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Abstract: Some new inequalities on the upper bounds for v ertex Folkman numbers are proven in this

paper. In particular, w e prove the following result by const ructiv e method: for any real number r

that satisfies 0 < r <
1
2
log23-

3
4
, there a re N (r )> 0 and c(r )> 0 such that Fv (k ,k; k+ 1)≤ c(r ) (k

- 1)
1
4
log

2
( k- 1) - r

for any k≥ N (r ) , in which bo th N (r ) and c(r ) are constants only depending on r .
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摘要:证明关于顶点 Folkman数上界的新不等式 .特别地 ,用构造性方法证明: 对于任意满足 0 < r <
1
2 log2 3-

3
4
的实数 r , 存在 N (r )> 0和 c (r )> 0使得 Fv ( k ,k ; k+ 1)≤ c (r ) (k- 1)

1
4
lo g

2
( k- 1) - r

对任意的 k≥ N ( r )成立 ,其中

N ( r )和 c (r )都是只依赖于 r的常数 .
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　　 Fo r an undirected, simple g raph G, and positiv e

integ ers a1 ,… ,ak , w e w rite G→ (a1 ,… ,ak ) v (G→ (a1 ,

… , ak )e ) if and only if for every vertex ( edge ) k-

coloring of G, there exists a monochromatic K a
i
, fo r

some color i∈ { 1,… ,k } .

For positive integers a1 ,… , ak and p> max {a1 ,

… ,ak } , let

F v (a1 ,… ,ak ; p)= {G: G→ (a1 ,… ,ak ) v ,K p G} ,

F e (a1 ,… ,ak; p )= {G: G→ (a1 ,… ,ak )
e
, K p G}.

The g raphs inF v (a1 ,… , ak ; p ) are called vertex

Folkman g raphs, and the g raphs in Fe (a1 ,… , ak ; p )

are called edge Folkman g raphs.

In 1970, Folkman
[1 ]

show ed that for all r , l and p

> max {r , l } the familiesFv (r , l ; p) andFe (r , l ; p) are

nonempty. Folkmans method w orked only for two

colors. Folkmans theorem was generalized to

multicolor case in reference [2, 3 ].

Someone could ask what is the minimum number

of v ertices in a vertex or edge Folkman g raph, w hich

leads to the notion of Folkman numbers.

For positiv e integers a1 ,… , ak and p > max {a1 ,

… ,ak } , the vertex ( edge) Folkman number is defined

as

Fv (a1 ,… , ak ; p ) = min{|V (G )|: G→ (a1 ,… ,

ak )v , K p G} ,

Fe (a1 ,… ,ak ; p)= min{|V (G)|: G→ (a1 ,… ,ak )e ,

Kp G} .

Among all v ertex Folkman numbers, Fv (k ,k; k+

1) seems more interesting for many researchers. In

this paper w e w ill discuss the upper bound fo r it and

get new upper bounds for vertex Folkman numbers

based on composition of tw o g raphs.
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1　 Some known knowledges

Theorem 1
[ 4]　 For k no less than 3, w e have

Fv (k ,k; k+ 1)≤ k! e - 2.

In reference [5 ] ,Fv (k ,k; k+ 1)≤

2k! (e- 1) - 2 w as proved. Theo rem 1 in

reference [4 ] was proved earlier than this inequali ty.

reference [ 4 ] w as in Russian and was no t w ell

know n.

Theorem 2
[ 6]

For all integer p no less than 2, w e

have

Fv ( p+ 1, p+ 1; p+ 2)≤ (p+ 1) Fv ( p, p; p+ 1) .

Corollary 1
[6 ] For integ er p no less than 4, w e

have Fv ( p, p; p+ 1)≤ 1. 46p! .

We improved Theorem 2 as following.

Theorem 3
[7 ]

For integ er k no less than 2, w e

have

Fv ( 2k , 2k; 2k+ 1)≤ kFv ( 2k - 1, 2k- 1; 2k )+ 3k

+ 1.

