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Abstract Based on statistical analogies, thea— price of an American contingent claim is obtained,
and a minimal hedge sirategy is constructed. Enlightened by hedging the contingent claim in
probability, we get the pricing formula of the contingent claim attainable in probability. At last we

consider an exam ple w hich is an one period model attainable in probability and get the fair price by

this pricing formula, its special case is a non-attainable contingent claim.
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Since F Black and M Scholes'' derived the
formula of pricing options, the studies of pricing
contingent claims in complete market had made a great
progress. J C Cox, S A Rossand M Rubinstein”' found

.. . 3
to pricing options Follmer[]v

a simple approach
Schweizer” 'and Nguyenl4J had made a profound study
on the pricing of European contingent claim in

. 5
incomplete markets Youn'”

showed an example of
non-attainable contingent claim in one period model
Altug[ﬁ] also showed some examples of complete and
incomplete market models. Merton'” studied a stock
price evolve in both geometric Brownian motion and
Poission process with varying jumps, and he showed

that it is im possible to construct a hedging portfolio of
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stock and option in the particular market as Black and
Scholes did for geometric Brownian motion. Naik and
Lee'" showed an example of contingent claim that
can't be replicated when the stock price follows a
mixture process, and they used Merton's model”’ to
value a non-attainable contingent claim. Kallsen and
Kiihn' derived the American contingent claim price in
incom plete market and explicitly explained the pricing
derivatives of American and game type in incomplete
markets.

In contrast, there are little corresponding

the
!
attainable in probability. Mel nikov!"”’ brought a new

literatures  dealing  with contingent  claims

idea for pricing and hedge European contingent claims

with a probability.  Actually, most of

positive
claims

American. How to price and hedge these claims is

contingent attainable in probability are
becoming more and more urgent

In this paper, the approach presented below is
based on statistical analogies and assumes that the
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American contingent claim attainable in probability.
Just like Mel nikov'”', it turns out that a satisfactory
solution of the above problem is possible. Moreover,
according to thea —price of American contingent claim,
we get the fair price of a contingent claim attainable in
probability. At the end, we will consider an example to
explain the theory we get.

1 Some definitions

What we discuss below are based on Mel nikov's
complete (B, S)-market“ojwith deterministic» > — 1
and Bo = 1 We have given an American contingent
claim (f,N) , such that E fi> 0for each stopping
time I, where £ is the average with respect to the
With the given contingent
class of

martingale measure P .
claim, the
strategies 1s
SF(f,N)= {¢€ SE X fi—- E fr}.
Definition 1. 1
claim ' = (fa)x n , set some levels of significance &
(0,1) of the contingent claim (f,N). We call a
strategy °€ SF(f,N) is an Tx,f.N) ~hedge if for
P'= PandP' = P,
Pllx= o= 1- T,
over all stopping time f.

The set of I-hedges is denoted byH (x,f.N,

corresponding self{inancing

For an American contingent

(L1)

1.

Definition 1. 2 A strategy °©€ SF(f,N) is an
T- minimal hedge if there is a stopping time f, such
that

Plxik)y = fi(ly)= 1- T,
for all KE K.

Definition 1. 3  Suppose (f,N) is an American
contingent claim with f = (fx)=~, we calC(N, T is
an I=price of the contingent claim (f, N') where

CN,D = inflx> 0]] (x.f.N.D# Q).

(L2

This is only a definition of T-price of an American

contingent claim. By this definition we can't calculate

the concrete value nearly -
2 Main conclusion

Theorem 2. 1  The 1= price of an American
contingent claim (f,N) is (1 - T)C, where Cis the
fair price of the American contingent claim.

FEAE 2008F 8A  # 15K% 3

Proof
portfolio €€ SF(f,N),

P (Xi= fr)< %’

is the optimal stopping time and C =

E X (U)fr

contingent claim.

Firstly , we establish that for any

(1.3)

where |
is the fair price of the American

Indeed, by Cheby shev's inequality, the definition
of class SF(f,N), the martingale property of the
measure P and the Mel nikov s formula, we can
conclude formulae( 1. 3).

