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Contractible Edges of k-connected Graphs*
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Abstract: This paper show that a 2 - connected graph G has at least two contractible edges if any

fragment which neighborhood contains an edge has cardinality exceeding £
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Let £ be a positive integer, G a k - connected
graph. An edge of G is said to be a & - contractible
edge if its contraction yields again a k£ - connected
graph. By Tutte's famous result'’), any 3-connected
graph with order at least 5 has a 3-contractible edge.
But for £ =4, Thomassen'® show that there are in-
finitely many % - connected % - regular graphs which
do not have any k - contractible edge. So, the con-
traction-critical % - connected graph for £ = 4 was in-
troduced, which is the non-complete £ - connected
graph without %4 - contractible edges. The contrac-
tion-critical 4-connected graphs are characterized,
which are two special classes of 4-regular graphs.
For k>=5, the characterization of contraction-critical
k - connected graphs seems to be very hard. In gen-

[3]

eral, Y. Egawa* show that every k2 - connected

graph with minimum degree more than or equal to

L% ] has a contractible edge. Later, M. Kriesell*]
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show that every £(k == 4) -connected graph such

that any fragment whose neighborhood contains an
edge has cardinality exceeding % has a contractible

edge. This improve the result of Y. Egawa. In this
paper, we will show that every £(k == 4) -connected

graph such that any fragment whose neighborhood
contains an edge has cardinality exceeding % has at

least two contractible edges.
1 Preliminaries

We only consider finite simple undirected
graph. For terms not defined here we refer the read-
er to the reference’™. Let G = (V(G),E(G)) be a
graph, V(G) denotes the vertex set and E(G) the
edge set. Let | G |=| V(G) | ,« (G) denote the ver-
tex connectivity of G. An edge joining the vertex z,
y will be written as zy. By E,(G), we denote the
collection of all & - contractible edges in % - connected
graph G. Forx € FC V(G), we define Ng(z) ={ y
| xy € E(G)}. Byd;(x)=| N;(x) | , we denote the
degree of x. Let Ng(F) ={.ec r No(x) —F. AsetT
C V(G) is called a separating set of a connected
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graph G, if G— T has at least two connected compo-
nents. A separating set with # () vertices is called
a smallest separating set. Let G be a non-complete
graph, T a smallest separating set. The union of at
least one but not of all the components of G — T is
called a T - fragment. A fragment of Gis a T -frag-
ment for some smallest separating set T. Let F &
V(G) be a T ~fragment. Then, F=V(G)—(F U T)
== @y and F is also a T -fragment and N;(F) =T =

No(F). The set of all smallest separating sets of G
will be denoted by 7;. We often omit the index G if
it is clear from the context,

We need more definitions introduced in refer-
ence [ 6. For a graph G, let #be a non-empty set of
subset of V(G). An #-fragment of Gis a T -fragment
of G for any T € 7; such that there is an S € Ywith
S C T. An inclusion-minimal %-fragment of G is
called an ¥-end and one of the least vertex numbers
is an ¥-atom. A graph G is called ¥-critical if for
eachS € Ythere is T € J; such that S T, and for
any Y-fragment F there is a T" € J; such that T" N F
# & yand T' | (F J N(F)) contains an element
of &

The following properties of fragments are folk-
lore!™, we will use them without any further refer-
ence.

LetT, T" € 7, and F, F' be the T, T  -frag-
ment of G, respectively. If F | F' £ &, then

| FAT = |FANTI.|FNTI=IFN
T |. QD)

UFNF # &+ FNF, then both FN F’ and
F N F are fragments of G, and N(F | F')=(F' N
DU ADUWFENT). UFN F % & and F
N F’is not a fragment of G, then F N F = and

I FANT I>IFNTLIFATI>IFN
T |. (2

Also, by definition, the two end vertices of any
edge which is not £ - contractible is contained in
some smallest separating sets. For an edgee of G, a
fragment A of G is said to be a fragment with respect
toeif V(e) & N(A).

Theorem 1" Let G be a k(k == 4) -connected

graph such that any fragment whose neighborhood
contains an edge has cardinality exceeding %, then,
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G has contractible edge.

