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Oscil lation of Impulsive Partial Difference Equation*

脉冲偏差分方程的振动性
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Abstract: By employing arithemetic mean-geometric mean inequality and partial difference

inequali ty, w e obtain suf ficient conditions for oscillation of all solution of the impulsiv e partial

difference equation

　　
Am+ 1,n + Am ,n+ 1 - Amn + pmn Am- r , n- l = 0,m ≥ m0 ,n≥ n0 - 1,m≠ mk ,

Am
k+ 1

, n + Am
k
,n+ 1 - Am

k
,n = bk Am

k
,n , n≥ n0 - 1,k∈ N ( 1) ,

where {pmn } is a double sequence and pmn≥ 0 and not identically zero, form≥ m0 ,n≥ n0 - 1, {bk }

is a real sequence, r , l are posi tiv e integ ers, 0≤ m0 ≤ m1 < … < mk <… with lim
k→∞

mk = ∞ .
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摘要:获得脉冲偏差分方程

Am+ 1,n + Am,n+ 1 - Amn + pmn Am- r ,n- l = 0,m ≥ m0 , n≥ n0 - 1,m ≠ m k ,

Am
k+ 1

,n+ Am
k
,n+ 1 - Am

k
,n = bk Am

k
,n , n≥ n0 - 1,k ∈ N ( 1) ,

所有解振动的充分条件 ,其中 {pmn }是一个双指标序列 ,对 m≥ m0 ,n≥ n0 - 1,有 pmn ≥ 0且不恒为零 , {bk }是实

数序列 ,r , l是正整数 , 0≤ m0≤ m1 < … < mk < … 满足 lim
k→∞

mk = ∞ .
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　 　 The oscillatory behavio r on partial dif ference

equations w ithout impulses has been investigated by

some authors
[ 1～ 4] . How ever, to the present time, there

is no literature investigate the oscillation of impulsiv e

pa rtial difference equations.

　　 Let N denote the set of all integers. For any a∈

N , define N (a ) = {a,a + 1,… , } . For any m , r∈

N ( 1) , define N (m - r ,m ) = {m - r ,m - r+ 1,… ,

m }. In this paper, w e consider the suf ficient conditions

for oscillation of all solutions of the impulsiv e partial

dif ference equation

　　

Am+ 1,n + Am ,n+ 1 - Amn + pmn Am- r ,n- l = 0,

　　m≥ m0 ,n≥ n0 - 1,m ≠ mk ,

Am
k+ 1

,n + Am
k
,n+ 1 - Am

k
,n = bk Am

k
, n ,

　　 n≥ n0 - 1,k∈ N ( 1) ,

( 1)

w here {pmn } i s a double sequence and pmn ≥ 0 and no t

identically zero, form ≥ m0 ,n≥ n0 - 1, {bk } i s a real

sequence, r , l are positiv e integ ers, 0≤ m0 ≤ m1 <…

< mk < … with lim
k→∞

mk = ∞ . For any m0 ,n0≥ 0, let

Om
0
,n
0 = {h: K0 → R} , w here

　 　 K0 = { (m ,n )|m ≥ m0 - r ,n ≥ n0 - ( l +

1) } \ { (m ,n)|m≥ m0 ,n≥ n0 - 1} .

1　 Prel iminaries

　　 Definition 1　 Fo r giv enm0 ≥ 0,n0 ≥ 0 andh∈

Om
0
,n
0 , a double sequence {Amn } is said to be a solution

of equation( 1) satisfying the initial condition
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　　 Amn = hmn , (m ,n )∈ K0 , ( 2)

if {Amn } is defined onN (m0 - r )× N (n0 - ( l+ 1) )

and satisfies equation( 1) and formulae( 2) .

　　 For givenm0≥ 0,n0≥ 0 andh∈ Om
0
,n
0
, by means

of method of steps, the solution of equation( 1) exists

and unique.

　　Definition 2　 A solution of equation( 1) is said to

be oscillatory if i t is neither eventually positiv e no r

eventually negativ e.

　 　 When {mk } = ○ , i. e. {mk } is an empty set,

equation ( 1) reduces to the partial di fference equation

　　 Am+ 1,n + Am ,n+ 1 - Amn + pmn Am- r ,n- l = 0,m≥

m0 ,n≥ n0 - 1. ( 3)

　 　 If there is a sequence {mki } of positive integ ers

such thatmk
i → ∞ when i→ ∞ , andbmk

i
≤- 1 , then,

it is easy to see that ev ery solution of equation( 1) is

oscillato ry. Therefore, w e alw ays assume thatbk > - 1

for any k∈ N ( 1) .

2　Main results

　 　 The following theorem 1 provides a suf ficient

condition for oscillation of all solutions of equation

( 1) .

