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Abstract: We investig ate the zero-divisors and the unit group of quaternion alg ebra over Zn which is

denoted by Zn [i , j ,k ] and obtain the calculating fo rm ulas of the number of zero-divisors and the

order of the unit g roup of Zn [i , j ,k ] . We prove tha t Zn [i , j ,k ] M 2 ( Zn ) if and only if n is odd. In

addition, the structure of the unit group of Zn [i , j ,k ] are completely determined.
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摘要:研究 Zn上的四元数代数 Zn [i, j , k ]的零因子和单位群 ,给出 Zn [i , j ,k ]的零因子个数和 Zn [i , j ,k ]的单位群

阶的计算公式 ,证明 Zn [i , j , k ] M2 ( Zn )的充分必要条件是 n为奇数 ,并且完全决定了 Zn [i , j ,k ]的单位群结构 .
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　　 Let R be an arbit rary ring , then i t is well know n

that the ring of quaternions over R is deno ted by R [i ,

j ,k ] = {a+ bi+ cj+ dk|a,b,c, d∈ R} , w here i , j ,

k are formal symbols called basic uni ts and i
2
= j

2
= k

2

= i jk = - 1 . Mo reover, if R is a commutativ e ring,

then R [i , j ,k ] is anR-algebra. Zn [i , j ,k ]= {a+ bi+

cj + dk|a,b,c,d∈ Zn } is the quaternion algebra over

Zn , w here Zn is the m odulon residue class ring.

　　 Th roughout the paper, Hn denotes the ring Zn [i ,

j ,k ] . Assum eT= a + bi + cj + dk ∈ Zn [i , j ,k ] ,

then the scalar N (T) = a
2+ b

2+ c
2+ d

2
will be called

the norm ofT. And the elementT= a - bi - cj - dk

w ill be called the conjugate elem ent ofT. It is easy to

know thatTT= TT= N (T) . And w e put Re(T) = a.

If R is a ring , then D ( R) denotes the set of all zero-

div iso rs of R . For any subset E of R ,|E|denotes the

order of E,U ( R ) is the unit g roup of R , and the

Jacobson radical of R , denoted by J ( R) , is defined to

be the intersection of all the maximal lef t( rig ht) ideals

of R. IfT∈ R , then <T> denotes the tw o-sided ideal

w hich is g enerated by T. <T> L denotes the lef t

principle ideal g enerated byT, whi le the right principle

ideal generated byT, is denoted by <T> R . Mn (R )

deno tes the ring of all n× n matrices over R . Giv en

integers a and b, (a,b) denotes the g reatest common

div iso r of a and b .

　　 In this paper, w e obtain the calculating fo rmulas

of the num ber of zero-divisors and the order of uni t

g roup of Zn [i , j ,k ] . And w e prove that Hn M2 ( Zn )

if and only i f 2 n . And the st ructure of the uni t g roup

of Hn a re com pletely determined.

1　 The zero-divisors and the order of unit

group of Zn [i, j, k ]

　　 Lemma 1. 1　 [1, P. 443, Example 4 ] Assum e

that p is an odd prim e, m ≥ 1 , and the number of

integer solutions of the cong ruence equation x 2
1+ x

2
2+
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… + x
2
m≡ 0( mod p ) is denoted by T (m , p ) .

　　 (Ⅰ ) Ifm is ev en, p≡ 1( mod4) , then T (m ,p ) =

p
m- 1 + ( p - 1) p

m
2 - 1 .

　　 (Ⅱ ) Ifm is ev en, p≡ 3( mod4) , then T (m ,p ) =

p
m- 1 + ( - 1)

m
2 ( p - 1) p

m
2

- 1.

　　 (Ⅲ ) Ifm is odd, then T (m , p) = p
m- 1 .

　　 Theorem 1. 1(Ⅰ ) If n= 2
t
, t≥ 1 , then|D ( Hn )|

= |U ( Hn )|= 2
4t - 1

.

　　 (Ⅱ ) If n = p
t
, t≥ 1,p is an odd prime, then

|D ( Hn )|= ( p
2
+ p - 1)p

4t- 3
,|U ( Hn )|= p

4t
( 1 -

1
p

) ( 1 -
1
p

2 ) .

　　 (Ⅲ ) If n = p
t
11 p

t
22… p

t
mm ,m≥ 2 , and p1 , p2 ,… , pm

are distinct odd primes, t 1 , t2 ,… , tm ≥ 1 , then

|D ( Hn )|= n
4 [1 - ∏

m

e= 1

( 1 -
1
pe

) ( 1 -
1
pe

2 ) ] ,

|U ( Hn )|= n
4∏

m

e= 1

( 1 - 1
pe

) ( 1 - 1
p

2
e

) .

