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Abstract: Based on statistical analogies, theα- price of an American contingent claim is obtained,

and a minimal hedge strateg y is constructed. Enlightened by hedging the contingent claim in

probability , w e get the pricing formula of the contingent claim at tainable in probability. At last w e

consider an example w hich is an one period model at tainable in probability and get the fair price by

this pricing fo rmula, its special case is a non-at tainable contingent claim.
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摘要:应用统计方法得出美式未定权益的 α-价格 ,并构造出它的一个最小套期保值策略 ,再根据美式未定权益的

α-价格推导出依概率可达未定权益的公平价格公式 ,并用该公式求出一个单时段市场上依概率可达未定权益的

公平价格 .
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　 　 Since F Black and M Scholes
[1 ]
deriv ed the

formula of pricing options, the studies of pricing

contingent claims in complete market had made a g reat

prog ress. J C Cox , S A Ross and M Rubinstein
[2 ]
found

a simple approach to pricing options. Follmer
[ 3] ,

Schw eizer
[3 ]
and Nguyen

[4 ]
had made a profound study

on the pricing of European contingent claim in

incomplete ma rkets Youn
[ 5]

show ed an example of

non-at tainable contingent claim in one period model.

Altug
[6 ]
also showed some examples of complete and

incomplete market models. Merton [7 ] studied a stock

price evolv e in both geometric Brow nian mo tion and

Poission process w ith varying jumps, and he show ed

that it is impossible to construct a hedging po rtfolio of

stock and option in the particular market as Black and

Scholes did fo r g eometric Brow nian mo tion. Naik and

Lee
[ 8]
show ed an example of contingent claim that

can′t be replicated when the stock price follow s a

mix ture process, and they used M erton′s model
[7 ]

to

value a non-at tainable contingent claim. Kallsen and

Kǜ hn[9 ] deriv ed the American contingent claim price in

incomplete market and explicit ly explained the pricing

derivatives of American and game type in incomplete

markets.

　 　 In contrast , there are lit tle co rresponding

li teratures dealing with the contingent claims

at tainable in probabili ty. Mel′nikov
[10 ]

brought a new

idea for pricing and hedge European contingent claims

wi th a posi tiv e probability. Actually , most of

contingent claim s attainable in probability are

American. How to price and hedge these claims is

becoming more and more urgent.

　　 In this paper, the approach presented below is

based on statistical analogies and assumes that the
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American contingent claim at tainable in probability.

Just like Mel′nikov
[10 ] , it turns out that a satisfactory

solution of the above problem is possible. Mo reover,

acco rding to theα-price of American contingent claim,

w e get the fair price of a contingent claim attainable in

probabili ty. At the end, w e will consider an example to

explain the theory we get.

1　 Some definitions

　　What w e discuss below are based on Mel′nikov′s

complete ( B, S)-market
[10 ]
w ith deterministic rn > - 1

and B0 = 1. We have giv en an American contingent

claim ( f ,N ) , such that E
*
ff > 0 fo r each stopping

timef, where E
*
is the average w ith respect to the

ma rtingale measure P
*
. With the given contingent

claim , the co rresponding class of self-financing

strategies is

　　 SF( f ,N ) = {c∈ SF: X
c
f≥ ff- E

*
ff}.

　　 Definition 1. 1　 For an American contingent

claim f = ( f n )n≤N , set some levels of significanceT∈

( 0, 1) of the contingent claim ( f , N ) . W e call a

strateg yc∈ SF ( f , N ) is anT-(x , f ,N ) -hedge if fo r

P′= P and P′= P
*
,

　　P′{X
c
f≥ ff}≥ 1 - T, ( 1. 1)

over all stopping timef.

　　 The set ofT-hedges is denoted by∏ (x , f ,N ,

T) .

　　 Definition 1. 2　 A stra tegyc∈ SF ( f , N ) is an

T- minimal hedge if there is a stopping timef, such

that

　　 P′(X
c
f(k) = ff(k) ) = 1 - T,

for allk∈ K.

