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Abstract According to the notion of Hom-—coassociative coalgebra and Sub—Hom-coassociative

coalgebra , we investigate some fundam ental properties of them, finally obtain the close relationships

betw een the Sub—Hom—coassociative coalgebra and the ideal of the dual Hom-associative algebra.
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A Hom-algebra structure is a multiplication on a
linear space where the structure is twisted by a
homomorphism. Hom-associative algebras which were
introduced by Makhlouf and Slvestrov in [1],
generalize the well known associative structures to a
situation where associativity law is twisted. Based on
these, we obtain the Hom-oassociative coalgebra
structures by dualization, then define the new notion
of Sub—Hom-coassociative coalgebras and discuss some
fundamental properties of them.

Throughout this paper, we always assume that K
is an algebraically closed field of characteristic 0 and V/
is a linear space over K, ¥V = Honx (V,K) denotes
the dual space of V. If S< V is the subset of V', then
S = (v e VI 8= 0. KT=V isthe subset
of V', then T = (vE VI(T,v)= 0}.

1 Hom-associative algebra

Definitionl. 1" A Hom-associative algebra is a
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quadruple (V, , T, %) together with three K Jinear
maps

V@ VYV VK>V
w hich satisfy the following conditions

(Lh)_ - (OTh= - (10 _):

(L2 ° (ZDid)y= idand_° (id®D 7% = id.

Definition 1. 2 Let (V, .17 and (v, ', T,
Z’) be two Hom-associative algebras. A linear mapf: V'
— Visa homomorphism of Hom-associative algebras

if the following diagrams are comm utative.

Vyev —>f®f V'ev’ V —bf V' V —>f V'
H 1 a o n //
T N AV
V V Vv —— ' K

Suppose (V, , 1,7 isa Hom-

associative algebra, 1 is an ideal of V and ¢ V> V /I is

Proposition 1. 1

the natural map onto the quotient vector space. If 1(1)
© I, then V'/I has a unique Hom-associative algebra
structure such that €is a morphism of Hom-associative
algebras.

Proof Let V/[= E. FKrsily,we find z, 1, %,
Y a® pE Ker(® ©),

(°D )@@ b)= Ya)@ c(b)= 0,
then €(a) = 0or €(b)= 0, i.e. a€& [ orbE I. But/
is anideal, so ¢ (a® b)= Cab) = 0, ie a@ pe
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Ker® , thus Ker( @ )& Ker® .
universe properties of module, there is a unique K-
map_E EQ E> Egst

E(C@ 9= (1)
Let

4= CLK> E (2)

By (1), Ya.,bE V,Cab)= € (a@b)= &(C
© @D b)= (@O (b)) = la)“(b).
Since “I(Ker ©) = S I)& ¢(I) = 0,then Ker <=
Ker L. According to the universe properties of

According to the

module, thereis a unique K —map ¥: E> E, such that

T= T c (3)
Then we need to pove that (E,_E,’E,ZE) is a Hom—
assodative algebra.

Va,h,cE E ,thereexista,b,cE Vs t. S(a)=
a,®(b)= b, %) = c Since

(O @@ r® & = _s(T%a) O
(b)¢(c)) = “Ma) () *(c) = (Ta). (bD 0)) =
¢ (Ma)@ D))= ¢ (T )@@ p® ¢) =
c (@D bpX )= ¢ (X Te))=
(abTic))= @b Te))= @E(e)= _ [ (@D 5D
T©@)= (DT (a® D &).
Thus_a(Ts@_E) = _E(_E® Tz).

Vi@ a€ KQE, thereexistsa€ 4, s. 1. S(a)
= a. Since

(@ id) (kD @) = _s(Z(h)D <a)) =
AR D Ca))= kLD a))= kla= kD
a,
So r(%Q id) = id. Similarly, £(id® %)= id.
Therefore (ELE,TE,ZE) is a Hom-associative algebra.
According to( 1), (2) and (3), we know Cis a
morphism of Hom-associative algebras.

Theorem 1. 1 Tet(A4, 4, 1,%) and (B, 5,5,
Z3) be Hom-associative algebras, f: A —> B is a
morphism of Hom-associative algebras, I is an ideal of
A and ¢ 4> A/l is the natural map. If Ti (1) = 1,
Ker® < Kerf, then there is a unique morphism of
Hom-associative algebrasg A/[—> B,s. 1.g%= f.

Proof LetE = A/l By Proposition 2.1, (E,
_£,k,7) is a Hom-associative algebra where_ £ ( @
= ¢, Te TC o o7

Since € is surjective and Ker®= Kerf', According
to the universe properties of module, there is a unique
K-mapg E> B,s. t.g¢= f.

