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The CCAP-subgroups and the Finite p-supersoluble
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Abstract:In group G ,let p be a prime and H be a p-soluble normal subgroup of G such that G/H is
p-supersoluble. If all maximal subgroups of the sylow p-subgroups of H (or F,(H) which contain

O, (H)) are CCAP-subgroups of G, then G is p-supersoluble.
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All groups considered in this paper are finite.

It is well-known that a supersoluble group is a
group in which the chief factors are all cyclic. The class
of supersoluble groups lies between nilpotent and
soluble groups. In recent years many papers have
investigated the supersoluble groups':?). In 1993, L.
M. Ezquerro gave the definition of CAP-subgroup in
Reference [1].

Definition 1" A subgroup H of a finite group G
is said to have the cover-avoiding property in G (for
short, we call it a CAP-subgroup of G )if it either
covers or avoids every chief factor of G.

Applying the definition, he obtained some results
on the supersolubility of the group.

In Reference [2],W. Guo defined the completely

conditionally permutable subgroup of G (or a CCP~ |

subgroup in this paper).
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Definition 2*) A subgroup H is said to have
completely conditionally permutable property in G (for
short,a CCP-subgroup of G ) if for any subgroup 7" of
G, there exists an element x € << H,T > such that
HT* = T*H. Applying the definition, many authors
investigated and curved the supersoluble and nilpotent
property of the finite group G.

In this paper, Our goal is to continue these
investigations and analyze the CAP-subgroup and the
CCP-subgroup properties. For convenience, we give a
concept of CCAP-subgroup of G in the following.

Definition 3 A subgroup H of a finite group G is
said to be a CCAP-subgroup of G if it has either the
completely conditionally permutable or the cover-
avoiding property in G ,it is either a CCP-subgroup or
a CAP-subgroup of G . Hence by investigating these
subgroups, we also obtain the following two main
results and some corollaries.

Theorem 1 Let p be a prime., G be a group and
H be a p -soluble normal subgroup of G such that G/H
is p -supersoluble. If all maximal subgroups of the
Sylow p -subgroups of H are CCAP-subgroups of G .
Then G is p -supersoluble.
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Theorem 2 Let p be a prime, G be a group and
H be a p -solvable normal subgroup of G such that
G/H is p-supersoluble. If all maximal subgroups of
F,(H) which contains Oy (H) are CCAP-subgroups
of G . Then G is p- supersoluble.

And we generalize the results of L. M. Ezquerro
and W. Guo. However the condition of this subgroup is
weaker than the single condition. Therefore by
investigating these subgroups,our works make sense.
In fact,we are continueing their works.

Throughout this paper, the terminology and

notations employed coincide with standard usage.
1 Some results and lemmas

In this section we collect some results and give
some lemmas which are needed in the sequel.

Lemma 1 Let K be a normal subgroup and H be
a subgroup of G. If H is a CCAP-subgroup of G. Then
HK /K is a CCAP-subgroup of G/K.
(1)If H is a CCP-subgroup of G ,namely
it has the completely conditionally permutable property

Proof

in G. Then for any subgroup 7" of G , there exists an
element x € << H,T > such that HT* = T*H, since
K <G ;50 KH/K « (TK/K)™ = KH « T**K /K =
T*HK/K = (TK/K)™* « HK/K , thus zK € <
HK/K,TK/K >. Then HK/K is a CCAP-subgroup
of G/K.

(2)If H is a CAP-subgroup of G. Let M/N be
any chief factor of G = G/K, we let M = M /K and N
= N/K ,so both M and N are normal in G and N <
M. We say M /N a chief factor of G. In fact,let H, be
a normal subgroup of Gand N << H; < M. Then N <
H, <M ,where H, = H,/K . Since M/N is any chief
factor of G = G/K,soN = H,or H, = M, namely N
= H,or M = H,. Hence M /N is a chief factor of G.
By the condtion of H,H (\ N = H (| M or HN =
HM. Then (N/K) | (HK/K) = (M/K)

(HK/K) or (N/K)(HK/K) = (M/K)(HK/K).

So HK /K is a CAP-subgroup of G.
By (1) and (2), then HK/K is a CCAP-
subgroup of G/K.

Lemma 25!

Let M be a maximal subgroup of G

and P be a normal p -subgroup of G such that G =

PM , where p is a prime divisor of order of G. Then
PN MIG.
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(2)If p > 2 and all minimal subgroups of P are
normal in G ,then |G:M| = p.