Theorem 4
[ 7]

Suppose k is an integ er no less than

2, H∈ Fv ( 2k , 2k; 2k+ 1) ,g( H )= Fv ( 2k, 2k; 2k+ 1) .

Let {v1} H , A V ( H ) \ {v1} , G1 be the subg raph of

H induced by A and G2 which is the subg raph of H

induced by V ( H ) \ ( {v1 }∪ A ) . Suppose bo th G1 and

G2 are K2k-free. If x is the order of the maximum

isomorphic induced subg raphs of G1 and G2 , then w e

have

Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ (k+ 1) Fv ( 2k , 2k; 2k

+ 1) - x+ 3k+ 2.

2　Upper bounds for vertex Folkman numbers

based on composition

　　We define the composition of simple graph of G,

H and G [H ] , as follow: it s v ertex set is V (G)×

V ( H ) ; in G [H ] , there is edge connecting di fferent

vertex (u, v ) and (u′,v′) , if and only if vv′∈ E( H ) ,

o r v= v′and uu′∈ E (G) [8 ] .

It is easy to know thatg(G [H ] )= g(G)·g( H ) .

Theorem 5　 Let a1 ,… , ak , b1 ,… , bk , p, q be

positive integers, max {a1 ,… , ak }≤ p , max {b1 ,… ,bk }

≤q , then

Fv (a1b1 ,… ,akbk ; pq+ 1)≤Fv (a1 ,… ,ak ; p+ 1)·

Fv (b1 ,… ,bk ; q+ 1) .

Proof　 Suppose G∈ F v (a1 ,… ,ak ; p+ 1) ,g(G)=

n1= Fv (a1 ,… ak ; p+ 1) , and H∈ Fv (b1 ,… ,bk ; q+ 1) ,

g( H ) = n2= Fv (b1 ,… bk; q+ 1) . Since G is K p+ 1-free

and H is K q+ 1-free, w e know G [H ] is Kpq+ 1-free.

Now w e will prove G [H ]→ (a1b1 ,… ,akbk )
v
.

Suppose V (G)= {v1 ,… , vn1 } and V ( H ) = {v1 ,

… ,vn
2 } .

Let H′be isomorphic to H , V ( H′) = {v1′,… ,

vn
2
′} , and fo r dif ferent i , j∈ { 1,… , n2 } , v1′vj′∈ E

( H′) , if and only if vivj∈ V ( H ) .

Now , we giv e G [H ] any vertex k-coloring , i. e. ,

w e color any vertex in G [H ] with a color among

{ color i|i∈ { 1,…… ,k } }.

For any j∈ { 1,…… ,n2 } , suppose Vj= { (ui ,vj )|

1≤ i≤n1 } , So V (G [H ] )= ∪
n
2

j= 1
V j .

For any j∈ { 1,…… , n2} , from the defini tion of

G [H ], we know the subg raph of G [H ] induced by

V j is isomo rphic to G. Therefore fo r any j∈ { 1,…… ,

n2 } , f rom G→ ( a1 , … , ak )
v

we know there is

monoch romatic Ka
x
in the subg raph of G [H ] induced

by V j for some colo r x∈ { 1,…… , k } . If there are

more than one such x 's, w e can choose any one

among them. Let x= f ( j ) . Now we giv e H′a vertex

k-coloring , fo r any j∈ { 1,…… ,n2 } , w e color vj′w ith

color f ( j ) .

Since that H′is isomorphic to H , and H→ (b1 ,

… ,bk )
v
, there is monochromatic Kb

y
in H′fo r some

color y∈ { 1,…… k }.

From the prog ram of the vertex coloring of g raph

H′, w e know this means that for the vertex coloring

of G [H ] , there are by ones among { 1,…… ,n2 } , say

{z 1 ,…… , zb
y
} , such that for any j∈ {z 1 ,…… , zb

y
} ,

there are ay vertices in V j that induce a complete

subg raph in G [H ] of colo r y. So w e find a complete

subg raph of G [ H ] in color y on ayby vertices.

