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Abstract: The difference equation xn=
A+ x

p
n- 1

B+ x
p
n- k

,n= 0, 1, 2,… , are considered in this paper, where

k≥ 2 and A, B , p∈ ( 0,+ ∞ ) . We show that if pk- 1≥
k
k

(k- 1)k- 1 , then this equation has posi tiv e

unbounded solutions, and if p
k- 1 < k

k

(k- 1)k- 1 , then every positiv e solution of this equa tion is

bounded.

Key words: difference equation, boundedness, posi tiv e solution

摘要: 证明差分方程 xn=
A+ xpn- 1

B+ xpn- k
,n= 0, 1, 2,… , (其中 k≥ 2, A , B , p∈ ( 0,+ ∞ ) )在 pk- 1≥

kk

( k- 1)k- 1时 ,有无

界的解 ,并且当 pk- 1 <
kk

(k- 1)k- 1时 ,每个正解都有界 .
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　　 Recently there have been published qui te a lot of

w orks concerning the behavior of positiv e solutions of

sy stems of rational difference equations[1～ 4 ] . These

results are not only valuable in their ow n right , but

can also provide insight into their dif ferential

counterparts.

In reference [5 ], Stevic　　　 ′ studied dif ference

equation

xn+ 1= max {A,
x

p
n

x
p
n- 1

} ,n= 0, 1, 2,… , ( 1)

where A, p∈ ( 0,+ ∞ ) and the initial values x - 1 , x0

∈ ( 0, + ∞ ) . He show ed that ( i ) If p≥ 4, then

equa tion ( 1) has positive unbounded solutions, and

( ii) if p < 4, then every posi tiv e solution of equation

( 1) is bounded.

In reference [6 ] , Stevic　　　 ′ inv estigated the

difference equation

xn= A+
x

p
n - 1

x
p
n - k

,n= 0, 1, 2,… , ( 2)

where k∈ { 2,… } , A, p∈ ( 0, + ∞ ) and the initial

v alues x- k , x - k+ 1 ,… , x- 1∈ ( 0, + ∞ ) . He show ed

that ( i ) If p
k - 1≥ k

k

(k- 1)
k- 1 , then equation ( 2) has

posi tiv e unbounded solutions, and ( ii ) if p
k- 1

<

k
k

(k- 1) k- 1 , then every posi tiv e solution of equation

( 2) is bounded.
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In ref rence [ 7 ] , Kulenovic et al. showed that

ev ery posi tiv e solution of the dif ference equation

xn=
A+ x

p
n- 1

B+ x
p
n- k

,n= 0, 1,… ( 3)

is bounded when p= 1, wherek≥ 2 and A, B ,p∈ ( 0,

+ ∞ ) . In this paper, w e also conside the equation

( 3) .

1　 Lemma

Lemma 1　 Consider the difference equation

xn≥ max {A,
x

p
n- 1

x
p
n - k

} ,n= 0, 1,… . ( 4)

Assume that k≥ 2 and A, p∈ ( 0,+ ∞ ) with p
k- 1

≥

k
k

(k- 1)k- 1 . Then there exists x - k , x- k+ 1 ,… , x- 1 larg e

enough such that every positiv e solution of equation

( 4) with the ini tial values x- k , x - k+ 1 , … , x - 1 is

unbounded.

The proof of lemma 1 is quite similar to one of

theorem 1 in reference [6] , and hence is omi tted.

2　Main result

Theorem 1　 ( i ) If p
k- 1 ≥

kk

(k- 1)
k- 1 , then

equation( 3) has positiv e unbounded solutions.

( ii ) If p
k- 1

<
kk

(k- 1)
k- 1 , then every posi tiv e

solution of equation( 3) is bounded.

Proof　 ( i) Let { xn }∞n= - k is a positive solution of

equation( 3) . There are tw o cases to be considered.

