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Abstract Letd be a given integer, all integer solutions of the diophantine equationcany (y+ 1) (y+
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Let d be a given integer, we will show that all
integer solutions of the diophantine equationcan ¥ (y+
D+ 2 = 0r o+
determine, i. e. max {lxl,lyl} < C (effectively

dx(x + 2) are effective
computable constant depending only d ). In particular,

all solutions can be determined whend = 2
1 Lemmas

Lemma 1" Let d.k are given integers, then the
solutions of x> — dy’ = k satisfy the inequality
max (| x| ,[y[) < C, where C is an effectively
comutable constant depending only on d, k.
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Lemma 2" Let a.b, ¢ be positive integers, @ > b

> l,c= 1,3,(ab,c) = 1,b= 1,ifc= 3, then the
equation
ax’+ by'= ¢ (1

has at most one integer solution (x,y), and for this
¢! (x Y+ y
or its square in the field Q( 3_a') defined by

o( 3a_bz) , excluding however, the equation 2x* + )’

3T .
b )’ is either the fundamental unit
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= 3which has the two solutions( 1, 1) and (4,- 5).
2 Main resul ts

Theorem 1 Let d be a given integer, then the

solutions of

Yo+ D+ 2= dr(er D(x+ 2) (2
satisfy the inequality max {| x| ,‘ y| } < C, whereCis
an effectively computable constant depending only d .
1,b= x+ 1, then formulae

Proof lLeta= y+

(2) may be transformed into
@ - a= db' - b)ow — db'= a- db. Let
d-db= ea- db= e. (3)
For formulae(3), we have (db+ 6)3 - db' = eor
(d'- d)b'+ 3d°Pe+ 3bdé+ & - e= 0. (4
fand b= thi,e=

Suppose that (b,e) = ter, then

formulae(4) becomes
(d° - d)fbi+ 3d’fbhie+ 3Fdbe+ fe— fe

= Oor

(&= )b+ 3d’ble+ dbels el - %: 0. (5

Letk= % , thenk is an integer, obviously K el. Since

(bi,er)= 1, thus (k,b1) =

obtainkl (&’ = d) . Note thatb= th,e= ter andk=
233

I, from formulae(5) we



% , hence the first equation of formulae( 3) becomes

a - dbif = ki, (6)
From formulae(6),we see that 4 a. leta= ta , thus
we obtain

ai - dbi = k. (7)

Note that k| (¢° = d), by lemma 1, the solution of
formulae(7) satisfies| ail < Ci,I b1l < C1, whereCiis
an effectively computable constant depending upon d.

Sincea= tai,b= thi,e= tei,er= ki’ ,the second
equation of formulae( 3) gives

2

a - db= k. (8)

Therefore | 7l < , hencel al =

(| al ‘+k|\ dbi )

| tarl < C,‘ W= 1wl < C, where C is an effectively
computable constant depending upon d . This proves

the theorem 1.

Theorem 2  The only integer solutions of the
equation
yiy+ Dy+ 2= 2(x+ LHix+ 2 (9

aregivenby (x,y)= (= 2,- 2),(- 2,00, (- 2, -
1),(0,-1),(0,0,(0,- 2),(- 1, - 1),(- 5, -

6) and (3,4).

Proof Letd = 2,thenk (d - d) = 6,
formulae(7) and formulae(8) give

ai- Bi=% lLa- 2b==% 7, (10)
orai - 2bi=% 2,41 - Bi=£ 2, (11)
orai — 2=+ 3 - =+ 2%, (12)
orai — 2=+ 6,a - b=+ &, (13)

The first equation of formulae( 10) has only
solutionsat ==+ 1.,bi= Oandai= T 1,bi =T 1.

These givet’ = 1, ==+ 1, further give (y,x)= (-
2, - 1,(0,- 1D, (- 2, - 2),(0,0) respectively.

The first equation of formulae( 11) givesQJ ai, let
ar= 2a> ,hencewe haveda: — bi==£ 1. By lemma 2,
it givesai= 0,hi= T 1, therefore(y,x)= (= 1, -
2),(= 1,0) respectively.
The first equation of formulae (12) has only
solutions (a1,b1)= (£ 1,7 1),(F 5, F 4) ,s0r =
1. These give solutions (y,x)= (0, - 2),(- 2,0),
(= 6, = 5), (4, 3) respectively.

The first equation of formulae( 13) becomes

4 - b==% 3= 2m. (14)
From lemma 2, formulae( 14) has only solutions @2
=+ 1,bh =% 1, and hencear =+ 2, =+ 1.
Therefore the second equation of formulae( 13) gives
+ 6= ai- 2= 0, soa= tm= 0,b= thi= 0, this
gives (x,y)= (- 1, = 1) bya= y+ 1,b= x+ 1
The proof is completed-
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