Therefore w e prove G [H ]→ (a1b1 ,… akbk )
v
.

We know the order of G [H ] is Fv (a1 ,… ,ak; p+

1)· Fv (b1 ,… ,bk ; q+ 1) , so we have

Fv (a1b1 ,… ,akbk ; pq+ 1)≤ Fv (a1 ,… ,ak ; p+ 1)·
Fv (b1 ,… ,bk ; q+ 1) .

Corol lary 2　 Let a,b be posi tive integers no less

than 2, a≤ p,b≤q, then

Fv (ab,ab; pq+ 1)≤ Fv (a, a; p+ 1) Fv (b,b; q+

1) .

In particular, f rom Fv ( 2, 2; 3) = 5 w e have the

follow ing corollary that wi ll be used later.

Corol lary 3　 Let a be a positive integ er no less

than 2, then

Fv ( 2a, 2a; 2a+ 1)≤ 5Fv (a,a; a+ 1) .

3　Constructive upper bound for vertex

Folkman numberFv ( 2k+ 1, 2k+ 1; 2k+ 2)

　　 Theorem 6　 Suppose k is an integer no less than
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4, f (k )=
k
3

, then w e have

Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ [2f (k )+ 1]Fv (k, k; k

+ 1)+ 3Fv (k+ 1,k+ 1; k+ 2)+ k+ 2f (k ) .

Proof　 Suppose S∈ F v (k ,k; k+ 1) ,g( S)= n= Fv

(k , k; k+ 1) , V ( S)= {s1 ,… , sn } , T∈ Fv (k+ 1,k+ 1; k

+ 2) ,g( T )= Fv (k+ 1,k+ 1; k+ 2) .

We will construct a g raph G to prove the

inequality in theo rem 6.

Let V (G)= V (G1 )∪ V (G2 )∪ V ( S0 )∪ ∪
3

i= 1
V ( Ti )

∪ V (C ) .

Fromg( S ) = n= Fv (k , k; k+ 1) , w e know that

there is V ( A ) V ( S ) \ { s1 } such that both the

subg raph of S induced by V ( A ) and the subg raph of S

induced by V (B )= V ( S) \ ( {s1 }∪ V ( A) ) are Kk -free.

We might suppose V ( A )= {s2 ,… , sn1 } and V ( B ) =

{sn 1+ 1 ,… , sn } as well.

Let I= Zf ( k)= {i modf (k )|1≤ i≤ f (k ) } .

For G1 , V (G1 ) = ∪
i∈ I

V ( Ai )∪ ∪
i∈ I

V ( Bi )∪ {u1 ( i )|i

∈ I }∪ {u1′( i )|i∈ I } , in w hich fo r any i∈ I , V ( A1 )=

{u2 ( i ) ,… ,un
1
( i ) } , and V (B i )= {un

1
+ 1 ( i ) ,… ,un ( i ) } .

E (G1 )= { (uy ( i ) ,uz ( i ) )|sy sz∈ E ( S) , i∈ I , 1≤ y

< z≤n}∪ ∪
3

i= 1
Ei ( 1) , w here

E1 ( 1)= { (u1′( i ) , uz ( i ) )|s1sz∈ E ( S) , i∈ I ,n1+ 1

≤ z≤n} ,

E2 ( 1) = { (u1′( i ) , uz ( i+ 1) )|s1sz∈ E ( S ) , i∈ I , 2

≤ z≤n1 } ,

E3 ( 1)= { (uy ( i ) ,uz ( i+ 1) )|sy sz∈ E ( S ) , i∈ I ,n1

+ 1≤ y≤n, 2≤ z≤n1 }.