Lemma 3! G/N is supersoluble and N is a
cyclic subgroup of G . Then G is supersoluble.

Lemma 4% If Gis w -soluble, O, (G) = 1 ,then
Ce(0:(G)) < 0,(G)

Lemma 5 Let G be a finite group and H be a
nontrivial normal subgroup of G such that H (| @(G)
= 1. Then F(H) is the direct product of all minimal
normal subgroups of G which is contained in F (H).

Lemma 6 Let G be a finite group and N be a
normal subgroup of G. If M is a CCAP-subgroup of G,
then M N is a CCAP-subgroup of G.

Proof (1)By the condition,suppose that M is a
CAP -subgroup of G. Let H/K be a chief factor of G.
If N covers H/K, so does NM. Suppose H (| N <K,
then HN/KN is a chief factor of G.G is morphic to
H/K. If M covers HN/KN, then H<C HN < KNM
and NM covers H/K. If M avoids HN/KN ,KN M
= HN (N M, then HN (| MN = (HN (| M)N =
(KN N M)N<KNand MN (H< KN H=
K(N N H) = K, thus MN avoids H/K.

(2)If M is a CCP-subgroup of G, then for any
subgroup 7" of G, there exists an element x € << M, T
> such that MT* = T*M. Since N <|G,(NM)T* =
NWMT*) = N(T°M) = T*(NM) and x €e<< M,T
><MN,T > ,then NM is a CCP-subgroup of G.

By (1) and (2), MN is a CCAP-subgroup of G.

2 Main results and proofs

Proof of theorem 1 Suppose that the theorem is
false. Let G be a counterexample of minimal order.
Then we have the following results.

(1 0,(G) = 1.

Suppose O, (G) # 1. We consider the quotient G
= G/O,(G). 1t is clear that G/H = G/H is p-
supersoluble ,where H = HO, (G) /0, (G). It follows
that P = PO, (G)/0,(G) is a Sylow p -subgroup of
H, where P is any Sylow p -subgroup of H. Assume
that P,0,(G)/O,(G) is a maximal subgroup of
PO, (G)/0O,(G), where P, is a maximal subgroup of
P. By the condition of our theorem, P, is a CCAP-

Lemma 1, we know

P,0,(G)/0,(G) is a CCAP-subgroup of G/O, (G).
Then G/O,(G) satisfies the hypotheses of our
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theorem. Thus, by the minimality of G, we obtain that
G/0,(G) is

supersoluble , which is a contradiction.

p -supersoluble, hence G is p-

(2) O,(H) is a minimal normal subgroup of G
and G/O,(H) is p -supersoluble, O,(H) < @(G)
Since H is p -soluble,thus O,(H) % 10or O, (H) # 1.
By the assertion of (1), O,(H) % 1. Let N be a
minimal normal subgroup of G which is contained in
O,(H). We now consider that G = G/N ,clearly G/H
> G/H is p- supersoluble where H = H/N. Let P =
P/N € Syl,(H), and P, = P,/N be a maximal
subgroup of P, where P, is a maximal subgroup of P.
Since P, is a CCAP-subgroup of G, by Lemma 1, P, is
a CCAP-subgroup of G. Thus G satisfies the
hypotheses of our theorem,by the minimality of G,G is
p -supersoluble. Since the class of all p -supersoluble
groups is a saturated formation,we know that NN is the
unique minimal normal subgroup of G which is
contained in O,(H) and N isn’t contained in @(G).
Therefore there exists a maximal subgroup M of G such
that G = MN and M (] N = 1. According to Lemma
2,0,(H) N M <G,s00,(H) N M =1and N =
0, CH ).

(3) By the result of (2), N = O,(H) is the
unique minimal normal subgroup of G. So there exists
a maximal subgroup of G such that G = NM and M ()
N = 1. Hence any Sylow p -subgroup of G has the
form of M,N, where M ,is a Sylow p -subgroup of M.
Let G, be any Sylow p -subgroup of Gand G, = M ,N.

