw

Let 7 6 T,q € Q where the sets 7" and Q are

determined in Lemma 1. Then

[Su(t 4+ ) — Su@®)|| < sgg{r_ W&+ r,

s+ —WEs) (O JAG+ )| uls + 7 —
i=1

) |ds + Jl (W) | (D 1A + o) | uls + 7 —
= i=1

E ) (s = ry ] s it j W) | O 1A +
T i=1
) — A | luls — r)Dds + D W + 7,104,) —
'i<'

Wt,t) | | L, utie ) | + D) WG,

<t
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T | [Lepg (i) — Li(u(n) | <
oTM KnM
‘a—-»n 7)21“ TOx EL il g
LI'N
SO _m, (14)

Since € is sufficiently
2'M
small, then e(y i =5 D77 L + 72, L +

KnM LTN
Vi s R e

small. This means that Su € D", namely, S is a

where N is a natural number.

s e“‘) is also sufficiently

mapping from D" to D*.
For anyu € D* ,v € D", we get
Is« - sl < osupt [ W,
e — o0

DO AG | |uls — ) — vls — r)|Dds +
i=1

DWW @) | | Liu(r)) — L)) |} <

<t

K<—EL+ - _,>||u—vu—ruu—vn (15)

Since 7 < 1 ,then S is a contracting operator in D* .
Therefore, there exists a unique almost periodic
solution of system (1) in the region D* . The proof is
completed.

Example 1 Consider the following linear delay
differential equations

z' () =— (10 — sint)x, (t) + cosntz,(t) —

4 1 1
sintx; (¢ — E) — cosmtx, (¢t — E) +

iCOSt
3 g

z!,(t) = sinmta; (&) — (9 cost)x,(t) +

cosmEz, (¢ — %) 4 sing e ee ke sk =k 1
+ 2y
(16)
with
z; (&) = (— D**lexp(cos(z, (7)),
z,(t) = (— D’exp(sin(z, (£ ))), an
= kﬂ',k zj: i j: 2a"'
— 10 + sinz cosTt
where A(2) = > ) wy(E) =
sinmt ~— 8~ COSE
— sint — cosmt =
yh(2) | 2 and A= 8. One can
0 COsTt :
sint

verify that the conditions of Theorem 1 are satisfied.
Therefore, systems (16) and (17) have an almost
periodic solution.
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