For any i satisfies 1≤ i≤ f (k ) , let j be i mod

f (k ) , w e set

V ( S2i- 1 )= {uy ( j )|1≤ y≤n} ,

V ( S2i )= {uy ( j )|n1+ 1≤ y≤n}∪ {uz ( j+ 1)|2≤
z≤n1}∪ {u1′( j ) } .

We will const ruct G2 similarly. Let I′= {i mod

( 2f (k ) )|f ( k )+ 1≤ i≤ 2f (k ) }. Set V (G2 )= ∪
i∈ I′

V

( Ai )∪ ∪
i∈ I′

V (Bi )∪ {u1 ( i )|i∈ I′}∪ {u1′( i )|i∈ I′} , in

w hich V ( Ai )= {u2 ( i ) ,… ,un
1
( i ) } and V (Bi )= {un

1
+ 1

( i ) ,… ,un ( i ) } for any i∈ I′.

Let G2 be isomorphic to G1 , i. e. , there is a

bijection g such that for any i satisfies 1≤ i≤ f (k ) , let

j be i modf (k ) and j′be ( i+ f (k ) ) mod( 2f (k ) ) ,

g (uy ( j ) )= uy ( j′) , 1≤ y≤n,

g (u1′( j ) )= u1′( j′) ,

and (g (u) ,g (v ) )∈ E(G2 ) if and only if (u ,v )∈

E (G1 ) .

For any i sati sfies 2f (k )+ 1≤i≤ 4f (k ) , let

V ( Si )= g( V ( Si- 2f (k ) ) ) .

We define U to be the subg raph of G induced by

V (U) fo r any V (U ) V (G) .

For any i satisfies 1≤ i≤ 4f (k ) , w e have that Si

is isomo rphic to S. Let S0 be isomo rphic to S.

For any i sati sfies 1≤ i≤ 3, let the subgraph of

graph G induced by V ( Ti ) be isomo rphic to T.

Let the subg raph of graph G induced by V (C ) be

isomo rphic to Kk , the complete graph of order k.

Let E1= E(G1 )∪ E (G2 )∪ E( S0 )∪ ∪
3

i= 1
E( Ti )∪

E(C ) ,

E2= E( T 3 ,C )∪ E(∪
3

i= 1
Ti , S0 )∪ ∪

2

i= 1
E (Gi , Ti ) .

In any part in E2= E( T 3 ,C )∪ E (∪
3

i= 1
Ti , S0 )∪ ∪

2

i= 1

E(Gi , Ti ) , E (U ,U′)= { (u, u′)|u∈ U ,u′∈ U′}.

Suppose 1≤ i≤ 2f (k ) , 2f (k )+ 1≤ j≤ 4f (k ) ,

and at least one of them is odd integ er, then we have

at least 3[ f (k ) ]
2
choices to take ( Si , Sj ) , in which Si

 G1 , Sj G2 .

From f (k)=
k
3

w e have 3 [ f (k ) ]
2
≥ k.

We take just k choices f rom them, and for any

( Si , Sj ) among them , w e take a vertex w f rom C and

add edges betw een w and Si∪ Sj above. Here every

vertex in C is used for and only for one time. Fo r any

( Si , Sj ) we choose above, w e also add edges in { (u ,v )

|u∈ Si ,v∈ Sj }. Let the set of all edges added here be

E3 . Let E(G)= E1∪ E2∪ E3 .

It is not difficult to know that the order of g raph

G is

[ 2f (k )+ 1]Fv (k, k; k+ 1)+ 3Fv (k+ 1, k+ 1; k+

2)+ k+ 2f (k ) .

Now w e will prov e that g raph G is K 2k+ 2 -free.

If there is a complete subg raph C0 of o rder 2k+ 2

in G, f rom the const ruction of G we know V ( C0 )

must be in V (G1 )∪ V (G2 )∪ V (C ) .

Suppose x 1= |V (C0 )∩ V (C )|, x2= |V (C0 )∩ V

(G1 )|, and x3= |V (C0 )∩ V (G2 )|.

