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Abstract ; The oscillation of a kind of higher-order nonlinear neutral differential equation
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(Where t > t, and n == 2 is even)is discussed. Some sufficient conditions for the oscillation of the

above equation are obtained.
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Recently, there are many papers concerning the

oscillation of second order neutral differential

equation'' ~*), However, only a few papers investigate

the oscillation of higher-order nonlinear neutral

differential equation with continuous distributed

delay®~#,
Fu and Liu™’ gave some sufficient conditions for

the oscillation of the equation

m B
jt,,.[y(t) + Ay —o]+ J QU O F (y[h(t,

O Dda(®) = 0.
A. Zafer'™ showed that the equation

[y(®) + QO y(r) ™ + flt,2z@),x(a(®)))
=0

oscillates if #(¢) is a nonnegative continuous function
on [0, + oo ]and that w(z) > 0 for £ > 0 is continuous

and non-decreasing on [0, + oo with
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| ft,x, )| =

Iyl
¢(t)w([1 —a(o(@)) o) ]! )y

and
£ dx
L w(x) et
for every A > 0. If nis even and
rsé(t)dt = oo.
0

In this paper, we consider a more general higher-
order nonlinear neutral differential equation
{a(t,N[x@®) + D a®x(r,)]" P} +

=]

b
JF(Z-CoI(g(Z,C)))dG(C)=0, (1)

which has continuous distributed delay. And we will
give some sufficient conditions for the oscillation of

Equation (1).
1 Preliminaries

Definition 1 A solution x(¢) of Equation (1) is
called eventually positive (or eventually negative) if

there exists a constant 7', = ¢,, such that z(z) > 0 (or
345



(@) <0) fort>T,.

Definition 2 A solution of Equation(1) is called
oscillatory if the solution x(#) is not eventually positive
and not eventually negative.

Definition 3 Equation(1) is called oscillatory if
all solutions of Eq. (1) are oscillatory.

Throughout this paper, we always assume that

(H)) ;@) ,7:() € ([tos +00),[0, +00)),7:(2)
<t,lmz;(t) =4 00, = 1,2, ,m;

t—> oo

H)g,0) € ([tos + ) X [a,6],[0, +0)),
gt,0) <t,t € [t,, + 90),¢ € [a,b], the function
g(t,{) is non-decreasing with respect to ¢ and &,

respectively, and lim min g(z,{) =+ oo ;
t o0 a<{<b

(H,) F¢,¢,x) € C([ty, + ©) X [a,b] X R,
R),a(t) € C([a,b],R) ,the function ¢(&) is non —
decreasing, and the integral of Equation(1) is Stieltjes

integral.
2 Main results

Lemma 17! If «(z) is n-times differential
function on [0, + o] of constant sign, «’(¢) is of
constant sign and identically zero in any interval [¢,,
+ oo, and «™(@)u(t) < 0, then there exists an
integer /,0 <X/ < n — 1 withn — 1 odd,such that for
ot =il

P @) >0,0<< k<< U

u@u® (@) > 0,k = 0,1,,/;

(— D 'u@u® @) > 0,k =1, yn— 1.

Theorem 1 Assume that the following
conditions hold.

(Hp) at,z(@)) € C([t, + o) X R, (0, +
©0));

(H)0 < Eci(t) L st =000
i=1

(H;) There exist two functions q(¢,§) € C([ty,
+ o) X [a,6],[0, 4+ o)) and f(x) € C(R,R) ,
such that

F(t,¢,x2)sgnx = q(t,0) f(x)sgnzx, 2)

— f(— ) = f@) = A, (3)
where x = 0 ,and Ais a positive constant ;

(H;) There exists a non-decreasing function $(z)
for t —=t, ysuch that 0 < ¢(z) << a(t,x(¢)) ,then

oo

0

(Hg) If ((ji—f(t,é') exists for all # > 0, and there
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exists a monotonically increasing function ¢(z) €

C'[(tys + ©0),(0, + 00)] ,such that
+o0 b 2
j {qu(s)J 9GO0 — DJalgls,0))1da() —
‘g a o

r¢ (s) jds =+ oo, @
for any number » > 0. Then Equation (1) is
oscillatory.