　　 (Ⅳ ) If n = 2fpt11 pt 2
2… pm

tm ,f≥ 1,m≥ 1 , and p1 ,

p2 ,… , pm are distinct odd primes, t1 , t2 ,… , tm ≥ 1 ,

then|D ( Hn )|= n
4 [1 - 1

2∏
m

e= 1

( 1 - 1
pe

) ( 1 - 1
p

2
e

) ] ,

|U ( Hn )|=
n

4

2∏
m

e= 1
( 1 -

1
pe

) ( 1 -
1
p

2
e

) .

　　 Proof　 (Ⅰ ) It is a direct conclusion of [ 2,

Theorem 4. 3].

　　 (Ⅱ ) Assume n = p
t , t≥ 1, p is an odd prim e.

Then w e have tw o cases to argument.

　　 Case 1　 Suppose t = 1 , andV= a+ bi+ cj+ dk

∈ Hp with 0≤ a,b,c, d≤ p - 1 . ThenV= a+ bi+

cj + dk∈ D ( Hp ) p|N (V) {a,b ,c,d } is a solution

of the cong ruence equation

　　 a
2
+ b

2
+ c

2
+ d

2
≡ 0( m odp) . ( 1)

Moreover, by Lemma 1. 1, the number of solutions of

equation ( 1) is T ( 4, p ) = p
3+ p

2 - p . So|D ( Hn )|

= p
3 + p

2 - p . And therefore|U ( Hn )|= p
4 -

|D ( Hn )|= p
4

- p
3

- p
2
+ p= p ( 1-

1
p

) ( 1-
1
p

2 ) .

　　 Case 2　 Suppose t≥ 2 , andV= a+ bi+ cj+ dk

∈ Hp
t with 0≤ a,b, c,d≤ p

t
- 1 . ThenV= a + bi

+ cj + dk ∈ D ( Hpt ) p|N (V) {a,b, c,d } is a

solution of the congruence equation ( 1) .

　　 Ifi= (a0 ,b0 ,c0 ,d0 ) with 0≤ a0 ,b0 ,c0 ,d0≤ p -

1 is an integer solution of equa tion ( 1 ) , and a≡

a0 ( modp ) ,b ≡ b0 ( modp ) ,c ≡ c0 (m odp) , d ≡

d0 ( modp ) , i t is easy to see that {a ,b,c, d } is also a

solution of the congruence equation ( 1) . Therefore, for

anyW1 ,W2 ,W3 ,W4∈ { 0, 1, 2,… , pt - 1 } , (a0+ W1p )+ (b0

+ W2p ) i+ (c0 + W3p ) j+ (d0 + W4p )k∈ D (Hn ) .

　　 Thus f rom every solutioni= {a0 ,b0 , c0 ,d0 } w ith

0≤ a0 ,b0 ,c0 ,d0≤ p - 1 of the equation ( 1) , w e can

get (pt- 1 ) 4 di fferent zero-divisors of Hn . From case 1

w e know that the equation ( 1) has p
3 + p

2 - p

dif ferent solutionsi= {a0 ,b0 ,c0 , d0} wi th 0≤ a0 ,b0 ,

c0 , d0≤ p - 1 . Thus the equation ( 1) has ( p3+ p
2 -

p) (p
t- 1

)
4

dif ferent solutions {a ,b,c, d } w ith 0≤ a,b,

c, d≤ p
t - 1 . Hence, in this case,|D ( Hn )|= ( p2+

p - 1) p4t- 3 , and therefore|U ( Hn )| = p
4t -

|D ( Hn )|= p
4t- 3

( p
3

- p
2

- p+ 1) = p
4t

( 1-
1
p

) ( 1

-
1
p

2 ) .

　　 (Ⅲ ) Supposen = p
t
1

1 p
t
2

2… p
t
m
m ,m≥ 2 . From [2,

Lemm a 3. 6 ] , we have Hn Hp
1
t1 ⊕ Hp

2
t 2⊕ … ⊕

Hp
m
t
m . Thus |U ( Hn )| = |U ( Hp

1
t
1 )|× … ×

|U( Hp
m
tm )|= p1

4t
1 ( 1 - 1

p1
) ( 1 - 1

p1
2 )… p

4t
mm ( 1 -

1
pm

) ( 1 -
1
pm

2 ) = n
4∏

m

e= 1
( 1 -

1
pe

) ( 1 -
1
pe

2 ) , and

|D (Hn )|= |Hn|- |U ( Hn )|= n
4 [1 - ∏

m

e= 1
( 1 -

1
pe

) ( 1 -
1
p

2
e

) ] .