We know the clique numbers of C , G1 and G2 are

all k. Therefore we have xi≥ 2 for any i∈ { 1, 2, 3} .

Let u∈ V (C0 )∩ V (G1 ) and v∈ V (C0 )∩ V (G2 ) .

From the const ruction of G, we know that there are at

most 3 common neighbors of u and v inV (C ) . So 2≤

x 1≤ 3. If x 1= 2, then x2= x3= k , and w e know it is

impossible f rom the const ruction of G. If x1= 3, then

from 3+ k- 1+ k- 1= 2k+ 1 < 2k+ 2 w e know that
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ei ther x 2 or x 3 equals k. W e might suppose x 2= k as

w ell. From the const ruction of G, x 1= 3 and x 2= k ,

w e have x3= 0, which contradicts wi th x3≥ 2.

From all above w e have g raph G is K 2k+ 2-free.

Now , we giv e G any red-blue vertex coloring, i.

e. , w e color ev ery vertex inG with red or blue. To

finish the proof , w e need only to prove G→ ( 2k+ 1, 2k

+ 1) v now.

Suppose there is no t monochromatic complete

subg raph of order 2k+ 1 in G.

From S∈ Fv (k ,k; k+ 1) and Si is isomorphic to S

we know Si→ (k ,k )
v
for any i satisfies 0≤ i≤ 4f (k ) .

Similarly we have T1→ (k+ 1,k+ 1)v for any i∈ { 1, 2,

3}.

Because S0→ (k ,k )v , we may suppose there is red

Kk in S0 as w ell. From the const ruction of g raph G,

and there is not monochromatic K 2k+ 1 in G, w e have

there is blue Kk+ 1 in Tt for any i∈ { 1, 2, 3} . So there

is red Kk in Si fo r any i sati sfies 0≤ i≤ 4f (k ) .

Since there is blue K k+ 1 in T3 , we know there is

at least one vertex of color red in C.

Suppose this vertex be w in C , and its set of

neighbors in V (G1 )∪ V (G2 ) is V ( Si )∪ V ( Sj ) . From

the construction of graph G we know the subgraph

induced by V ( Si )∪ V ( Sj )∪ {w } must contain red

K 2k+ 1 . Therefore G→ ( 2k+ 1, 2k+ 1)
v
.

4　New upper bound for vertex Folkman number

Fv (k ,k; k+ 1)

　　 Theorem 7　 Suppose 0 < r <
1
2
log23-

3
4
, fo r

any k≥a0=

7

2
1
4 - r-

2 3
3

2

we have

Fv ( k, k; k+ 1)≤ c0 ( k- 1)
1
4
log

2
( k- 1) - r

, in which c0

= max {
Fv ( i , i; i+ 1)

( i- 1)
1
4
log

2
(i- 1) - r

|a0≤ i≤ 2a0 }.

Proof　 It is not dif ficult to see that Fv (k , k; k+

1)≤ c0 (k- 1)
1
4
log

2
(k- 1) - r

if a0≤ k≤ 2a0 . Now we will

prov e the inequality for 2a0≤ k≤ 4a0 .

From a0=

7

2
1
4
- r
-

2 3
3

2

and 0 < r <

1
2
log

3
2-

3
4
, we have

a0=

7

2
1
4
- r
-

2 3
3

2

≥
7

2
1
4
- r

2

≥
7

2
1
4

2

=
49

2
≥ 25.

Therefore w e have a0≥ 25. Suppose k≥a0 . So k

≥ 25.

Case 1　 Fo r 2a0+ 1≤ 2k≤ 4a0 , w e have

Fv ( 2k , 2k; 2k+ 1)≤ 5Fv (k , k; k+ 1)≤ 5c0 ( k-

1)
1
4
log

2
(k- 1)- r .

From k≥ 25 and 0 < r <
1
2
log23-

3
4

w e have

2
1
4
- r

- k- 1> 2
1
4
- (

1
2
log

2
3-

3
4
)

24= 2
1-

1
2
log

2
3

24

=
2

3
24= 4 2 > 5.