Firstly, Y a,bC A,
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(gD g) (D ) (@@b)= _5(gD g¢)(a?D
by= _5(g%a)@ g°(b)) = _s (f(a)D f (b)) =
s (f Q)@@ by= fa(@Db)= g 4(aD b) =
g (@ (@@ bp),

Thus_s (g® g)= g &.

Secondly, V a€ 4,hg%a)= Taf(a)= fli(a)
= g%l(a) = gk %a), Thushg= glh.

Finally, V k€ K, g% (k) = g% (k) = fZ (k)
= % (k), ThusgZ = %.
Therefore & is a morphism
algebras.

2 Hom-coassociative coalgebra and Sub-Hom-

of Hom-associative

coassociative coalgebra

Definition 2. 1 A Hom-coassodative coalgebra is
a quadruple (7,A,U X together with three K dinear
maps

Ay Y@ y U > v Xpy> K
w hich satisfy the conditions

(21) (UDA)-A= O -A

(22) (idD X A= idand (XD id) A= id

Remark 2. 1 Let (VA ,U,X) be a Hom-—
coassociative coalgebra. We introduce the Sweedler
notation” A (¢) = 2 a® a, for anyc€ V.

Duality by Definition 1. 2, we obtain

Definition 22 Let (VA .UX and (VA" U,
X) be two Hom—coassociative coalgebras. A linear map
g V— Vs a homomorphism of Hom -eoassociative
coalgebras, if it satisfies

(gD g) A=A gg U= UrgangX= X
‘g,

Definition 2. 3 Suppose (V.2,.UX is a Hom-
coassociative coalgebra and W is a subspace which
satisfies the conditionsd (W) <& W& W and Uw<
W. We can check that (W, Alw,Uw,Xw) is also a
Hom-—coassodative coalgebra, and W is called a Sub-
Hom-coassodative coalgebra of V.

Remark 2.2 Let (V,A,UX be a Hom-
coassociative coalgebra, then

() G(V)= (x€ MAx)= x@x,Ux) = x,
Xx)= 1}is a Sub-Hom-oassociative coalgebra of V.

(ii) Any nonzero element x © G(V) fixes a one
dimensional Sub—Hom-coassociative coalgebra Kx.

Remark 2. 3 Suppose (V,A,UX is a Hom—
coassociative coalgebra with structure mapsd (x) = x
®X,U(X) =X andxx) = 1, then(V,A,U,X can be
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represented as the sum of Sub-Hom-coassociative
coalgebras of V.

Proposition 2. 1 Ifg C> D is a homomorphism
of Hom-coassociative coalgebras, then Img is a Sub-
Hom-coassociative coalgebra of D.

Proof Wehaveldn ° g= (g® g) “Acand W -
g= g ° W because g is a homomorphism of Hom-
coassociative coalgebras. Then for any c€ C, wehave

A cgle)= (80 g) "de(e)= 2] (89 g)(a
@ @)= > 2()Pg(@)€ mg® Img andb° g(c)
= g°U(c)€ Img.

Therefore Img is a Sub—Hom-—coassodative coalgebra.

Proposition 2. 2 Suppose { ¥i} is a collection of
Sub-Hom-coassociative coalgebras of V' where Vis a
Hom—coassociative coalgebra, thenz Vi is also a Sub-
Hom—coassociative coalgebra of V.

Proof Obviously,z Vi is a subspace of V. We

have

A V) =20 A (KD v W
@D Vi and Q) ¥y = >, U=, v
SOE Vi is also a Sub—Hom -€oassociative coalgebra of
V.

Assume V is a Hom-—

and V1 is a Sub-Hom-—
coassociative coalgebra of V', then the inclusion map i

Vi —

Proposition 2.3
coassociative coalgebra
V' must be a homomorphism of Hom-
coassociative coalgebras and Kerl is exactly Vi .

Proof It's easy to check that the inclusion map
i Vi—> V is a homomorphism of Hom-coassociative
coalgebras.

For anyvi € Vi ,wi€ 1, {0 (v ),v) =
(vi ,i(v1)) = (vi,viy = 0, Soi (V1* )= 0,i.e i
€ Ker ,thusV1 & Keri .

For anyV € Ked ,vi€ Vi, (v ),v) =
(v Li(vi)) = (v v = 0, Sov € Vii. e Keni &
V. Therefore Keri = Vi .
Theorem 2. 1
coalgebra, then

( )& Vis a Sub-Hom—coassociativ e
coalgebra, then Vi'C ¥V isanideal of V .

(IT ) Suppose I V s anideal, then IS Visa

Sub—Hom-coassociativ e coalgebra of V.