Case 1　 A≥B . Then w e have

xn=
A+ x

p
n- 1

B+ x
p
n- k

≥
B+ x

p
n- 1

B+ x
p
n- k

. ( 5)

It follow s f rom equation( 5) that

　　 x
p
n+ B≥ (

B+ x
p
n- 1

B+ x
p
n- k

) p .

Set yn= x
p
n+ B , then we have

　　 yn≥ max{B ,
y
p
n- 1

y
p
n - k

}. ( 6)

　　 It follows f rom lemma 1 that there exists y- k ,

y- k+ 1 ,… , y- 1∈ ( B ,+ ∞ ) such that ev ery posi tiv e

solution of equation ( 6) w ith the ini tial values y- k ,

y- k+ 1 ,… , y- 1 is unbounded, which implies that the

positive solution of equation( 3) with the ini tial v alues

xi= ( y- i - B )
1
p ( 1≤ i≤ k ) is unbounded.

Case 2　 A <B . Then w e have

B
A
xn=

B
A
( A+ x

p
n- 1 )

B+ x
p
n- k

≥
B+ x

p
n - 1

B+ x
p
n - k

. ( 7)

　　 It follow s f rom equaton( 7) that

(
B
A
)
p
(x

p
n+ B )≥ (

B+ x
p
n - 1

B+ x
P
n- k

)
p
. ( 8)

Set yn= (
B
A

)p (x
p
n+ B ) , w e obtain that

yn≥max {B ,
y
p
n- 1

y
p
n- k

} . ( 9)

　　 It follow s f rom lemma 1 tha t there exists y- k ,

y- k+ 1 , … , y- 1∈ ( B
p+ 1

/A
p
, + ∞ ) such that ev ery

posi tiv e solution of equation ( 9 ) w ith the initial

v alues y- k , y- k+ 1 ,… , y- 1 is unbounded, w hich also

implies that equation ( 3 ) has posi tiv e unbounded

solutions. From all above mentioned the theorem 1

( i) is prov en.

( ii) Let {xn }∞n= - k is a positiv e solution of equation

( 3) . There are also two cases to be considered.

Case 1　 A≤ B . It follows from equation ( 3)

that

xn≤
B+ x

p
n- 1

B+ x
p
n- k

. ( 10)

By repeating use of the recurrence relation in equation

( 10) , we obtain that

　　 xn≤ B
B+ x

p
n- k

+
x
p
n - 1

B+ x
p
n - k

≤ B
B+ x

p
n - k

+

(B+ x
p
n- 2 )

p

(B+ x
p
n - k ) (B+ x

p
n - k- 1 ) p

≤
B

B+ x
p
n- k

+

(
B

(B+ x
p
n- k )

1
p (B+ x

p
n - k- 1 )

+

(B+ x
p
n- 3 ) p

(B+ x
p
n - k )

1
p ( B+ x

p
n - k- 1 ) (B+ x

p
n- k- 2 )

p
) p≤

B
B+ x

p
n - k

+ (
B

(B+ x
p
n - k )

1
p (B+ x

p
n- k- 1 )

+ …+

(
B

∏
k- 2

j= 0 (B+ x
p
n - k- j )

1 /pk- 2- j+

( B+ x
p
n - k )

p-
1

p
k- 2

∏
k - 1

j= 1 ( B+ x
p
n - k- j )

1 /pk- 2- j )
p… ) p=

B
B+ x

p
n- k

+

(
B

(B+ x
p
n- k )

1
p (B+ x

p
n - k- 1 )

+ …+

B

∏
k - 2

j= 0 ( B+ x
p
n - k- j )

a( j )
0
+

(B+ x
p
n- k )

p - a( 0)
0

(∏
k- 2

j= 1 (B+ x
p
n - k- j )

a( j )
0 ) (B+ x

p
n- 2k+ 1 )

p
) p… )p=

B
B+ x

p
n - k

+ (
B

(B+ x
p
n - k )

1
p (B+ x

p
n- k- 1 )