Suppose that H, is any maximal subgroup of G,
which contains M, . Let P be any Sylow p -subgroup of
H . Thus, PH, < G, . Since H, is a maximal subgroup
of G,, PH,=H,or PH, =G, .lf PH, = H, ,so P <
H,, it follows that N <X P < H,. Then G, = M,N <
H,, a contradiction. Hence PH, = G, ,clearly, P, = P
(| H, is a maximal subgroup of P. By the condition of
our theorem,suppose that P, is a CCP-subgroup of G.
So there exists an element x € < P,,M > such that
P,M* = M*P,. By the maximality of M ,P,M* = G or
PM* =M. f{PM*"=G,byG=NMand M N N
= 1, sox = mnwherem € M andn € N. So P\M* =
P.M™ = P,M" = (P" 'M)" = P,M =G, thenG =
HM. SinceH,=H,"G,=H, N M,N=M,(H,
N N),G=HM=M(H,(\N)=MN. Then H,
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N = N, we obtain that N << H,. It follows that G, =
M,N < H,, a contradiction. Then P, M* = M-,
Clearly, P, << M*. Again,sinceM* \N=M N =
1, thus P, (| N = 1. Hence P = P,N, we obtain |P:
P,| = |N| = p. So N is a cyclic subgroup of order p.
By Lemma 3, G is p -supersoluble, a contradiction.
Futhermore, P,isn’t a CCP-subgroup of G but a CAP-
subgroup of G. Namely P, is a CAP-subgroup of G.
Then by the minimality of N, P, covers or avoids
N/1. Tt Py avodsENV/ 1P T N =P, N1=1,
then |P.P,| = |[N| = p,N is a cyclic subgroup of
order p. By the result of (2) and Lemma 3, G/Nis p -
supersoluble ,then G is p- supersoluble,a contradiction.
So we suppose that P, covers N/1. So PN = P,.
Again NP, <H,, thusG,= M,N < H,, which is
a contradiction. This is the final contradiction.

The proof is completed.

Corollary 1(Reference [1], Theorem A) Let p
be a prime, G be a group and H be a p- soluble normal
subgroup of G such that G/H is p- supersoluble. If all
maximal subgroups of the Sylow p- subgroups of H are
CAP-subgroups of G. Then G is p -supersoluble.

Corollary 2 Let p be a prime, G be a group and
H be a p- soluble normal subgroup of G such that G/H
is p- supersoluble. If all maximal subgroups of the
Sylow p -subgroups of H are CCP-subgroups of G.
Then G is p -supersoluble.

Next, we shall gerenalize the theorem. We
consider the p -Fitting subgroup of G and write
F,(G) . In fact, F,(G) = 0,,(G) (Reference[5],
P262: )

Proof of theorem 2 Suppose thét the theorem is
false and let G be a counterexample of minimal order.
Then

(1) Op(G) = 1.

Firstly we show Op (H) = 1. Otherwise, T =
Op (H) 7# 1. We consider the quotient G = G/T.
Clearly, G/H == G/H is p- supersoluble, where H =
H/T. ThenOp(H) =1and F,(H) =F,(H)/T. Let
M/T be a maximal subgroup of F,(H), then T << M
< F,(H) and M is a maximal subgroup of F,(H).
Since M is a CCAP-subgroup of G, by Lemma 1, M T
is a CCAP-subgroup of G/T'. Hence G satisfies the
condition of our theorem,by the minimality of |G|,G
is p -supersoluble. So is G ,a contradiction.
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Now we show that Op(G) = 1. Otherwise,
suppose that R = Op(G) # 1. We consider the
quotient G = G/R. It is clear that G/H = G/HRis p -
supersoluble, where H = HR/R. Applying the
condition Op (H) = 1, we obtain F,(H) = O,(H) , so
F,(H) = F,(H)R/R. Let P, = P,R/R be a maximal
subgroup of F,(H). Also let P, be a maximal
subgroup of F,(H). Since P, is a CCAP-subgroup of
G, by Lemma 1, P,R/Ris a CCAP-subgroup of G/R.
By the minimality of |G|. we obtain G is p-
supersoluble, it follows that G is p- supersoluble, a
contradiction.

(2) H ) 2(G) = 1.

For convenience ,write L =H (| ®(G). f L+#1,
we consider the quotient G = G/L. By Reference [ 7]
(Hu, I ,3.5), F(H/L) = F(H)/L, so F(H/L) =
O,(H)/L. Moreover,let K/L = O,(H/L) and S be a
Hall p' -subgroup of K, then there is K = SL and by
Arguement of Frattini, G = KN(S) = LN:(S) =
N:(S). thus S is normal in G. So S = 1 hence
O,(H/L) = 1. We obtain F,(H/L) = O,(H/L) =
O,(H)/L=F,(H)/L. If P,/Lis a maximal subgroup
of F,(H/L), then P, is a maximal subgroup of
F,(H). Since P, is a CCAP-subgroup of G, by Lemma
1, P,/Lis a CCAP-subgroup of G/L. The minimality
of |G| implies that G is p -supersoluble, it follows that
G is p -supersoluble,a contradiction.