Then, for4<C k£ < 7, every contraction-critical
k - connected graph contains a vertex of degree k. It
is very interesting to study the properties of con-
traction critical £ - connected graphs and the distri-
bution of & - contractible edges. N. Dean show fol-
lowing

Theorem 2'Y  For every k - connected graph

such that any fragment whose neighborhood con-

tains an edge has cardinality exceeding %, the col-

lection of & - contractible edges of G induced a 2-con-
nected spanning subgraph of G.

So the following problem was given.

Problem 1 Let G be a k - connected graph such

that any fragments whose neighborhood contains an
edge has cardinality exceeding —i— If the subgraph H

=(V(G),E,()) is formed by V(G) and the & - con-
tractible edges of G is connected.

In reference [ 8], we show that it is true for k=
4, but for £ = 5 it is false.

Further, in reference [ 8] we give a lower
bound for the number of contractible edges of such a
5-connected graph. This paper, for general 2, we de-
termine the lower bound of the number of contracti-

ble edges of such & - connected graph.
2 Main results

Theorem 3 Let G be a £(k == 4) -connected

graph such that any fragment whose neighborhood
contains an edge has cardinality exceeding %, then,

G has at least two contractible edges.

Proof Let Y= {{x,y} | xzy € E(G) and xy is
not contractible }. If Y=, then Theorem 3 holds.
So we may assume that ¥~ &, then we say that a
fragment F is an % fragment if N(F) contains some
edges. Let A be an % fragment with minimum car-
dinality, then we say A is an % atom. Clearly, The-
orem 3 follows from the following Claim 1. So, in
the rest of the paper, our goal is to prove Claim 1.

Claim 1 Let G be a k(k > 4) -connected graph

such that any fragment whose neighborhood con-
tains an edge has cardinality exceeding %,A is an #
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atom of G. Then, there are at least two contractible
edges which connect A and N(A).

Proof of Claim 1
there is at most one contractible edge join A and
N(A).

Lemma 1l LetF,, F, be two #fragments of G

such that at least one of F;, (| F, and F_l N F_z is

For otherwise, assume that

empty and at least one of F, F, and F, N F, is
empty. Then
(Dall of N(F,) N F,,N(F,) N F,,N(F)) N

F_Z,N(Fz) N F_l has cardinality more than 7]:—

(2) | N(F,) 0| N(F,) |< %

Proof By symmetry, we prove the case F;, )

F, = and F, N F_Z=,®, the other cases can be
proved similarly.
Clearly, N(F;) (| F, =F), is an #fragment, so

| N(F) () Fy |> % Now if F; [ F; =2, then
N(F,) (| F, = F, is an ¥-fragment, and hence,

| NCFD) () F, | >§. If F, N F, # &, then we

have | N(FD N F; |= | N(F) 0 Fy | > % Simi-
larly, we can show that N(F,) () F_Z,N(Fz) N F_l
Thus (1) holds.

have cardinality more than %

Clearly, (1) implies (2), so (2) holds.

Lemma 2 Let F be an #*fragment with A ()
N(F) # & and (A U N(A)) (1 N(F) contain an
edge, then

(1) AC N(F).

(2) | F (| N(A) |>§, | F N NA) 1>§.

Proof Assume that A F# &, then, asA ()
N(F) # & and (A U N(A)) | N(F) contain an
edge, we know that A [ Fis not a fragment. It fol-
low that A F=@ and | A | N(F) |> | N(A) N
F . Now we find that Fis an SFfragments and | o |
< | A |, this contradicts to the choice of A. So we
have A | F= ,and similarly, A F=. Thus
(1)holds and, by Lemma 1, (2) holds.

Lemma 3 A contains some edges.

Proof For otherwise, for any vertexa € A,
we find that N(a) = N(A) and there is a fragment
JEAE 2010511 A FITEF4M

which has cardinality 1 but its neighborhood con-
tains an edge, a contradiction.

Lemma 4 For any vertexb € N(A), | N(b) N
Al|l=2.