　　 Definition 1. 3　 Suppose ( f ,N ) i s an American

contingent claim with f = ( f n )n≤N , w e callC ( N ,T) is

anT-price of the contingent claim ( f , N ) w here

　　 C (N ,T) = inf {x > 0:∏ (x , f ,N ,T)≠○ } .

( 1. 2)

　　 This is only a definition ofT-price of an American

contingent claim. By this defini tion w e can′t calculate

the concrete value nearly .

2　Main conclusion

　　 Theorem 2. 1　 TheT- price of an American

contingent claim ( f ,N ) is ( 1 - T)C , w here C is the

fair price of the American contingent claim.

　 　 Proof　 First ly , w e establish that for any

po rtfolioc∈ SF ( f ,N ) ,

　　 P
* {Xcf* ≥ ff* }≤

X
c
0

C
, ( 1. 3)

w here f
*

is the optimal stopping time and C =

E
*
X
c
f* (U ) ff* is the fair price of the American

contingent claim.

　　 Indeed, by Cheby shev′s inequality , the defini tio n

of class SF( f ,N ) , the martingale property of the

measure P
*

and the M el′nikov′s fo rmula, we can

conclude formulae( 1. 3) .

　　 P
*
{X

c
f* ≥ ff* } = P

*
{X

c
f* - ff* + E

*
ff* ≥

E
*
ff* } ≤

E
*
(X

c
f* - ff* + E

*
ff* )

E
*
ff*

=
E
*
X
c
f*

E
*
ff*

=

E
*
E
- 1
f* (u) Xcf*

E
*
E
- 1
f* (u) ff*

=
X
c
0

C
.

　　 From fo rmulae ( 1. 1) and fo rmulae ( 1. 3) , the

necessa ry condi tion for a strateg ycin the class SF( f ,

N ) to be anT-(x , f ,N ) -hedge is

　　 1 - T≤ P
* {Xcf* ≥ ff* }≤ x

C
, or

　　 x≥ ( 1 - T)C .

Then, w e′ll construct a strateg ycT with ini tial value ( 1

- T)C. If w e can provecT∈ ∏ ( ( 1 - T)C , f ,N ,T)

and there is anT-minimal hedge in the set ofT-hedges

∏ ( ( 1- T)C , f , N ,T) , then theorem 2. 1 is tenable.

　 　 Fo r the original measure P and martingale

measureP* we define the densi ty is

　　 Zf* =
d P
dP

* . ( 1. 4)

It is clear that there is aλ= λ(T) such that

　　 P
* {Zf* ≥λ} = 1 - T. ( 1. 5)

With the aim of simpli fying the arguments w e assume

thatλ≥ 1.

　　 Considering the martingales M
T
n =

E
*
( I{ Zf* <λ(T) }|Fn ) and M

C
n = E

*
( E

- 1
f* (U ) ff* |Fn ) .

Since the market is complete, admit representations

　　M
T
n = T+ ∑

n

k= 1

hk E- 1
k (U )Sk- 1 (dk - rk ) ,

　　M
C
n = C+ ∑

n

k= 1

V*k X- 1
k (U ) Sk- 1 (dk - rk ) ,

wi th predictable sequences (hk ) and (V*k ) .

　　 For the initial value X 0 = ( 1 - T)C , w e define

the port foliocT= (U
T
n ,V

T
n ) n≤N by the following fo rmulas

　　VTn = V*n - hnC ,UTn =
X
c
Tn- 1 - VTn Sn - 1

En- 1 (U )
. ( 1. 6)

We will show that the so-called port foliocT is anT-( ( 1
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- T)C , f , N ) -hedge.

