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Abstract:In this paper, we investigate the sructures of grouplike coalgebras K[ S| and K[G] ,
where S is a non-empty set and G is a monoid whose identity e is the only invertible element of
G, and obtain the conclusion that the K - linear isomorphism K[G X G ] ~ K[G] & K[G'] de-
fined by f'(g.g") =g @ g'. forallg € G,g" € G is an isomorphism of coalgebra.
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0 Introduction

In this paper, K is a field,and it is well known
that for any non-empty set S the K - vector space C=
K[S] (reference[1]), with basis S is a coalgbra
whose comultiplication and counit are defined by

Ac(s) =5 X ssec(s) =1, foralls € S.

Let G be a monoid whose identity e is the only in-
vertible element of G ,and all g € G have only finite-
ly many factorizations g =ab where a.b € G . There

may be other ways of putting a coalgebra structure
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on the K - module M=K[G] (reference[ 1 ]). It is al-
so a coalgebra whose comultiplication and counit are

defined by
Av(g)=Da @baey(g)=0,., forallg € G.

ab=g

Let {a={a;},i € I} be a basis of K -vector space
V ,by putting a coalgebra structure on it, V forms a
coalgebra and A(e;) =a; &) a;,e(a;) =1,for all a; € a.
This coalgebra is called grouplike colalgebra. So
K[S] and K[ G] are grouplike colalgebras.

Let I be a K - subspace of K[ S] ,then I is a
coideal of K[S]if Ac(D) € IT® K[S]+ K[S]® I
andec (I) = 0. Moreover, if C’ is a K - subspace of
K[S]and Ac(C") < C" @ C" ,then C is a subcoal-
gebra of K[ S] . By using K -linear map,we can dis-
cuss the morphism of coalgebra. Let (C,Ac,e0),
(D,Ap,ep) be two K -coalgebras. The K -linear map
f:C— Dis a morphism of coalgebra if Ap f =(f &
Ac and epf =ec (reference[2]).
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1 The sructure of K[ S]

In this section, we determine the coideals, sub-

coalgebras, quotients, Cartensian products™

[4.5]

and
tensor products of grouplike coalgebra K[ S] ,
where S is a non-empty set. Let S and T are non-
empty sets,from the K -linear isomorphism K[ S X
T]=~K[S]® K[T] ,we obtain an isomorphism of
coalgebra.

172 For any non-empty S and

any s,s € S,K(s—5s') is a coideal of K[ S].
So C is a coideal of K[ S].

Proposition 1. 2H%

Proposition 1.

Every subcoalgebra of
K[S] has the form K[S'], where S’ is a subset
of S.

From this,it follows that for any subcoalgebra
C' of K[ S] and any element ¢;,” = Ek,]s,»j Wk € Kos;
€ S,we have Ac(¢;’)) T C ® C' . Let S’ = {s; )
K[S'Jis a K -subspace of K[ S].

Proposition 1.3 Every quotient of K[ S]1is also

grouplike coalgebra.
Proof Let I be a coideal of C=K[S] ,thenC/I

is a coalgebra over K defined by A¢(s) = Ac(s) =
s@s=s5@ s.ec(s) =ec(s) =1 ,foranys € S=S+
I.We only need to prove that C/I is a coalgebra.
For any c =C/I.c= >,k s, swe can get

(Ae @D Aclo) =(Ae ®
DA bis) =20k (Le @D Ac(s)) =
DA @ DG @5 = D20k (Les) @ s) =
S5 @5, D5 = D oki(s, @ Nels)) =
AR A Jki(s, D s =D A) Ae »
OkisD =00 A Aclo) .

The coassociation is checked. The second condition

from the definition of coalgebra is equivalent to that

A@e) Ae() =0 Rec) Ac( Dk s) =

D0 kiec(s) si= D ks, =
Similarly, (;@ i) E(;) =¢. So the proof is
complete.
Lemma 1.1
K[S X T] is a grouplike coalgebra defined by
Agr ((s50)) =(s5,8) ) (s51) e+ ((s:2))=1,for all s
€ S.teT.

Proof TFor anya € K[SX T ],a= 2/@,, (s;

For any non-empty sets S and T,

FEASE 2015548 F22K5% 2

tl)’kl/ € K.,s; € Sat, eT,
1 @ASXT)ASXT(G') =

(1 &) Ager) Asier ( 278,] (sist;)) =
SV by (1@ Aser) (i) @ (s01,)) =
Zkz] (G 2t;) ® Agur ((s; at_,‘))) =
Dby Gint) @ (sint) @ (siat)) =
Z k,‘j (Ang‘ ® 1)((5,’7[]‘) ® (S,'s[]‘)) =
(Asr @ D Aser ( Zkg (s;52;)) =
(ASXT ® I)ASXT(a).
Showing that Ag.t is coassociative. We also have
(1 ®€S><T)AS><T(Q):2}CI']’(1 ®€S><T)((S{7tj>®
<S, 9tj)) — Ek,‘,‘ (5,‘ 9tj) —a.
Analogously, (esr @ 1)Agr(a) =a.So K[SXT]is
a grouplike coalgebra.
Lemma 1.2 For any non-empty sets S and T,
K[S]® K[T] is a grouplike coalgebra defined by

Aspr (s Q) =s Dt Qs X tresor =1.for alls € S,
te T.