　　 Theorem 1　 Assume that

　　 ( i ) lim
m ,n→∞

sup [ ( 1+ bs )
- l
m= m

s
∈ {m

k
} ∏
m
k
∈ N (m- r , m- 1)

( 1+

bk ) - 1 ] < ∞ , ( 4)

　　 ( ii) lim
m ,n→∞

inf [ ∑
i∈ N (m - r ,m - 1)

i {mk }

pi,n - l +

∑
j ∈ N (n - l, n - 1)

i {mk }

pm , j ]× [ ( 1+ bs ) - l
m= m

s
∈ {m

k
} ∏
m
k
∈ N (m- r , m- 1)

( 1

+ bk )
- 1
] >

(r+ l )
r+ l+ 1

(r + l + 1)
r+ l+ 1 . ( 5)

Then every solution of equa tion( 1) is osci llatory.

　　 Proof　 Suppose on the contrary, there is a non-

oscillato ry solution {Amn } of equation ( 1) which is

eventually posi tiv e. Without loss of generali ty, w e

assume that Amn > 0 form≥ m
1
0 - r ,n≥ n

1
0 - ( l+ 1) .

Let

　　 wmn =
Am- r ,n- l

Amn
,m ≥ m

1
0 ,n≥ n

1
0 - 1. ( 6)

By equation( 1) , w e have

　　
Am+ 1, n + Am ,n+ 1

Amn
= 1 - pmnwmn ,m ≠ mk ,

and
Am

k
+ 1, n + Am

k
,n+ 1

Amkn
= 1+ bk , so

Amn

Am+ 1, n
≥ [1 - pmnwmn ]- 1 , m ≠ mk , ( 7)

　　
Amn

Am ,n+ 1
≥ [1 - pmnwmn ]- 1 , m≠ mk , ( 8)

and

　　
Am

k
,n

Am
k
+ 1,n

≥ ( 1+ bk )
- 1
,
Am

k
,n

Am
k
, n+ 1

≥ ( 1+ bk )
- 1
.

( 9)

By formulae( 6)～ ( 9) , w e have

　　 wmn =
Am- r ,n - l

Am- r+ 1,n- l

Am- r+ 1, n- l

Am- r+ 2, n- l
……

Am ,n - l

Am ,n- l+ 1
 

Am , n- l+ 1

Am , n- l+ 2
…

Am ,n - 1

Amn
≥ ∏

i∈ N (m - r ,m - 1)

i {mk }

( 1 -

pi,n - lwi, n- l ) - 1× ∏
j∈ N ( n - l ,n - 1)

m {mk }

( 1 - pmjwmj ) - 1 ( 1+

bs ) - l
m= m

s
∈ {m

k
} ∏
m
k
∈ N ( m- r , m- 1)

( 1+ bk )- 1 .

By employing arithemetic mean-geometric mean

inequality , w e get

　 　 wmn ≥ { 1 -
1

r + l
[ ∑
i∈ N (m - r ,m - 1)

i {mk }

pi, n- l wi,n- l +

∑
j ∈ N (n - l,n - 1)

i {mk }

pm , jwm , j ]- r- l } ( 1+ bs ) - l
m= m

s
∈ {m

k
}  

∏
m
k
∈ N (m- r ,m- 1)

( 1+ bk )
- 1
.

By equation ( 1) , we get

　　 0≤ ∑
i∈ N ( m - r ,m - 1)

i {mk }

pi ,n- lwi, n- l +

∑
j ∈ N (n - l,n - 1)

i {mk }

pm , jwm , j < r+ l.

Using the inequality[ 5] ( 1 -
c

r + l
) - r- l ≥

(r+ l+ 1) r+ l+ 1

(r + l )r+ l+ 1 c　 ( 0≤ c < r+ l ) , w e have

　　 wmn ≥
(r + l + 1)r+ l+ 1

( r+ l )r+ l+ 1 [ ∑
i ∈ N ( m - r ,m - 1)

i  {mk }

pi,n- l  

wi ,n- l + ∑
j ∈ N (n - l ,n - 1)

i {mk }

pm , jwm , j ] ( 1+ bs )- l
m= m

s
∈ {m

k
}  

∏ m
k
∈ N (m- r ,m- 1) ( 1+ bk )

- 1
≥

(r + l + 1)r+ l+ 1

(r+ l ) r+ l+ 1  

[ ∑
i∈ N (m - r ,m - 1)

i {mk }

pi, n- l + ∑
j ∈ N (n - l,n - 1)

i {mk }

pm , j ]  

( 1 + bs )
- l
m= m

s
∈ {m

k
} ∏
m
k
∈ N ( m- r ,m- 1)

( 1 + bk )
- 1

×

{min{wi , j|( i , j ) ∈ N (m - r ,m ) × N (n - l ,n -
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1) } } .