　　 Indeed, from reference [10] and formulae( 1. 6) ,

w e have

　　E
- 1
n (U )X

c
T
n = X 0+ ∑

n

k= 1
E
- 1
k (U )V

T
kSk- 1 (dk - rk ) =

( 1 - T)C + ∑
n

k= 1

E
- 1
k (U) (V*k - hkC ) Sk- 1 (dk - rk ) =

( 1 - T)C + ∑
n

k= 1
E
- 1
k (U ) Sk- 1V

*
k (dk - rk ) -

∑
n

k= 1

E
- 1
k (U ) Sk- 1hkC (dk - rk ) = ( 1 - T)C - ( 1 -

T)C+ M
C
n - C (MT

n - T) . ( 1. 7)

From formulae( 1. 7) , w e have

　　 E
- 1
f* (U )X

c
T
f* , E

- 1
f* (U ) ff* - CI{ Z

f
* <λ} .

Therefore E
- 1
f* (U ) X

c
T
f* ≥ E

- 1
f* (U ) ff* - C .

The inequality above means thatcT∈ SF( f ,N ) .

　　 Further, i t follow s f rom formulae( 1. 4) that

　　 P
*
{X

c
T
f* ≥ ff* } = P

*
{ ff* - CI{ Zf* <λ} Ef* (U )

≥ ff* } = P
* {I{ Z

f
* <λ}≤ 0} = P

* {Zf* ≥λ} = 1 - T.

( 1. 8)

　　 Finally, f rom formulae( 1. 4) , fo rmulae( 1. 5) and

formulae( 1. 7)

　 　 P {X
cT
f* ≥ ff* } = E

*
I{XT

f*
≥ f

f*
} Zf* ≥

E
*
I{XTf* ≥ ff* } I{ Zf* ≥λ} Zf

* ≥ λ( 1 - T)≥ 1 - T. ( 1. 9)

　 　 The relations betw een formulae ( 1. 8 ) and

formulae ( 1. 9) show that the condi tion ( 1. 1) holds

for the strateg ycT and hencecT is anT-( ( 1 - T)C , f ,

N ) -hedge.

　　With the initial v alue

　　 x = X
c
T0 = sup

0≤f≤N
E
*X- 1

f (U ) ffI{XcT
f
≥ f

f
} = ( 1 -

T) sup
0≤f≤N

E
* X- 1

f (U ) ff.

The discounted value of st rategycT is

　　 M
c
Tn = X

c
Tn /Bn .

The form of its representation is

　　 M
c
T
n = M

c
T
0 + ∑

n

k= 1

V
*
k Sk- 1

Bk
(dk - rk ) , ( 1. 10)

w here, V
*
k = V~kBk S

- 1
k- 1∈ Fk- 1 , (V~k ) is a predictable

sequence.

　　 Let Yn = sup
n≤f≤N

E
* (

ffI{Xc
f
≥ ff}

Bf
|Fn ) .

　　 It is clear tha tYn is a supermartingale with respect

to P
*
. According to the Doob decomposi tion fo r

supermartingales, w e have

　　 Yn = Mn - An (P
*
- a. s. ) ,

w hereM = (Mn )n≤N (M0 = Y0 ) i s a martingale, and A

= ( An )n≤N ( A0 = 0) is a predictable nondecreasing

stochastic sequence.

　 　 Since ( B, S ) -market
[ 10]

i s complete, admit

representation

　　 Mn = M 0 + ∑
n

k= 1

V*k Sk- 1

Bk
(dk - rk ) . ( 1. 11)

Compare formulae ( 1. 10) and formulae ( 1. 11) , w e

conclude that

　　 M
c
Tn = Mn ,n≤ N .

Consequently

　　 X
c
T
n = M

c
T
n Bn = MnBn = (Yn+ An )Bn≥ YnBn =

sup
n≤f≤N

E
* (

ffI{XcT
f
≥ f

f
}

Bf
|Fn }Bn =

sup
n≤f≤N

E
* (X- 1

f (U )Xn (U ) ffI{Xc
f
≥ f

f
}|Fn )≥ f n I{Xc

n
≥ f

n
} .

( 1. 12)

It follow s from formulae( 1. 12) that

　　 P′{X
c
T
n ≥ f n } = 1 - T,

for n = 0, 1,… , N , consequentlycT∈ ∏ (x , f ,N ,

T) .

