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Oscillation of Impulsive Partial Difference Equation
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Abstract By employing arithemetic mean-geometric mean inequality and partial difference

inequality, we obtain sufficient conditions for oscillation of all solution of the impulsive partial

difference equation
Amw 1nt+ Awmw 1= A+ pwmAn-ra-i = 0,m= mo,n= no — l,m7% mu,
Amg ot Amom V= Awon= bedn o N = mo- 1,k€ N(1),
where { prn} is a double sequence and pr=="0 and not identically zero, form= mo,n= no — 1, {br}

is a real sequence, 7.,/ are positive integers, 0 mo< mi < - <my <-- Withk]j!?mk = o,
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The oscillatory behavior on partial difference Ame 1o+ Amw 1 — Am+  pwmAn-ra-1=0,

equations without impulses has been investigated by
some authors . However. to the present time, there
is no literature investigate the oscillation of impulsive
partial difference equations.

Let N denote the set of all integers For any a&
N, define N (a) = ,}. For any m,r&
N (1), defineN(m — r,m)= {m- r,m—-r+ 1,

m }. In this paper, we consider the sufficient conditions

{a,a+ 1,

for oscillation of all solutions of the impulsive partial

difference equation
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m= mo,n= no — 1,m7% m,
A, n+ Anw 1 = Amon= bcAm.n,
Vn=m- LkE N(1),
(1)
where {pm} is a double sequence and pr=="0 and not
1, {b} is a real

sequence, 7'l are positive integers, O mo<< mi <--

identically zero, form= mo,n= no —

<mi < eeowith immu = o For any mo,me= 0, let
Gyny = {B K> R}, where

Ko= {(m.n) m= mo - r.n=m - (I+
DN{((m.n) m= mo,ni= no - 1}.

1 Preliminaries

Definition 1  For givenmo= 0,m=> 0 and h&
(1, ,a double sequence {Ann ) is said to be a solution
of equation( 1) satisfying the initial condition
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Am = b, (m,n)€ Ko, (2)
if {Am } is defined on N (mo— r)< N (- (I+ 1))
and satisfies equation(1) and formulae(2).

For givenmo=0,ne= Oand e Q) » by means
of method of steps, the solution of equation( 1) exists
and unique.

Definition 2 A solution of equation( 1) is said to
be oscillatory if it is neither eventually positive nor
eventually negative.

When {m«} = O ie. {mr} is an empty set,
equation (1) reduces to the partial difference equation
0,m=

mo,n= no— 1. (3)

Am»— 1.n + Am‘m 1 — Amn + pnn 14m— ran-1 =

If there is a sequence {mx} of positive integers

such that mi—> c° wheni> ©© | andbn, << - 1, then,

it is easy to see that every solution of equation( 1) is

oscillatory. Therefore, we always assume thatbe > — 1
for any k€ N (1) .

2  Main results

The following theorem 1 provides a sufficient

condition for oscillation of all solutions of equation

(D).
Theorem 1 Assume that
(i) fim sup[(1+ b)wlmewmy I (14

mke N (m-r,m-1)
h) '] <o, (4
(i) lim inf[ 2]

i€ Nm - rm- 1)
i {m )
-1
pra X[+ b)afmewy |1 (1

mkE N (m-r,m-1)

Pin-1 +

JE N(n-Ln-1)
i {m )
m ko1

et N (5)

(r+ I+ 1

Then every solution of equation( 1) is osdllatory.

+ &) >

Proof Suppose on the contrary, there is a non—
oscillatory solution {Am } of equation ( 1) which is
eventually positive. Without loss of generality, we
assume that Am> Oform= mb— r,n= nb— (I+ 1).
Let
SR m= mb, = nb - (6)
By equation(1), we have

Am+ 1,n+ Am,m 1
= 1- PrnWmn ,m?ﬁ my ,

Ann
Amﬁ Ln+ Amk,m 1
and g = 1+ bk, so
236

Amn 1

— = - 1n Wmn

e L [1= ponwm [, m7 my, (7)
Amn 1
A 1> [1— pmn\’Vrnn] N m# mi ., (8)

and
D e B (1 by
Akar l.n/ ’ Amk.m l/ :

(9
By formulae(6)~ (9),wehave
Amf ron—1 AmfrJr 1,n-1

Amf m Ln-1 AmfrJr 2,n—1

Amn—l+ 1‘” Amn— l> H (1_
Am,n— k2 Amn i€ Nm - rm - 1)

Am.nfl .

Am,nf k1

Wmn =

i€ (my)
(1= powm) (14
J€ N(n-1l,n- 1)
mé {m}

bf)I;:l mse {mk) H

mkG N(m=-r,m- 1)

-1
pi,n—lWi,n—l) ><

(1+ by .