Proof Assume that x(¢) is a non-oscillatory

solution of Equation (1). Without loss of generality,
we assume that x(¢) is eventually positive(the proof is
similar when x(¢) is eventually negative). For the sake
of convenience, the function y(#) is defined by

y@) = 2@ + D Dx(z (1)), (5)

i=1
By the conditions (H,) and (H,) ,there exists a ¢, = ¢,
such that z(z;(¢)) > 0,2(g#,{)) >0,t >1t,,{ € [a,
bl,i=1,2,,m, so we obtain
y(@) > 0,t =>t,. (6)
Using Inequalities (2) and (3),{rom Equation(1) it
follows that

b
[att,2@))y"R@)]" =— JF(t,C,x(g(t.

D)do®) <— A 9, D20 0,1 >1,

(7
Therefore, the function a(z,xz())y" V() is
monotonically decreasing. In the following, we can
proof that ¥y~ (z) = 0 for ¢ = ¢, . In fact, if there
exists a t, = t;, such that
¥y V() <.
Integrating both sides of Inequality (7) from¢,to¢ ,by
the condition (H,),we have
alt, 2@y @)y < al,,x(t,))y"V¢,) = L
< 0, and hence

V15
(n—1) e Ly T
e de Ty e
Integrating both sides of Inequality (8) from,to¢ ,we
get
s I,
(n—2) (n—2) —
A e L le a(s,x(s))ds'
Let t >+ oo ,by the condition (H;),we have
lim y*=?(t) =— oo,
t— oo
and hence
lim y(¢) =— oo.

t—>+co

This contradicts Inequality (6). Therefore we have
» V() = Ofor £ =it
By Lemma 1,there exists a ¢, > ¢, and an odd / ,such

Guangxi Sciences, Vol. 14 No. 4,November 2007



that

Y@ > 0,0 <i<It =ty (— D y®P @) >
Ok = Lsoseym— 148 =ty
leti =1 ,we get

¥ @) >0, =t
In view of y(z) = x(¢) and the monotone of the
function y(¢), together with Inequality (7) and the

condition (H,),we obtain
b
0 = [alt,z@)y" BT + xj gD Cg s

o) = [attz@)y @ + Al gt
Oy — Dlelgt,0)y(r(g,£)))Ida(®)
=1

> [at,2@)y " 7 + A a@.H1 = Deast,
i i=1
O y(g,$)da(d). 9
Since the function g(#,&) is non-decreasing, using the
condition (H,),we have
g(tya) < g(t,0),t >t,,§ € [a,b].
By Inequality (9) and the monotone of the function

y(t) ,we have

b
[aCz,z@))y" @] + Ay(g(t,a))J q,9[1

— Dalg,$))1da®) < o. (10)
i=1
Define
o a(t,x())y" @)
w(t) = @) g Cr a0 ,
then
wt) = 0,8 = ts. (11)

Since a(t,z(¢))y“ "V (¢) is decreasing and the function
@(¢) is monotonically increasing, from Inequality (10)

and the existence of i—‘f(t,a) ,it follows that

a(tyx(®) )yt @)

wid =gl S agy s
La@t,z@))y" @]
iy y(g(t,a))
e(Bat, @) y" @)y (gt,a))g' (t,a) o
v (g(t,a)) o
alt,z(@))y" P () Lale; 2Dy )]
S el a, . L T® y(gta))
a(T;z(T))y VT - W
= ¢ y(g(T ya)) Ago(t)Lq(t,E)[l
Zci(g(t,g))]dd(é'),

where T' > t, , such that i—f(t,a) >0fort =T .
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a2 (T)) y"=(T)
y(g(T,a)

b m
w'i(®) £— {Aqa(z)J q@,O1 — Dlalg,
g i=1
O)1de(§) —rgd (¢)},t =T. Integrating both sides of

the above inequality from 7" to ¢ ,we get

t b
wit) < wTRee L{A@(S)Jq(s,é')[l .

Letr =

> 0 ,then

Dleilg(s,8))1da(§) — rd (s) bds.

i=1

Let t = oo, from Equation (4), we know that this
contradicts Inequality (11). Hence, the proof of
Theorem 1 is completed.

In theorem 1,if we let ¢(z) =1,
oo (b o

and ifj Jq(s,é‘)[l - Zc,-(g(s,())da({)ds = oo,
¥ Vi@ i=1

Then Equation(1) is oscillatory.

Corollary 1
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