　　 From the defini tio n of Yn , in the stochastic

interval [0,f
* ] there is

　　 Yn (k) = E
* ( Yn+ 1|Fn ) , An (k) = 0.

From formulae ( 1. 12) it follows directly that in the

same interv al [0,f
* ] there is

　　 X
c
T
n (k) = sup

n≤f≤N
E
*
(X

- 1
f (U)Xn (U ) ffI{XcTf≥ ff}|Fn ) .

Considering the defini tion off
*
, the property of Yn in

[0,f
*
] , and An = ∑

n

k= 1 (Yk- 1 - E
*
( Yk|Fk- 1 ) ) , w e

know Af* (k) = 0. So

　　 P′{X
c
T
f* (k) = Yf* (k)Bf* (k) = ff* (k) } = 1 -

T, ( 1. 13)

andcT is anT-minimal hedge strateg y.

　　 Corol lary 2. 1　 Consider a complete ( B, S) -

market , if w e set the risk sustaining levelT∈ ( 0, 1) ,

then we can hedge the contingent claim by initial

assets ( 1 - T)C , w hereC is the initial funds of hedge

contingent claim w ith probabili ty 1.

　　 Remark 2. 1　 The contingent claim can be

European o r American. The case of European has been

proved by Mel′nikov , the case of American have been

proved in this paper above.

　　What have been obtained show that i t is possible

to hedge a contingent claim wi th a specified probability

1 - T. Further, the initial value can be reduced by the

amount ofTC , though the accepted contingent claim
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w ith a riskTcan not be repaid.

　　 Theorem 2. 2　 The fair price V of a contingent

claim at tainable with probability 1 - Tis

　　V = 1
1+ r

[ ( 1 - T)C′+ TV′] = E′f
1+ r

,

w here C′= ( 1+ r )C ,V′= ( 1+ r )V ,C is the fai r

price of the contingent claim when it is at tainable with

probabili ty 1, and V i s the neutral price of the

contingent claim when i t is non-attainable, E′is the

average wi th respect to measureP′.

　　 Proof　 Let C i s the fai r price of the contingent

claim when i t is at tainable andV is the neutral price of

the contingent claim when it is non-at tainable, herein

the contingent claim is attainable w ith probabili ty 1 -

T, namely, non-attainable wi th probabi lityT. So the

fair price V is the average of C and V with respect to

measure P′.

　　 If w e denote

　　 C′= ( 1+ r )C and V′= ( 1+ r ) V ,

then V can be w ri ten by

　　 V = 1
1+ r

[ ( 1 - T)C′+ TV′] = 1
1+ r

E′f .

　　 Example 2. 1　We consider an one period model

in w hich a stock take th ree possible values w ith a

positive probabili ty T. u and d are both regula r

movements with probability of p1 and p2 respectiv ely,

and j is an unexpected rare jump with a small

probabili ty p3 . In this case, the contingent claim can

not be replicated, and the stock can also take two

possible values wi th probabili ty 1 - T.u′and d′are

both regular movements w ith probability of p
′
1 and p

′
2

respectiv ely, and without jump. In this case, the

contingent claim can be replicated. So, the contingent

claim is at tainable in probabili ty.

　　 By theorem2. 2, let

　　 P
* ′= 1+ r - d′

u′- d′
.

It is clearly that the fair price of the contingent claim is

　　 C =
1

1+ r
[a′1P

* ′
+ a′2 ( 1 - P

* ′
) ].