Proof First we can show that | A |<< % For

otherwise, let | A | > —];—, then every fragment of G
whose neighborhood contain an edge has cardinality

more than % , then, by Theorem 2, the contractible

edges of G induce a spanning 2-connected graph. It
follows that there are two contractible edges con-
nected A and N(A), a contradiction,

Now assume that | N(&) | A |[=1 and we will
deduce a contradiction. Let N(b) () A ={a}, then
we find that A, = A — {a} is a fragment of G and
| A | <| A|. So By the choice of A, we have
N(A,) contain no edge. This means that N(a) & A

U {6} and then we can find that | A | =k—1> % as

d(a) =k and k = 4. This is a contradiction.

Now let %4 = {{a,b} |a € A,b € N(A),ab €
E(G) and ab is not contractible }. By the fact that
> 4 and our assumption, % # @. Then for any %4
fragment F, we have A © N(F) by Lemma 2. Let
F, be a fragment with minimum cardinality under
the condition that A & N(F,). Let F, be a fragment
with minimum cardinality under the condition that
A C N(F,) and F, € F,. Clearly, by the fact that
$#, F, and F, does exist.

Lemma5 AU F, & N(F) for any fragment F
of G with A © N(F) and N(F) N F, # J.

Proof First show that F, | F=. For other-
wise, assume F; | F# &. Then | (F, | N(F)) U
(N(F) N N(F) UFN N(F,)) | >kand | F; N
N(F) |>| F N N(F,) | (For otherwise, we have F,
N Fis a fragment with A & N(F, (| F), this con-
tradicts to the choice of Fy as | Fy N F |<<| F, | ).

It follow that F N F, = &. Now we find that
| F| < | Fi |, a contradiction. Similarly, we can
show that F; | F= and thus F, = N(F).

Lemma 6 There exists a vertex b € F, )
N(A) such that for any fragment F with A J F, &
N(F), we have b ¢ N(F).

Proof Lemma 6 is clearly hold if all fragment
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FwithA J F, & N(F) then N(F) N F, =¢. So

assume there exists a fragment F such that N(F) )

F, # .

Claim 2 There is a minimal fragment B with A
U F, © N(B) and N(B) | F, # & such that B
F, N N(A) # .

Let B be a minimal fragment with A U F, <
N(B) and N(B) | F, # & and B’ be such a frag-
ment that is contained in B. Now assume that B N
F, N N(A) =g ,B"' N F, N N(A) = and we try
to deduce a contradiction. Now if | N(B) N F;: N

N(A) |> % then we have | N(A) (| N(B) |> %

This contradicts to Lemma 1. So we may assume

that | N(B) N F, N N(A) |<§, it follows that B

N F, N NCA) £ B as | N(A O F, | > |A|>§.

Now by the fact that F;, & N(B) N F_zand the choice
of F,, we have F, | B=(. It follows that | N(A)

N BN N |> £, Similarly, | NA) 0 B' N
N(F;) |>—f:‘, this means that | N(A) N N(F,) | >
—;—, and contradicts to Lemma 1. Thus Claim 2
holds.

Let B be a minimal fragment with A U F, &
N(B) andN(B) N F, # & such that B N F, N
N(A) # J,and letb € B F, | N(A). Now we
say that b is just the vertex.

“For otherwise, assume that F;, | A U {6} <
N(F). Now focus on B and F, we can show that ei-
ther B F= or B F = (For otherwise, we
can show that B (| Fis a fragment with A J F, &
N(B (O F)and N(B F) N F; # &, this contra-
dicts to the choice of B ). Similarly, we have either
BN F=,® or B N F=. Now we prove the case B
N F=¢ and B N F=Q’, the other case can be de-
duced similarly. AsB F=@ andB | F=¢ , then

we find that | N(A) N B |> f— It follows that

| NCA) W F| > %’ this contradicts to Lemma 1.