　　 (Ⅳ ) Supposen = 2fp1
t
1p2

t
2… pm

t
m ,f≥ 1,m≥ 1 .

By [ 2, Lemma 3. 6 ], w e have Hn H2
f⊕ Hp 1

t
1 ⊕

Hp
2
t 2⊕… ⊕ Hp

m
tm . Thus|U ( Hn )|= |U ( H2f)|×

|U( Hp
1
t1 )|× … × |U ( Hp

m
tm )|= 2

4f- 1
p1

4t
1 ( 1 -

1
p1

) ( 1 -
1
p1

2 )… p
4t
mm ( 1 -

1
pm

) ( 1 -
1
pm

2 ) =
n

4

2∏
m

e= 1

( 1-

1
pe

) ( 1 -
1
pe

2 ) , and|D ( Hn )|= |Hn|- |U ( Hn )|=

n
4 [1 -

1
2∏

m

e= 1
( 1 -

1
pe

) ( 1 -
1
pe

2 ) ].

2　 The structure of Zn [i, j, k ]

　 　 In the nex t , w e use H ( F ) to denote the

quaternion algebra over fieldF .

　　 Lemma 2. 1 [ 3, Theorem 7. 4. 6 ] Assum e that

char (F )≠ 2 . Then the quaternion algebra H (F ) is

either a division ring or being isomorphic to M2 ( F) ,

the ring of 2× 2 matrices overF . The last possibili ty if

and only if the equation x
2+ y

2 = - 1can be solved in

F , and the mapθ: H ( F )→ M 2 ( F) giv en by
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　 　θ( 1) =
1 0

0 1
,θ( i ) =

x y

y - x
,θ( j ) =

0 1

- 1 0
,θ(k ) =

- y x

x y
.

It is an isomorphism of rings.

　　Lemma 2. 2　 If p is an odd prime and t≥ 1 , then

the cong ruence equation x
2
+ y

2
≡ - 1( modp

t
) has an

integ er solution x0 , y0 such that (x 0 , y0 ,p ) = 1 .

　　 Proof　 First, by [ 1, P. 443, Exam ple 4 ] , the

cong ruence equation in x , y: x 2 + y
2≡ - 1( modp)

m ust has integer solutions. Assume that integ ers x 0 , y0

satisfy x
2
0+ y

2
0≡- 1( modp ) , let x

2
0+ y

2
0 = m1p - 1,

w herem1 i s an integ er. Then it i s easy to see tha t (x 0 ,

y0 ,p ) = 1.

　　 Second, we claim that the cong ruence equation

　　 ( x0 + xp ) 2+ ( y0+ yp ) 2≡- 1( modp2 ) ( 2)

m ust has integer solutions. In fact , by simple

computations, the equation ( 2) can be w rit ten as

　　 2p (x 0x + y0 y )≡ - m1p (m odp2 ) . ( 3)

Since ( 2px 0 , 2py0 , p2 ) = p and p|m1p, the equation

( 3) has integer solutions. Assume that integ ers x1 , y1

satisfy (x 0+ x 1p) 2+ ( y0+ y1p) 2≡ - 1( modp2 ) , let

(x 0+ x 1p )2 + (y0 + y1p) 2 = m2p
2 - 1 , wherem2 is

an integer. Then it is certainly that (x 0 + x 1p, y0 +

y1p , p) = 1 .

　　 Third, w e claim that the cong ruence equation

　　 ( x0 + x 1p + xp
2 ) 2 + ( y0 + y1p + yp

2 ) 2≡ -

1( modp3 ) ( 4)

has integ er solutions. In fact , by simple computations,

the equation ( 4) can be w ri tten as

　 　 2p2 ( ( x0 + x 1p )x + ( y0 + y1p) y ) ≡ -

m2p
2 ( modp3 ) . ( 5)

Since ( 2p
2
( x0 + x 1p ) , 2p

2
( y0 + y1p ) , p

3
) = p

2
and

p
2
|m2p

2
, the equation ( 5) has integer solution x2 , y2

such that (x 0+ x 1p+ x 2p
2 , y0+ y1p+ y2 p

2 , p ) = 1.

　 　 Therefo re, by the similar argument, we can

conclude that for any odd prime p and integer t≥ 1,

the cong ruence equation x
2 + y

2≡ - 1( modpt ) must

has an integ er solution x 0 , y0 such that (x 0 , y0 , p ) = 1.

　　 Theorem 2. 1　 Zn [i , j ,k ] M2 ( Zn ) 2 n, forn

≥ 1.