The neutral price of the contingent claim by reference

[7] is

　　 V = 1
1+ r

[a1P* + a2 ( 1 - P
* ) ] ( 1 - p3 ) +

1
1+ r

a3p3 ,

w here P
* =

1+ r - d
u - d

. So the fai r price of the

contingent claim is

　 　 V = 1 - T
1+ r

[a′1P* ′ + a
′
2 ( 1 - P

* ′) ] +

T
1+ r

{ [a1P
*
+ a2 ( 1 - P

*
) ] ( 1 - p3 ) + a3p3 } =

1 - T
1+ r

C′+
T

1+ r
V′=

1
1+ r

E′f ,

w hereC′= [a′1P* ′+ a
′
2 ( 1 - P

* ′) ] ,V′= [a1 P* +

a2 ( 1 - P
* ) ] ( 1 - p3 ) + a3p3 , and E′is the average

wi th respect to P′.
　　Remark 2. 2　 In particularly , if u′= u , d′= d ,

and P
* ′
= P

*
, then, f rom theorem 2. 2

　　 V =
1

1+ r
[a1P

*
+ a2 ( 1 - P

*
) ]( 1 - Tp3 ) +

1
1+ r

Ta3p3 .

　　 Youn[5 ] also considered an one period model in

w hich a stock can take three possible values, u and d ,

bo th regular movements with probability of 0. 59 and

0. 39 respectiv ely , and j is an unexpected rare jump

with a small probabi lity 0. 02. A contingent claim (a1 ,

a2 ,a3 ) is not necessarily replicated by po rtfolio of the

stock and the riskless bond . Since a contingent claim

space is R
3 , a stock value vector (u,d , j ) and a bond

value vector ( 1+ r , 1+ r , 1+ r ) can not span the

contingent claim space, and Youn used the M erton

formula to calculated the value of the one period

conditioned on jump:

　 　 {
1

1+ r
[a1p* + a2 ( 1 - p

* ) ] } ( 1 - p3 ) +

1
1+ r

p3 .

　 　 Therefore, in this case, a contingent claim

at tainable wi th probabili ty 1- Tis equivalent to a non-

at tainable contingent claim with a jump w ith

probabilityTp3 .
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Z)Δxi (k ) 22 = ∑
m
1

i= 1
|Δx i (k )∑

m
2

j= 1
f′(ai ,Zj )Δyj (k )|2 +

∑
m
2

j= 1
|Δyj (k )∑

m
1

i= 1
f′(ai ,Zj )Δxi (k )|

2
.

　　即学习率 u为

　　 0 < u < 2 / [∑
m
1

i= 1
|Δxi (k )∑

m
2

j= 1
f′(ai ,Zj )Δyj (k )|

2
+

∑
m
2

j= 1

|Δyj (k )∑
m
1

i= 1

f′(ai ,Zj )Δxi (k )|2 ]

时 ,有 ΔV (k ) < 0,从而算法是收敛的 .证明完毕 .

4　数值积分算例

　　例　求积分∫
2. 0

1. 4∫
1. 5

1. 0
ln( x + 2y ) dydx .

　　 在 MATLAB语言环境下 ,取神经网络结构为

( 40+ 50)× 2000× 1(即 m 1 = 40,m2 = 50) ,性能指

标 J = 10- 16 ,在区域 [1. 4, 2. 0]× [1. 0, 1. 5 ]上有 50

个分法 ,训练样本集为 { ( (ΔXk ,ΔYk ) ,d )|k = 1, 2,

… , 50} ,所得到结果为 0. 429554526002843,迭代 38

次 ,而积分准确值为 0. 42955452600,此结果与精确

值相比精确到 2. 843× 10
12
.性能指标 J与迭代次数

的变化曲线见图 2.

图 2　性能指标与迭代次数的变化曲线

Fig. 2　 Curve o f capability and itera tiv e time

　　 文献 [9]用复化辛卜生方法求解 ,所得结果为

0. 4295524387,此计算值与精确值相比精确到 2. 1×

10- 6; 文献 [10]用高斯型求积公式计算 ,所得结果为

0. 4295545313,此结果与精确值相比精确到 4. 8×

10- 9 .

　　 与文献 [9 ]复化辛卜生公式和文献 [10 ]的高斯

型求积公式相比 ,本文提出的算法具有计算精度高、

收敛速度快的特点 .
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