Lemma7 AU F, Z N(F) for any fragment F
with A U {6} & N(F).
Proof By Lemma 6, we have N(F) N F, =.
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So we may assume that F; QF It follows that F;, &
F: N F,

First, we show that F (| F, = . For other-
wise, F N F, % &, then F (| F, is a fragment such
that AC N(F ] F;) and F, & F ] F,..On the oth-
er hand, we have | F(| F, |<< | F; | , which contra-
dicts to the choices of F,. So F (| F, =@. Now if F
N F, # <&, then by the choice of F,, we can find

thatF N F,=@ and | F|< | F, | , which contradicts

to the choices of F,. Thus F NnF.=3,AUF, C
N(F), and Lemma 7 holds.

Let F; be a fragment with minimum cardinality
under the condition that A U F, & N(F;) and b €

Fs. Clearly, the number of edges connecting A and
F, is more than 2. So there is an uncontractible edge
which connects A and F, , we take a smallest separa-
tor T contain such an edge, F be a T - fragment.
Then by Lemma 5 we have A J F; & T. Now by
Lemma 6, such a fragment does exist.

Let F, be a fragment with minimum cardinality
under the condition that A |J F, & N(F,) and F, €

F,. By the assumption and Lemma 4, there is an

uncontractible edge which connects A and b, we take
a smallest separator T contain such an edge, F be a
T - fragment. Then, by Lemma 7, we have A U F;
C T, so F, does exist.

Notice that F,,F,,F; and F, are all ¥-frag-
ments.

Lemma8 (1) F, N F,=@orF, N F,=d.

(D F NF,=@orF, N F,=4.

Proof If{F, N F:% @ and F, | F;s # &, then
both F, () F; and E N ~PT3- are fragments, of which
the neighborhood contains A. So we have | NCA) N
(F, N F) [>%and | NGO N F NFD 1> 2,

Now a simple calculation shows that | N(A) | > &,
a contradiction. Thus (1) holds and, then (2) holds
similarly.
F, C F,.

Proof For otherwise, we assume that N(F;)
N F,# & ,then focus on F,, F5, we haveb € F, )
F_3. It follows that F_z N F; =, for otherwise, F,

N Fisa fragment such that AC N(F, N F,) ,F, &

Lemma 9
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F,NFsand | F, N F; |<| F, |, a contradiction. Akad Wet, Proc, Ser A,1961,64; 441-455,
Similarly, we can show that either F, | F; =& or [2] Thomassen C. Nonseparating cycles in k - connected
graphs[J]. J Graph Theory, 1981,5:351-354.

= k
F; N Fs=(. By Lemma 1, | N(Fy) 1 F |> 4 [3] Egawa Y. Contractible edges in n- connected graphs with

and hence, | N(F;) N N(F,) [=] A [+| N(F3) N minimum degree greater than or equal to Li—" 1 CI].

F, |[> % It is a contradiction by Lemma 8 and Graphs Combin, 1991,7.15-21.

Lemma 1. [4] Kriesell M. A survey on contractible edges in graphs of a
prescribed vertex connectivity[ J]. Graphs and Combi-
natorics,2002,18:1-30.

Bondy J] A,Murty U S R. Graph theory with applications

Now we are ready to complete the proof of
Claim 1. First we can assert that F, (| F; % &. For (5]

otherwise, we have Fy | Fy =, then | N(A) | [M]. London: MacMillan, 1976.
2' N(A) ﬂ F; |+| N(A) N F, H" | NC(A) N F, | [6] Mader W. Generalizations of critical connectivity of
+| NCA) N F; |> n, a contradiction. Thus, by graphs[]J]. Discrete Math, 1988,72.267-283.

Lemma 8 F_ N ‘F—__ &. Now as F; = F_ — T [7] Dean N. Distribution of contractible edges in & - connect-
s L'y 1=, 2 & Iy

N 5 + foll " — p ed graphs[J]. ] Comb Theorey, Ser B,1990,48: 1-5.
(F2) N Fi =4, it follow that | F, 1 N(Fy) |> [8] Qin Chengfu, Guo Xiaofeng. The contractible edges of &
k

R Thus, | F, | N(F3) | < % So we have | F, N - connected graphs for £ = 4,5[]]. Ars Combinatria,

= 2010,XCVI :256-265.
N(F;) |<| F; N N(F,) | ,and hence, F, N F; =
&, a contradiction. This contradiction completes

the proof of the claim 1. GEfT 4. 7 1|
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