(3)The final contradiction.

Since H is p -soluble and Op (G) = 1, by Lemma
4, Cy(O,(H)) < O,(H). Since P(H) = 1, by
Reference [7](Hul, I ,4.5), F(H) = O,(H) is a
nontrivial
Cu(F(H)) = F(H).

Now we show that all minimal normal subgroups

elementary  abelian hence

p -group,

of G which are contained in O,(H) are cyclic.
Suppose that all minimal normal subgroups of G
contained in O,(H ) are noncyclic.

Let N be a minimal subgroup of G which is
contained in O,(H). Since H [ ®(G) = 1, So there
exists a maximal subgroup of G such that G = NM and
M (| N = 1. Hence any Sylow p -subgroup of G has
the form of M ,N, where M, is a Sylow p -subgroup of
M. Let G, be any Sylow p -subgroup of G and G, =
M ,N. Suppose that H, is any maximal subgroup of G,
which contains M,. Thus,clearly, P, = O,(H) | H,

330

is a maximal subgroup of O,(H). By the condition of
our theorem, suppose that P, is a CCP-subgroup of G.
So there exists an element x € << P,,M > such that
P ,M* = M*P, . By the maximality of M ,P,M* = G or
P,M* = M=, If PM* =G, thenG = H,M. Since H,
=H NG,=H, NMN=M,(H NN),G=HM
= M(H, (| N) = MN. Then H, ()| N = N, we
obtain that N <C H,. It follows thatG, = M N< H,,
a contradiction. Then P,M* = M~ . Clearly, P, << M".
Again,since M* f N=M N N=1,P, N N=1.
Hence O,(H) = P,N, we obtain |O,(H):P,| = [N |
= p. So N is a cyclic subgroup of order p, a
contradiction. Futhermore, P, isn’t a CCP-subgroup of
G but a CAP-subgroup of G. Namely P, is a CAP-
subgroup of G. Then by the minimality of N, P, covers
or avoids N/1. If P,avoids N/1,P L, N N=P, 1=
1, then |O,(H):P,| = |[N| = p,N is a cyclic
subgroup of order p, a contradiction. So we suppose
that P, covers N/1. So P,N = P,, it follows that N <C
P, < H,. ThusG, = M,N < H,, a contradiction.

Thus we show that all minimal normal subgroups
of G contained in O,(H ) are cyclic.

Finally,by Lemma 5, F(H) = N; X = X N,,
where N, is a normal subgroup of G of order p. For
every positive integer i, the quotient G/Ce(N,) =<
Aut(N,;), so G/C;(N,) is abelian. Since G/H is p -
supersoluble, G/(H | Ce(N,)) = G/Cux(N)) is p -
Then G/ Ni=i(Co(ND)) is p-
supersoluble. In fact, we obtain that G/F(H) is p -
supersoluble. Since /=, (Cc(N)) = Cy(F(H)) =
F(H). But all chief factors of G which are contained in
F(H) are cylcic groups of order p, so G is p-

supersoluble.

supersoluble. This is the final contradiction. The proof
is completed.

Corollary 3(Reference [ 1], Ththeorem B) Let
p be a prime, G be a group and H be a p -soluble
normal subgroup of G such that G/H is p-
supersoluble. If all maximal subgroups of F,(H) which
contains Op (H) are CAP-subgroups of G . Then G is p
-supersoluble.

Corollary 4 Let p be a prime, G be a group and
H be a p -soluble normal subgroup of G such that G/H
is p -supersoluble. If all maximal subgroups of F,(H)
which contains Op (H) are CCP-subgroups of G. Then
G is p -supersoluble. '
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Corollary 5 Let p be a prime, G be a group and
H be a p -soluble normal subgroup of G such that G/H
is p- supersoluble. If all maximal subgroups of the
Sylow p -subgroups of F,(H) are CCAP-subgroups of
G. Then G is p -supersoluble.

Proof  Since F,(H) is p -nilpotent, thus all
maximal subgroups of F,(H) which contains Op (H)
have the form of P,Op (H) , where P, is a maximal
subgroup of some Sylow p -subgroup of F,(H) . Since
P, is a CCAP-subgroup of G ,by Lemma 6, P,Op (H)
is a CCAP-subgroup of G. By the theorem 2, we
p -supersoluble. The

obtain that G is proof is

completed.

G. Then G is p -supersoluble.
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