　　 Proof　 “ ” . Assume 2 n , w e need to prove

that Hn M2 ( Zn ) .

　　 Case 1　 Assum e that n= p is an odd prime. Since

Zp i s a field, by Lem ma 2. 1 and Lemma 2. 2, w e have

Zp [i , j ,k ] M2 ( Zp ) .

　　 Case 2　 Assume that n = p
t

, where p is an odd

prime and t≥ 2 . By Lemma 2. 2, there exist tw o non-

zero integersx , y such that x
2
+ y

2
≡- 1( m odp

t
) and

( x ,y ,p ) = 1 . Without loss of g enerality , w e may

assume that (p , y ) = 1 . Letθ: Zpt [i , j ,k ]→ M 2 ( Zpt )

be a map defined as Lemma 2. 1. It is easy to verify

thatθis a ring homomo rphism. We claim thatθis

injectiv e. To prove our claim , it suf fices to show that

the kernel ofθis equal to 0 . For an elem entT= a+ bi

+ cj + dk∈ Zpt [i , j ,k ] such that

　　 θ(T) = a
1 0

0 1
+ b

x y

y - x
+ c

0 1

- 1 0
+

d
- y x

x y
= 0,

w e have the following system of linear homogenous

equations in a,b,c , and d.

　　a+ bx - d y≡ 0( modpt ) , ( 6)

　　 c+ by+ dx≡ 0( modpt ) , ( 7)

　　 - c+ by+ dx≡ 0( modpt ) , ( 8)

　　a - bx+ d y≡ 0( modpt ) . ( 9)

From ( 6)+ ( 9) and ( 7) - ( 8) , we deriv e 2a≡

0( modpt ) , 2c≡ 0(m odpt ) . Since 2 p , w e havea= 0,

c = 0 . Substituting these values into formula ( 6) and

formula( 7) , w e obtain

　　bx≡ dy ( m odp
t
) , ( 10)

　　by≡- dx ( modpt ) . ( 11)

Since x ≠ 0, y≠ 0 , by ( 10)× x + ( 11)× y , w e

derive b(x
2

+ y
2
) ≡ 0( modp

t
) , and then b ≡

0( modpt ) . On the other hand, substituting a = b = 0

into fo rm ula ( 6) , w e have d y≡ 0( modpt ) . Since (p ,

y ) = 1 , w e get d = 0 . Therefo reθ(T) = 0 T= 0 .

Thusθ is injective. Moreover, since|Zn [i , j ,k ]|=

|M 2 ( Zn )|is fini te, θis bijective. Therefore,θi s a ring

isomorphism, which implies that Zpt [i , j ,k ]  

M2 ( Zpt ) .

　　 Case 3　 Assume that n = p1
t
1p2

t
2… pm

t
m , where

p1 ,… ,pm are distinct odd primes and m≥ 2, t1 ,… , tm

≥ 1 . Then

　　 Zn [i , j ,k ] Zp
1
t1 [i , j ,k ]⊕… ⊕ Zp

m
tm [i , j ,k ] 

M2 ( Zp
1
t1 ) ⊕ … ⊕ M 2 ( Zp

m
tm )  M2 (Zp

1
t1 ⊕ … ⊕

Zp
m
tm ) M2 (Zp

1
t1… p

m
tm ) = M 2 ( Zn ) .

　　“ ” . Assume that Zn [i , j , k ] M 2 ( Zn ) , w e need
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to prove 2 n.

　　 If n = 2t with t≥ 1 , then i t is easy to v erify that

M 2 ( Zn ) is not a local ring. In fact , both of A=
1 0

1 0

and B =
0 1

0 0
are zero-divisors in M2 ( Zn ) but A+

B =
1 1

1 0
is a unit of M2 ( Zn ) , so M2 ( Zn ) is not a

local ring. On the other hand, by [2, Theorem 3. 7 ] ,

Zn [i , j ,k ] is a local ring , thus Zn [i , j ,k ] M 2 ( Zn ) ,

w hich im plies that n≠ 2t .

　　 If n= 2
f
p1

t
1… pm

t
m , w heref≥ 1,m≥ 1, p1 ,… , pm

are distinct odd primes and t1 ,… , tm ≥ 1 . By [ 2,

Lem ma 3. 6] , w e have Hn H2f⊕ Hp
1
t1⊕…⊕ Hp

m
tm

 M2 (Z2
f)⊕ M2 (Zp

1
t
1 )⊕…⊕ M2 ( Zp

m
t
m ) M2 (Z2

f

⊕ Zp 1
t1 ⊕ … ⊕ Zp

m
tm ) M 2 ( Zn ) . Therefore Hn 

M 2 ( Zn ) . This com pletes the proof.

