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Abstract The difference equation x»= B
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530004)

,n=0,1,2,--- , are considered in this paper, where

k

B 2and A4,B,c (0,+ <0 ). We show thatif p'" = (k+1)k_1 , then this equation has positive

k
unbounded solutions, and if pk_1

< (k= 1 then every positive solution of this equation is

Kt

B 2, 4,B,p5 (0+ <)) p"?w ,

bounded.
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Recently there have been published quite a lot of
works concerning the behavior of positive solutions of
systems of rational difference equations' *'. These
results are not only valuable in their own right, but
can also provide insight into their differential
counterparts.

In reference [5], Stevic studied difference

equation
P
Xn
xXm 1= maX{A7 P }7l’l= 0’ 17 27 s (1)
Xn- 1
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where A, < (0,+ ©© ) and the initial values x- 1, xo
€ (0,+ ©© ). He showed that (i) If p= 4, then
equation ( 1) has positive unbounded solutions, and
(ii) if p <4, then every positive solution of equation

(1) is bounded.

In reference [6], Stevic investigated the

difference equation

V4
L= n= 01,2, (2)

Xk
where k& {2, }, Aape (0,+ ©©) and the initial
,x-1€ (0,+ ©©). He showed

k

Xn= A+

values x-x, X-# 1,

that (i) If pk7 = 7, then equation(2) has

k
(k=1)
positive unbounded solutions, and (i) if pk_1 <

K

—— 1, then every positive solution of equation
(k— 1) yp €q

(2) is bounded.
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In refrence [ 7 ], Kulenovic et al. showed that
every positive solution of the difference equation

A+ xho s
Xn= B+ xp_k,n— 0,1,"‘ (3)

is bounded when p= 1, wherek&> 2 and 4, B.< (0,
+ ©0).

(3).

1 Lemma

In this paper, we also conside the equation

Lemma 1 Consider the difference equation

»
X= max |4, i Han= 0,1, (4)

Assume that £ 2 and 4, p€ (0,+ > ) with p" =
k

(k_kl)k— i. Then there exists x-,x-# 1,7+, x- 1large

enough such that every positive solution of equation
(4) with the initial values x-#, x-# 1, , x-1 is
unbounded.

The proof of lemma 1 is quite similar to one of

theorem 1 in reference [6], and hence is omitted.

2 Main result

Theorem 1 (1) 1If p/P = )k— i, then

(k-1
equation(3) has positive unbounded solutions.
. k-1 k. .
(i) I p < (k= 1)k— i, then every positive

solution of equation(3) is bounded.

Proof (i) Let {xx )= -+ is a positive solution of
equation(3). There are two cases to be considered.
Case 1 4= B. Then wehave
A+ xh- v B+ xho (5)
Y2 By X T B+ Xk
It follows from equatlon(S) that
B+ Xn—
xit B> (B+ Xh- & )
Set yn= xi+ B, then we have
p
. In- 1
y= man( B2, (6)

It follows from lemma 1 that there exists y-+,

y-k 1,0, 1€ (B,+ ©°) such that every positive
solution of equation(6) with the initial values y-«,
y-k 1,2 ,y-11is unbounded, which implies that the

positive solution of equation(3) with the initial values
xi= (y-i— B);1 (¥ %= k) is unbounded.
Case 2 A <B. Then we have
B Y
AYT By X = B+ xl-x’ (7)
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It follows from equaton(7) that

X1
Byt B G (8)

B, .
Set yn= (g Y (x*+ B).,we obtain that

¥ max (B, (9)
It follows from lemma 1 that there exists y-«,
Ykl e Y- 1€ (BW1

positive solution of equation (9) with the initial

,+ ©© ) such that every
values y-«, y-# 1,-- , 3= 1 is unbounded, which also
implies that equation ( 3) has positive unbounded
solutions. From all above mentioned the theorem 1
(1) is proven.

(i) Let {xn )= -+is a positive solution of equation

(3). There are also two cases to be considered.

Case 1 A< B. It follows from equation (3)
that
B+ xh-1
< 2T AT
L TR (10)

By repeating use of the recurrence relation in equation

(10),

we obtain that

B - 1 B
<
S By i Be xox Br xhoil
(B+ xn-2)" B .
(B+ xi-x) (B+ xf-x-1)"" B+ xi«
B
( a ; +
(B+ xh- k)P (B+ xi-5-1)
P P
l (B+ Xn— 3) I<
(B+ )d?—k)?’(B-f xff_k—l)(B+ x;’:’-k-z)p
B + ( B + ot
: .
B xi-k " (By xbx)? (B+ xbio1)
B +
() ; F-2-)
ﬂ/ 0(B+ 'x’i ')1/] /
(B‘I- Xn k)p k 2 P_
H Jj= (B+ Xn k=j )1/Pk - ]) ) h B+ n—k+
B
( i ) +
(B+ xh- k)P (B+ xi--1)
B +
k-2 )
I 2B xioi )
(B+ k)p,am) )
k=2 p p p) “ )=
{1 - B e )Y ) (B )
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B
k-2 u(/)+
T[ j:O(B+ X k-5 )"0

Bt xh-k _ .
T oy g/ s
0 Xn- k- j- 1

+ ( - )+ +
1 e
B xﬁ K (B+ xpn— k)P (B+

B
k-2 a(f)+
= O(B+ xﬁf k=m-j )m
_ 40
(B+ XV}?— k= m )p “m

(1 L B wion ) ) (B xhoe 1om)”

+ eee 4

n—k-1

yoy (1)
For each &= 2 and every = 2+ m— 1, where the
sequences al & (0,1, ,k— 2} are defined by

(1) (k- 2)
(0 _ [¢]] (k- 3) _ _dn (k-2) _
amn+ 1= (0) 5 °°" 5 an+ 1 = (0 » am 1 =
p— am p— am
12
= ad (12)
with
af’= 55, {0, 1, k- 2.
Since
aB])= -2 < k- 2-j -i= aw,
p p -p

and by using equation (12), it is easy to see that the
sequences an’, JE {0, 1, , k- 2} are strictly
increasing. From equation (8), we also have that

. (13)

(0 _ D
T (p- @) (p- @iy (p- @ 2)

Hence if an’ <p for every m& N, then thereis a
finite imit limm-can = x € (0,p], and it follows
from equation ( 13) that X is a solution of the
equation

fx)=x(p=x)""'=p=0.
Sincef’ (x)= (p-x)"*(p- kx), we see that the
function attains its maximum on the interval [0, p ],

atx= p k. Since
k-1

S (plk)= ik_—kkl)_pk—p=p 7
(- 1 4
(p _(k— l)k—l)v
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k
we see that if p ' <(k+1)k—l , then the function f
(x) has no solutions on the interval (0,p |, which is
a contradiction. Hence, this is the first k€ N such
that afg(?,)l <p and ay= p- From this and equation
(11) with k= ko, it follows that

(5 +

Xn< 1+ Bl/p

ST
%N’_‘
T
+

+(Bz'—

o<

1

_al0)

W)p kg dees )p’

Jj= 0k
forn= 2%+ k- 1.
equation(3)are bounded.
Case 2 A> B. It follows from equation (3)
that

Then all positive solutions of

(B 21
< -
S B Ak
The following proof is the same as in the case 1,
hence it will be omitted. From all mentioned above

the theorem 1 is com plete.
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