Let V be a Hom-coassociative

(III') Suppose is a subspace of V', thenJ is a Sub—
Hom—coassociative coalgebra of V' if and only if J<
FEAE 2008F 5A # 15K% 2

V isanideal of V' .
Proof (I ) Following Proposition 2. 3, making
the inclusion map & Vi— V, then Vi = Ken .
Clearly, Vi < V s anideal of V' .
(I ) First, we verify2 (x)€ IO for any x€

I by using the method of contradiction. Letd (x) =
Z L@ oy, supposex1 € I , then thereis ¢ [ s.
t. (€, x107 0. Without loss of generality, assume {y:}
is linearly independent and {3 }is the dual system of
{yi},i.e
SIS { L=
0,7 j.

Lety*l = & V| since]= V isanideal, then €f
€ 1,0= (efxy= A" (€D f),x) = (D A (x))
=20 (e® L @ = 25 (e xdlhy) = (e
xy Ly = (Cx),

a contradiction. Therefore® (x)€ ITOT i el (IL)
—rr.

For any x& f’ee Vv (e Ux)) = (U €
0= Uex)= 0, SoUx)E [ i.eUI )1 .
Therefore I < Vis a Sub-Hom-coassociative coalgebra
of V.

(III) According to the results of @ )and (IT),
we can easily get (III).

Theorem 2. 2  Assume (V,A,U)@ is a Hom-
coassociative coalgebra, (V ,N ,U ,X) is the dual
Hom-associative algebra of V', W is a Sub-Hom-
coassociative coalgebra of V. tU (WL )y & w , then
V W= W is Hom-associative algebras.

Proof By Theorem 2. 1, W' is an ideal of V' .
Making the inclusion map ¢ W— V., According to
Proposition 1. 1 and Proposition 2. 3, VoW s a
W= Ker®
where ¢ V' — V /W" is a natural map. Therefore

. . ki
Hom-associative algebra and Keri =

V IW"= W is Hom-associative algebras.

Proposition 2. 4°! Suppose V is a vector space
with subspaces {Vi} ,U, W. Let {Xi} be subspaces of
V . Then

ON V= Q)

(i) U+ w = (un wy

GN X = & X)) .
Theorem 2. 3  The intersection of Sub-Hom-
coassociative  coalgebras is again a Sub—Hom-

coassociative coalgebra.
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Proof Suppose {Vi} is a collection of Sub-Hom-

coassociative coalgebras of a Hom-coassociative

coalgebra V. By Theorem 2. IT ) we know v is an
ideal of V , s02. Vi~ is akso an ideal- By Theorem 2
I ), we get (Z Vi )L is a Sub—Hom-coassociative
coalgebra of V. But according to Proposition 2. 4, we

have (Z Vit )L=ﬂ Vit =N Vi, thereford ) Viis

again a Sub—Hom-coassociative coalgebra.
References

[1] Makhlouf A, Silvestrov S D. Hom-algebra structures| J/

[2]

(31

OL |. Lie Theory Appl, 2006, 10 1-11. http // arxiv.
org /math /060950 Iv 3.

Montgomery S. Hopf algebras and their actions on nings
[C]- United States AMS Regional Conference Series in
Mathematics, 1993.

Sweedler M E. Hopf Algebras[M ].New York Benja—
min, 1969.

(L3£% 1081 Continue from page 108)
[14] Young—Gheel Baik, Feng Yanquan, Hyo-Seob Sim.

The normality of Cayley graphs of finite abelia—

n groups with valency 5[ J]. Systems Sei Mth Sei, 2000,
13 425-431.

[15] Fang X G,Li C H, Wang J et al. On cubic normal
Cayley graphs of finite simple groups [ J]. Discrete
Math, 2002, 244 67-75.

Xu S J,Fang X G, Wang } et al. On cubic s—Arc—
transitive Cayley graphs of finite simple groups [J].
European J Com bin, 2005,26 133-143.

Xu S J. Fang X G,Wang J, et al- 5-Arc transitive cubic

[16]

[17]
Cayley graphs on finite simple groups[ J]- European J
Combin, 2007, 2& 1023-1036.

[18] : (G ) [M].

112

[19]

[20]

[21]

[22]

(23]

, 1999,
( ) [M]. : ,
1982.
Biggs N. Algebraic graph theory [M ]. Second Edition.
Cambridge UP Cambridge University Press, 1993.
Babai L. Isomorphism problem for a class of point—

symmetric structures[J]- Acta Math Acad Sci Hungar,
1977,29 329-336.

Gorenstein D. Finite simple groups[M ]. New York
Plenum Press, 1982.

Gross F. Conjugacy of odd order hall subgroups[J]- Bull
London Math Soc, 1987, 19 311-319.

Guangxi Sciences, Vol. 15 No. 2, May 2008