Proof Foranyd € K[SI@K[T].a'=( D>k,
D@Lt =Dkl @tk € Kus, € S,

t; € T .From the definition of Asyr and esnr it fol-
lows that

(1@ Ase 1D Asor (') =
(1@ Aso ) Asor (D ki1 (s @ 1)) =
Dk A @A) @t @ s @ 1) =
Dkl @ t) @Aso (s, D))= D0k L;(s; @
Qs @t s @)= k1 (Ao r @ D5, @
1)@ (5, Dt)) =sor @ DAsor (O ki 1; (s, D
1)) =Lsor @ DAss r(a’)

(1@ eso)Aso (@) =D k1,1 D

eso ) (G D 1) @ G @) =D kil (5, @ 1) =d’.

Similarly, (esor @ 1) Asor(a’) =d’ . So K[S]®
K[ T]is a grouplike coalgebra.

The construction of coalgebra described above
behaves well with respecting to morphism. From
Lemma 1.1 and Lemma 1. 2,it is no difficult to ob-
serve the following theorem.

Theorem 1.1 The K -linear isomorphism K[ S
X T]>~K[S]& K[ T] defined by f((s.t))=s&Xt ,
for alls € S,t € T is isomorphism of coalgebra.

Proof We show that f is a coalgebra map. For
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any a € K[SXT],a= D k;(s;s1,)k; € K.s5, € S,
t; €T,
esorf (@) =esorf ( Dk, (si52,)) =
Dksesorf (Giat))) = D kyesor(s, @ t,) =
Dk = Dokyesa (o)) =esr( Dk (si02,)) =

esxr(a).

Moreover,
(f @ PHAsr(@) =(f D PHAsr( D ky (s

£)) =Dk, (F @ H((siat) @ (5i02)) =

Dk (5Dt D (s, D 1)) =

DV kiAo f ((siat)) = Do o f (D) ky (si8,)) =

AS® va(a) .
It is easy to check that f is bijective.

2 The sructure of K[ G]

Let G is a monoid whose identity is the only in-
vertible element of G ,the K -space K[ G] is group-
like coalgebra with Ay and ey . Similarly, we deter-
mine the Cartensian product and tensor product of
K[G].

From theorem 1.1 ,it is easy to show that
there also has isomorphism of coalgebra K[G X G]
~ K[G] & K[G'] , where G and G’ are monoids

whose identity is the only invertible element.

Lemma 2.1 K[G X G’ Jis grouplike coalgebra
defined by
Aoo((gag') = 2 (gg) @ (go
£,8, =8

gz/))ye(;x(;'((g,g/)) :65"?(;8“/’%" .

Proof For anyk(g.g') € K[GXG' 1.k € K,
g € Gag/ c G/9

(1 ®A(;><(;’)Acx<;’(k(g9g/)) =r(1 X
Ace i) Ao ((g.g ) =k(A @ e ) D) (gus

8,8, =8
g8, =4
g/1)®(g2,g/z)):k E ((gl,g/1)®
8,8, =8
8, =4
Ao (g g DD =k >, ((g1.g D ®
8,8, = 8
&g, =4
838, 7 8

838, 8y
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(gg ag,g)® (g,1,g'/.1)):/e 2 (A(,‘X(;’((gs’

8183 = &
¢.8,=¢
8.8, =&
o8, =4
2" @ (g N =kBoe @DC D] (g5,
8:8, =8
g, =4

gls) ® (g vg/4)> =k (A @ 1)Aux(;'((g9g/)) =
(A(;xa’ ® I)A(;x(,,‘/ (/e(g,g/)) .

We complete the coassociation law. The next e-
quality following directly from the definition of
counit,

1 ® €ox 6 ) Aox ¢ (k(g,g/» =
EoDL Ay By (greg) =k(gg).
8,8, =8
§ o, =
It is similar to show that (ecre @ DAgy (B(gsg’))
=k(g,g).

Lemma 2.2 K[G]® K[G']Jis grouplike coal-
gebra defined by

A(;@G’((g®g/)) - Z ((gl ®g/l) ®

8,8, =&
(g2 @ gz/)> X eeed ((g @ g/)) :53,,(“515,5%, .

Proof
For any kg Qlg’ € K[G]®K[G' ]kl € K, g € G,
g ec,

(1 A soe ) Ao (kg () lg/) =kl(1X
A o6 A soe ((g @D g =kl (1 @

A(;@G’>( 2 (g1 ® gl/) @ (gz ® gz/)) =

Now we show the coassociation law.

2,8, =4
ge,=4d
R (g @) @ Awe (g @ g'))) =
2,8, =4
ge,=4d
kl Z (g @g/1 X g3 @g/3 ® g @g%) =
£1g2:z¥
gg,=4d
kl Z (A(;S(;/((gs @gs/)) @ (g @g/)) =
g/ls;'s:g':,
g8, =4
kl (Acoc @ < Z (gs @ gsl) ® (g4 ® 84/)) =
g8, =g

kl (Dsoe @ D Acos ((g @D ) = (Asos @
DAsoe (kg @ lg")).
(TF# % 236 ® Continue on page 236)
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(E#% 230 ® Continue from page 230)
Next, by the properties of eso v s we can easily get
1 ®€<;®(;/)A G@(;’(/%g ® lg/)) =
kl 2 6#2'%8#'2'“(} (g1 ® g/l) =kl (g X gl) =
9,8, = ¢

€8, =g
(kg @ lg") .

In the same way, we can show that (egor &
DAgos (kg @ lg") = (kg @ Ig).

A similar result also holds when we cosider
monoid as set. Therefore we can obtain the follow-
ing inclusion immediately.

Theorem 2.1 The K -linear isomorphism K[ G
X G'] ~ K[G] ® K[G"] defined by ' ((g.g')) =g
® g’ Jforall g € G,g" € G’ is an isomorphism of

coalgebra.
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