From c0 ( 2k- 1)
1
4 log2 ( 2k- 1) - r> c0 ( 2k- 2)

1
4 log2 ( 2k- 2) - r

= 2
1
4
- r

c0 k- 1( k- 1)
1
4
log

2
(k- 1) - r and 2

1
4
- r

k- 1> 5

w e have Fv ( 2k , 2k; 2k+ 1)≤ c0 ( 2k- 1)
1
4
log

2
( 2k- 1) - r .

Case 2　 Fo r 2a0+ 1≤ 2k+ 1≤ 4a0 , w e have a0≤

k≤ 2a0- 1.

From k≥ 25 and f (k )=
k
3

, w e have

2f (k ) = 2
k
3 < 2

k
3 + 2 < 3

k
3 =

3k < k.

Because 2f (k ) <k , Fv (k , k; k+ 1)≥ 2k and (k-

1)
1
4
log

2
(k- 1)- r≤ k

1
4
log

2
k - r , f rom theo rem 6 w e have

Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ [2f (k )+ 1 ]Fv (k ,k; k

+ 1)k+ 3Fv (k+ 1,k+ 1; k+ 2)+ k+ 2f (k ) ,

Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ [2f (k )+ 1 ]Fv (k ,k; k

+ 1)k+ 3Fv (k+ 1,k+ 1; k+ 2)+ k+ k ,

Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ [2f (k )+ 2 ]Fv (k ,k; k

+ 1)k+ 3Fv (k+ 1,k+ 1; k+ 2) ,

Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ [ 2f (k )+ 2 ]c0 (k-

1)
1
4
log

2
(k- 1)- r

+ 3c0k
1
4
log

2
k- r

,

　　 Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ [ 2f ( ( k ) + 5 ]

c0k
1
4
log

2
k- r.

From k≥a0=

7

2
1
4
- r-

2 3
3

2

we have

k ≥
7

2
1
4
- r-

2 3
3

. So 2
1
4
- r-

2 3
3

k≥ 7,

and w e have

2
1
4 - r

k≥
2 3

3
k+ 7= 2

k
3
+ 7>

2
k
3

+ 5.

From 2
1
4
- r

k > 2 k
3

+ 5= 2f (k )+ 5

and c0 ( 2k )
1
4
log

2
( 2k) - r

= 2
1
4
- r

c0 k k
1
4
log

2
k - r

we have
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Fv ( 2k+ 1, 2k+ 1; 2k+ 2)≤ c0 ( 2k )
1
4
log

2
( 2k)+ 1 .

We have proved Fv ( k , k; k + 1 )≤ c0 ( k -

1)
1
4
log

2
(k- 1 )- r

for 2a0≤ k≤ 4a0. We can prove the

inequality for any k≥a0 by induction similarly.

From all above w e complete the proof.

We may give theorem 7 a simple form as

following.

Theorem 8　 For any r satisfies 0 < r <
1
2 log

2 3-

3
4 , there are N (r )> 0 and c(r )> 0 such that

Fv (k ,k; k+ 1)≤ c(r ) (k- 1)
1
4
log

2
(k- 1)- r .

for any k≥N (r ) , in w hich both N (r ) and c( r ) are

constants only depending on r.

Remark　 Theorem 5 in this paper was also

proven in reference [9] independently.

An earlier version of this paper was submitted to

Journal of Graph Theory in Dec 2006, and w as

rejected at Feb 2008, mainly for the results in

reference [10] g ot ten by non-const ructive methods are

much bet ter than theorem 8 in this paper. Thanks to

the referees w ho gave many advices on improving the

w riting of that version. Even so, w e submit this paper

here af ter some necessary changes, mainly fo r our

methods are constructiv e. The inequali ties proven in

this paper can be used to giv e upper bounds for v ertex

Folkman numbers, in particular, those small ones.
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