+ …+

(
B

∏
k- 2

j= 0
(B+ x

p
n - k- j )a

( j )
0
+
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(
B+ x

p
n- k

(∏
k- 2

j= 1
( B+ x

p
n - k- j ) a

( j )
0

/( p- a(0)
0

) ) (B+ x
p
n- 2k+ 1 )p /( p- a( 0)

0
)

)p - a (0)
0 )p… ) p= B

B+ x
p
n- k

+

(
B

( B+ x
p
n - k )

1
p (B+ x

p
n- k- 1 )

+ …+

(
B

∏
k- 2

j= 0
(B+ x

p
n- k- j )a

( j )
0
+

(
B+ x

p
n - k

∏
k- 2

j= 0 (B+ x
p
n- k- j- 1 )

a ( j )
1

)p - a
(0)
0 )p… ) p≤

B
B+ x

p
n- k

+ (
B

(B+ x
p
n- k )

1
p (B+ x

p
n- k - 1

)+ …+

(
B

∏
k- 2

j= 0
(B+ x

p
n- k- m- j )a

( j )
m
+

(B+ x
p
n - k- m )p - a

( 0)
m

(∏
k- 2

j= 1
(B+ x

p
n- k- m- j )a

( j )
m ) (B+ x

p
n- 2k+ 1- m ) p

)
p - a (0)

m- 1
…

)
p
. ( 11)

For each k≥ 2 and every n≥ 2k+ m- 1, w here the

sequences a( j)
m , j∈ { 0, 1,… ,k- 2} are defined by

a
( 0)
m+ 1 =

a
( 1)
m

p- a
( 0)
m

, … , a
(k- 3)
m+ 1 =

a
(k- 2)
m

p- a
( 0)
m

, a
( k- 2)
m+ 1 =

p
p- a

( 0)
m

, ( 12)

w ith

a
( j )
0 =

1
p
k- 2- j , j∈ { 0, 1,… ,k- 2} .

Since

a
( j )
0 =

1
p
k- 2- j <

1
p
k- 2- j - p

- j= a
( j )
1 ,

and by using equation ( 12) , it is easy to see that the

sequences a
( j )
m , j ∈ { 0, 1, … , k - 2} are st rictly

increasing. From equation ( 8) , w e also have that

a
( 0)
m+ 1=

p
( p- a

( 0)
m ) ( p- a

( 0)
m- 1 )… (p- a

( 0)
m- k+ 2 )

. ( 13)

Hence if a
( 0)
m < p for ev ery m∈ N, then there is a

fini te limi t limm→∞ a
( 0)
m = x

*
∈ ( 0, p ] , and it follow s

f rom equation ( 13) that x
*

is a solution of the

equation

f (x )= x ( p- x )
k- 1 - p= 0.

Sincef′( x ) = ( p - x )k- 2 ( p - kx ) , w e see that the

function at tains its maximum on the interval [0, p ] ,

at x= p /k. Since

f ( p /k ) =
(k- 1)

k- 1

k
k p

k
- p = p

(k- 1)
k- 1

k
k  

(pk- 1 -
k
k

(k- 1) k- 1 ) ,

w e see that if p
k - 1 <

k
k

(k- 1)k- 1 , then the function f

( x ) has no solutions on the interval ( 0,p ] , which is

a contradiction. Hence, this is the first k0∈ N such

that a
( 0)
k
0- 1

< p and a
( 0)
k
0

≥ p. From this and equation

( 11) with k= k0 , i t follow s that

xn ≤ 1 + ( 1
B

1 /p + … + ( 1

B∑ k- 2
j= 0

a( j )
k
0
- 1

+

1

B∑ k- 2
j= 0

a
( j )
k0

)
p - a( 0)

k
0
- 1… )

p
,

fo r n≥ 2k+ k0 - 1. Then all positiv e solutions of

equa tion( 3)are bounded.

Case 2　 A> B . It follow s f rom equation ( 3)

that

xn≤

A
B

(B+ x
p
n- 1 )

B+ x
p
n - k

.

The following proof is the same as in the case 1,

hence it will be omit ted. From all mentioned above

the theorem 1 is complete.
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