3　 The unit group of Zn [i, j,k ]

　　 From [2, Theorem 3. 8 ], w e know that the ideal

M = < 1+ i , 1+ j , 1+ k> = < 1+ i , 1+ j , 1+ k > L

= < 1+ i , 1+ j , 1+ k > R is a maximal ideal in Zn [i ,

j ,k ] if 2|n .

　　 Lemma 3. 1　 Suppose 2|n . Let M = < 1+ i , 1

+ j , 1+ k> in Hn andN = {a1 ( 1+ i )+ a2 ( 1 - i )+

b1 ( 1+ j )+ b2 ( 1 - j ) + c1 ( 1+ k )+ c2 ( 1 - k )|aλ,bλ,

cλ∈ Zn ,λ= 1, 2} . ThenM = N .

　　 Proof　 It is certainly that N M . On the other

hand, assume thatT= T1 ( 1+ i ) + T2 ( 1+ j ) + T3 ( 1

+ k )∈ M , whereT1 = a1+ a2 i+ a3 j + a4k ,T2 = b1

+ b2 i+ b3 j+ b4k , ,T3 = c1 + c2i+ c3 j+ c4k∈ Hn .

Then

　　T= (a1 - a2+ b1 - b3+ c1 - c4 ) + (a1+ a2+

b2 - b4+ c2+ c3 ) i+ (a3+ a4+ b1+ b3+ c3 - c2 ) j

+ (a4 - a3+ b2+ b4+ c1+ c4 )k = (a1 + b2+ c3 ) ( 1

+ i ) + (b4 - a2 - c2 ) ( 1 - i ) + (a3+ b1 ) ( 1+ j )+

(c2 - a4 - b3 - c3 ) ( 1 - j ) + (a4 - a3+ c1 ) ( 1+ k )

+ ( - b2 - b4 - c4 ) ( 1 - k )∈ N .

Hence, w e must haveM = N .

　　 In the follow ing , G2
t denotes the unit g roup of

Z2t [i , j ,k ] , GLm ( R) denotes the g roup of invertible m

× m matrices over a given ring R .

　　 Theorem 3. 1　 (Ⅰ ) Supposen = 2 , then G2 Z2

⊕ Z2⊕ Z2.

　　 (Ⅱ ) Supposen = 2t while t≥ 2 , then G2t = { 1+

T|T∈ N } , where N is presented in Lemma 3. 1.

　　 (Ⅲ ) Suppose n = p1
t

1… pm
t
m , w herem≥ 1, p1 ,

… , pm are distinct odd primes and t1 ,… , tm≥ 1 . Then

U ( Hn ) GL 2 ( Zp
1
t1 )⊕… ⊕ GL 2 ( Zp

m
tm ) .

　　 (Ⅳ ) Supposen = 2fp1
t
1… pm

t
m , w heref≥ 1,m≥

1, p1 ,… , pm are distinct odd prim es and t1 ,… , tm≥ 1 .

ThenU ( Hn ) G2
t⊕ GL2 ( Zp

1
t

1 )⊕… ⊕ GL2 ( Zp
m
t
m ) .

　　 Proof　 (Ⅰ ) It is easy to v erify thatG2 Z2⊕ Z2

⊕ Z2 .

　　 (Ⅱ ) By Lem ma 3. 1, U= 1+ Tw hereT∈ N ,

it is easy to verify that 2 N (U) , thus by [2, Corollary

4. 4 ] , w e haveU∈ G2t . On the contrary , by [ 2,

Corollary 4. 4 ] , we have H2t /M Z2 . Thus V∈ G2t

, w e must haveV= 1 + T, w hereT∈ M = N .

Therefo re G2
t = { 1+ T|T∈ N } .

　　 (Ⅲ ) By Theorem 2. 1, w e have Hn Hp
1
t1⊕…

⊕ Hp
m
tm M2 (Zp

1
t1 )⊕…⊕ M2 (Zp

m
tm ) , thusU ( Hn )

 GL2 ( Zp
1
t
1 )⊕ … ⊕ GL2 (Zp

m
t
m ) .

　　 (Ⅳ ) By Theorem 2. 1, w e have Hn H2t⊕ Hp
1
t1

⊕…⊕ Hp
m
tm H2t⊕ M2 ( Zp

1
t1 )⊕…⊕ M2 ( Zp

m
tm ) ,

thusU ( Hn ) G2
t⊕ GL2 (Zp

1
t
1 )⊕… ⊕ GL 2 ( Zp

m
t
m ) .
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