By formulae( 5) , w e can choose constantsθ,M0 ,N 0 >

0 such that

　 　 ( r+ l+ 1)
r+ l+ 1

(r + l )r+ l+ 1 [ ∑
i∈ N (m - r ,m - 1)

i {mk }

pi ,n- l +

∑
j ∈ N (n - l, n - 1)

i {mk }

pm , j ]× ( 1+ bs ) - l
m= m

s
∈ {m

k
}  

∏ m
k
∈ N (m- r ,m- 1)

( 1+ bk )- 1> θ> 1,m > M0 ,n> N 0.

Thus

　　 wmn ≥ θmin{wi, j|( i , j )∈ N (m - r ,m )× N (n

- l ,n - 1) } ,m > M0 ,n > N 0 . ( 10)

Let lim
m , n→∞

inf wmn = λ0 . By formulae( 4) and formulae

( 5) , w e obtain

lim
m ,n→∞

inf [ ∑
i∈ N (m - r ,m - 1)

i {mk }

pi,n- l+ ∑
j ∈ N (n - l,n - 1)

m  {mk }

pm , j ]> 0.

Then w e can choose constantsa,M1 ,N 1 > 0 such that

　　 ∑
i∈ N (m - r , m - 1)

i {mk }

pi,n - l + ∑
j ∈ N (n - l,n - 1)

m  {mk }

pm , j ≥ a > 0

form > M1 ,n > N 1 .

　　 Thus, for anym > M 1 ,n > N 1 , there are positiv e

integ ersm
* ,n* such that

　　
a

r+ l
≤ pm

*
, n- l = -

Am* + 1,n - l + Am* + 1, n- l+ 1

Am
*
- r ,n - 2l

+

Am* ,n - l

Am* - r ,n- 2l
≤

Am* , n- l

Am* - r ,n - 2l
= w

- 1
m* ,n - l

o r

　 　
a

r + l
≤ pm ,n* = -

Am+ 1,n
* + Am+ 1,n

*
+ 1

Am- r ,n
*
- l

+

Am ,n*

Am- r ,n* - l
≤

Am ,n*

Am- r ,n* - l
= w

- 1
m , n

* .

So we haveλ0 < ∞ . We w ill showλ0 > 0 . If it is on

the contrary , w e set lim
m , n→∞

inf wmn = 0, there are

positive integers sequence {sk } , {tk } , sk < sk+ 1 , tk < tk+ 1 ,

sk , tk → ∞ , k→ ∞ ,

　　ws
k
, t
k
= min{wmn|(m ,n)∈ N (m 0 , sk )× N (n0 -

1, tk ) }.

By fo rmulae ( 10) , we get ws
k
, t
k

≥ θws
k
, t
k
. This is a

contradiction, so 0 < λ0 < ∞ . By lim
m ,n→∞

inf wmn = λ0 ,

for ev ery real numberZ( 0 < Z< 1) , there areM , N

> 0 such that wmn ≥ Zλ0 , fo r m > M ,n > N . By

formulae ( 10) , w e have wmn ≥ θZλ0 ,m > max {M0 ,M

+ r } ,n > max {N 0 , N + l }. Therefore, w e have

lim
m ,n→∞

infwmn = θZλ0 . LetZ→ 1 , w e obtainλ0 ≥ θλ0 .

This is a contradiction , then w e complete the proof.

　　 Corol lary 1　 Assume that

　　 ( i)mk+ 1 - mk≥ T , rl < T , 0≤ bk ≤ L , k= 1,

2,… ,

　　 ( ii ) lim
mn→∞

inf
(r + l + 1)

r+ l+ 1

(r+ l )
r+ l+ 1 pmn > 1+ L .

Then every solution of equation( 1) is oscillatory.

　　 Corol lary 2　 Assume that

　　 ( i) mk+ 1 - mk≥ T , rl < T ,bk≥ 0, wherek= 1,

2,… , lim
k→∞

bk = 0,p (x , y )≡ p,

　　 ( ii )p
(r + l + 1)

r+ l+ 1

( r+ l )
r+ l+ 1 > 1.

Then every solution of equation( 1) is oscillatory.

　　 Example　 Consider the oscillation of the equation

　　

Am+ 1,n + Am ,n+ 1 - Amn + 3
5

4
4 Am- 1,n - 2 = 0,

　　m≥ m0 ,n≥ n0 - 1,m ≠ 3k ,

A3k+ 1 ,n + A3k ,n+ 1 - A3k ,n =
1
2
A3k,n ,

　　 n∈ [n0 - 1,∞ ) ,k∈ N ( 1) .

By corollary 1, we know that every solution of this

equation is oscillato ry.
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