By employing arithemetic mean—geometric mean
inequality , we get

{1-

1 [ Z Din-1Win- 1 +

r+ 1 i€ Nm-rom- 1)
i {my)

Whin ==

Pm.jWm,j ]_ r—l}( 1+ ll')r;:lmge m )
JE N(n-lLn- 1) ’ k

i€ {m)
1T s )

m € N(m- r.m- 1)

k

By equation (1), we get

(g 2 P IWin-1 +

i€ N(m- rm - 1)
i (my)

P iWmj < r+ L
JjE N(n-ILn- 1)

i€ {my }
Using the inequality’”” (1 - r+c Z)_r_l =
(r+ I+ D**!

ot 1) ¢ (0< c <r+ I), we have

(r+ I+ 1)**!

= (r+ l)er " [ie N(m—- r.m - 1)

pi,nf I
i€ {my)
P jWm.j ]( 1+ h );n:l mA_E {m,} '

JE Nn-1,n-1)
i€ {mi}

Win-1+

1)r+ &1

l)ﬁHl

(r+ I+

H m,{e N (m- r,m- 1)(1+ bk)_ > (’,.+
> Din-1+ )

i€ Nm - rom- 1) JjE N(n-1ILn- 1)

pm.j ]
i€ {my)
(1 +

i {my)

bylacwy I (1 + By X

mkE N(m—r,m- 1)
{min{wij| (i,j))€ N(m - r,m)X Nn- I,n-
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By formulae( 5), we can choose constants0, Mo, No >

Osuch that
ko1
(r+ I+ 1)° " _
l r+'F 1 [ ps"*I +
(r+ 1) i€ N(m= rm- 1)
i€ {my)

pri X (14 B me m)
JE Nm- Ln- 1) ’
i {m )

11 ve vy (1+ BY "> 0> Lm> Mo,n> No.

Thus

wm= Omin{wi;l (i,j/)€ N(m - r,m)< N(n
- ILn- 1)},m> Mo,n> No. (10)
Let lim inf wm = Ao . By formulae(4) and formulae

Pin-1+ 2

JE Nn-Ln- 1)
m& {my)

(5), we obtain
lim inf[ Z
LAl i€ N(m - rom - 1)

i€ (my)

pmj ]> 0

Then we can choose constants@, M1,N1> Osuch that

20 pait 2,

i€ N(m-r,m- 1) JjE Nn-Ln- 1)
m¢& {my )

pmAj> a > 0
i€ {my)

form > Mi,n> Ni.
Thus, for anym > Mi,n> N1 ,there are positive

integersm ,n such that

An* + -1+ An o+ Ln-k 1
< *
T Airwn T
m - r.n-—
Am* -1 Am’k an—1 -1
= Wm .n-1
Am* - r,n— 21\ Am* -rn-12
or
a < . Am l,n* + A+ l,n* + 1
re 1S P =T Anera -1 "
m-r.n -
Am,n* 14"1.?13k -1,

= Wn,
Am— roa - l\ /lm—r.rik -1 -

So we havelo <o° . We will showXo> 0. I it is on

the contrary, we set m’]i{r}x\ inf Wnn = 0, there are

positive integers sequence {s}, {#x}, % <8 1,8 < te 1,

Sk, > OO, > o0 |
Wy, = min{wwl (m,n)€ N (mo,s)X N (no -

L)},

By formulae( 10), we get ws., = Ows.,. Thisis a

contradiction,so 0 < Ao <o . By lim inf wm = Ao,

m.,n>oo

for every real numberz(o <Zc< 1) , there are M, N
> 0 such that wm= %k, form > M,n> N. By

A 20084 8H % ISEF 34

formulae (10), we have wm= 0%0o,m > max{Mo, M
+ r},n> max{No,N + [}. Therefore, we have

” ],.}*Igd infwm = 0% . Let Z> 1 , we obtainAo= OXo .

This is a contradiction , then we complete the proof.
Corollary 1  Assume that
()mw 1 — m= T,rl <T, 0= b~ L,k= 1,
2o,

r+ ko1

(r+ I+ 1)
(r+ D*T

Then every solution of equation( 1) is oscillatory.

Pnn > 1+ L.

(1) mn]gl; inf
Corollary 2 Assume that
(1) Mt 1 — M/> T, rl < T,bf> 0, wherek= 1,

2,0, imbe= 0,p(x.y)= p,

(r+ I+ 1"

(]l)p (I”+ l)r+ 1
Then every solution of equation( 1) is oscillatory.

> 1

Example Consider the oscillation of the equation
Ame 1w+ Amm 1 — Am+ %;Amf tn-2= 0,

m= mo,n= no — 1l.m7#= 3k,
Axe 1+ Asm 1 — Axon= —;Ask,,,,

V€ [m- 150),k€ N(1).

By corollary 1, we know that every solution of this

equation is oscillatory.
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