P (Xt= fr )= P (Xt - ft + E ft=
E i< E (Xt EJ}: E fr) _ %);i
E Et'(w)Xr  Xo
E Et'(wfr = C-

From formulae (1. 1) and formulae( 1. 3), the
necessary condition for a strategy € in the class SF(f,
N) to be an Hx .f.N)-hedgeis

1-" K P (xt= fr )< —é,or

= (1-Tc.

Then, we 1l construct a strategy T with initial value ( 1
- DC. ¥ we can prove 1€ H ((1- Hc,fr.N, D
and there is an I-minimal hedge in the set of =hedges

H ((1- D, f£,N, T ,then theorem 2. 1is tenable.

For the original measure P and martingale

measure P we define the density is

dap

7t = P (1.4
It is clear that thereis ar = A (T) such that
P {zt=x}= 1- T (1.5)

With the aim of simplifying the arguments we assume
thatA= 1.

Considering the martingales My =
E (Iize «0| Fo) and Mi = E (E?' (U)ft | F).

Since the market is complete, admit representations

M= Ty Z hE "(U)Se1(d = n),

n

M= Cc+ D, VX (U)S-1(d - n),

k=
with predictable sequences (h) and (Vi ).

(1- D, we define
the portfolio r= (Ui ,\4[)}?;: ~ by the following formulas

¥ e Xoa - VIS
Vi= Vi - he,U= B0 (1. 6)

We will show that the so—called portfolio Cris an T (1
275

For the initial value Xo =



- hc,f,N)-hedge
Indeed, from reference[10] and formulae(1. 6),

we have

E (U)Xa'= Xo+ Z:IEZ )N (d - n) =

(1- DHC+ 2 E '

k=1

()M - hC)S-i(d - n) =

(1 - T)C+Z "oysoN(d - n) -
ZV‘I,E;( U)S-1hC(d - n)y= (1- Hc- (1-
Tc+ M - (M- T) . (17

From formulae( 1. 7), we have
EY (U)X? L EF (U)ft - Clizp .
ThereforeE?’l(U)X;T> ETN(U)fr - C.
The inequality above means that & SF(f,N) .
Further,it follows from formulae( 1. 4) that
P (XP= ft 1= P {ft - Clix wEr (U)
ft)=P Izt << 0)= P (Zt= )= 1- T
(L8
Finally, from formulae( L. 4), formulae( 1. 5) and
formulae( 1. 7)
P{XFr = fr} = FE Iiih=rp 1 20 =
E Ixh=re Dizeg=nZe = AN(1- T)> 1- T. (1.9

\%

The relations between formulae ( 1. 8) and
formulae(1. 9) show that the condition (1. 1) holds
for the strategy T and hence & is an T—(( 1- T)C,f»
N)-hedge.

With the initial value
x= Xo'= (SEBVE X ](U)ffl(x
D sup £ X (U)f.
The discounted value of strategy & is
Mi"= Xa"IBn.
The form of its repre%entation 1s

M= Mt D \7& S22,

k=1
where, ¥ = Vip§'€e R

sequence.

== (1=

(1. 10)
1, (M) is a predictable

Jilixe ri)
Let Yn = sng‘ (—T/‘

F).
It is clear thatYx is a supermartingale with respect
to 15
supermartingales, we have
Yo= M- A(P - as.),
where M= (M )=~ (Mo= Yo)is a martingale, and 4
276

. According to the Doob decomposition for

ot
s E (X (U)X(U)ffl{xﬁmlmg folixs ).

= ()=~ (Ao =

stochastic sequence.

0) is a predictable nondecreasing

Since ( B, S)—market[m] is complete, admit

representation
1V
Moo= Mot D) ~Stid _ oy (1. 11)
=1 B
Compare formulae (1. 10) and formulae( 1. 11), we

conclude that
Mit= M,,n < N.
Consequently
Xo'= Mi'Bi= MiBi= (Yot An)Br= YiBa=
e ry
P ALl X‘ | F By =

(L. 12)
It follows from formulae( 1. 12) that
Pixi= fiy= 1- T,
forn= 0,1, ,N, consequently 1€ H (x,f,N,
T
From the definition of Y», in the stochastic
interval [0, f ] there is
(k)= E (Yu il F),4u(k) = 0.
From formulae( 1. 12) it follows directly that in the
same interval [0, I ]thereis
X' (k)= supE (X(U)X(U)f izl F)

Considering the definition of [ the property of Yu in

(0,1 J,anddi= Dy o (Yie1 = E (¥l Fe1)), we
know At (k)= 0. So

Pix (k)= yr (kB (k)= fr (R))= 1-
T, (L. 13)
and & is an I-minimal hedge strategy.-

Corollary 2. 1 Consider a complete (B, S)-

market, if we set the risk sustaining level TE (0, 1),
then we can hedge the contingent claim by initial
assets (1= T)C, whereC is the initial funds of hedge
contingent claim with probability 1

Remark 2 1

Furopean or American. The case of European has been

The contingent claim can be

proved by Mél nikov, the case of American have been
proved in this paper above.

What have been obtained show that it is possible
to hedge a contingent claim with a specified probability
1 — T Further, the initial value can be reduced by the
amount of 1C, though the accepted contingent claim
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with a risk Tcan not be repaid.
Theorem 2. 2 The fair price V' of a contingent
claim attainable with probability 1 - Tis

ve - s = EL

1+ r 1+
where C' = (1+ r)C,V' = (1+ r)V,Cis the fair

price of the contingent claim when it is attainable with

probability 1, and ¥V is the neutral price of the
contingent claim when it is non-attainable, E is the
average with respect to measurePl-

Proof

claim when it is attainable and V' is the neutral price of

Let Cis the fair price of the contingent

the contingent claim when it is non-attainable, herein
the contingent claim is attainable with probability 1 -

T, namely, non-attainable with probability T. So the
fair price V' is the average of C and V with respect to
measure P’ .

If we denote
C= (1+ r)Cand V' = (1+ 1)V,
then V can be writen by
R _TBc'e T —L-
V= I r[(l )C+ V= T rEf'
Example 2. 1 W e consider an one period model

!

in which a stock take three possible values with a
positive probability Tu and d are both regular
movements with probability of p1 and p2 respectively,
and j is an unexpected rare jump with a small
probability p3. In this case, the contingent claim can
not be replicated, and the stock can also take two
possible values with probability 1 — Tu' and d' are
both regular movements with probability ofp/l and p/z
respectively, and without jump In this case, the
contingent claim can be replicated. So, the contingent
claim is attainable in probability.
By theorem2 2, let

P = 1+ r—d
= — 77 .
u - d

It is clearly that the fair price of the contingent claim is

C= 1r[a/1P”’+ d2(1- P ).

1+
The neutral price of the contingent claim by reference

[7] is

V= It r[alP + a(l- P )|(1- p3)+
; 1+ r— d . .
where P = - d - So the fair price of the
contingent claim is
v o= = Tur e - P
= 17 @
FEAE 2008F 8A  # 15K% 3

([P + a(1- P )|(1- p)+ wps)=

1+ r
1- T, T / 1 '
1+ rC s rV o1+ rEf’

whereC'= [@P + a(1- P Y],V = [@P +
@(l- P)HY|(1- ps)+ aps, and E is the average
with respect to P

Remark 2.2 Inparticu]arly,ifu/ = u, d=d R
andP = P , then, from theorem 2. 2

V= [@P + a(1- P )](1- Tp)+

1+ r

. Tasps.

1+ r

Youn"! also considered an one period model in
which a stock can take three possible values, u andd ,
both regular movements with probability of 0. 59 and
0. 39 respectively, and j is an unexpected rare jump
with a small probability 0. 02. A contingent claim (a1,
@ ,a3) is not necessarily replicated by portfolio of the
stock and the riskless bond . Since a contingent claim
space is R® ,a stock value vector (u,d,j) and a bond
value vector (1+ 7,1+ 7r,1+ 7) can not span the
contingent claim space, and Youn used the Merton
formula to calculated the value of the one period
conditioned on jump

( 1

1+

ap + (1 - p )P(1 = ps)+

1
3.
1+ A
Therefore, in this case, a contingent claim

attainable with probahility 1- Tis equivalent toa non—

attainable contingent claim with a jump with
probability Tps.
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