IR B4R

Journal of Guangxi Academy of Sciences

2010,26(1):4~6
Vol. 26,No.1 February 2010

On the Equivalence of Crossed Coproducts”
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Abstract : The dual definition of crossed product is introduced. The isomorphism of special case

between crossed coproducts coalgebra and twist coproduct coalgebra is considered. The question

when two crossed coproducts are equivalence as coalgebra is discussed.
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S. Montgomery"" introduced the definition of
crossed product and discuss its properties. Wang

1 discuss the conditions of crossed

Shuan-hong"
coproduct as a coalgebra. This article introduced the
dual definition of crossed product. In this paper we
consider the isomorphism of special case between
crossed coproducts coalgebra and twist coproduct
coalgebra. The question about when two crossed
coproducts are equivalence as coalgebra is discussed.
Some terms which are not defined here, please refer

to reference[ 3.
1 Definitions

Let H be a Hopf algebra and C a coalgebra, K be
a field. H and C are assumed to be over K unless

stated otherwise.
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Definition 1  Assume C is a weak left H-
comodule that @ is a linear map a:C - H @ H ,a(c)
= Za,(c) Q a,(c),¥ ¢ € C. As a vector space C
X H = CQ H with comultiplication /A , /A (c X h) =
ey Yocka e h /@) -c X @ beg)hys plc) = St R ckis
the left H- comodule structure map, ¥V ¢ € C,h €
H. Here we written ¢ X h for the tensor ¢ @ h.C
X H is a crossed coproduct using pand @ ,if e(c X h)
= ec(c)ey(h) as its counit and coassociativity are
satisfied.

Definition 2 Letu € Hom(C,H) is invertible,
then definition @ € Hom(C,H & H),a(c) =
Su ' (cule;); @ u_"(cl)u(cg)gov cIEC,

Definition 3 Let Cis a weak left //- comodule
coalgebra, then coaction is inner,if there exist some
invertibles « € Hom(C,H) , such that comodule
structure map is p,(c) = Sulc)u'(¢c;) Q¥ ¢ €
G,

2 Main Results

Now we consider when two crossed coproducts
are equivalence. Before discuss the general case of it,

we consider the special case of inner coaction.
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Let « € Hom(C,H) is invertible and eyu = &,
2.€0). = Jule; Yuitle;) R ¢, 50, (@) =1 Riciare two
left H- comodule structure maps. «,3:C—> H ) H ,
such that

ae) = Z(u ' (ep) Q u ' (e))Ble) Aule)),
Yic € G
Since « is invertible. We have

Ble) = Z(ule)) @ ule))ale) A '(c,)),
YceC.

Remark 1 Following the definition, we know
that C XzH is a crossed coproduct using @, and 8;
similarly, C X ,H is also a crossed coproduct using 2,
and @ . Here we write C,[ H | instead of C X H.

Proposition 1 C X H be a crossed coproduct
using @, and 3, such that coaction of H on C is inner,
via some invertible # € Hom(C,H) . Define a €
Homi{C, H &) "H) by alc) = 30 2(c,) 9
u ' (e;))B ) Aule)) ¥ ¢ € C.Then C X ,;H =
C.[H], a crossed coproduct using p, and @, via a
coalgebra isomorphism which is also a left C-
comodule, right /- module map.

Proof Define ¢:C X ;H —C,[H],¢(cQh) =
2, Qu ' (e)h,@:C,[H]— C X H ,plc Q@ h) = ¢,
® wulc,)h, then ¢ is the inverse of ¢ and it is
straightforward to check that. Now we check that ¢
is a coalgebra map.

YceC,Yh€E H. We have

Apc@h) = 3¢, Q@ a,(c;) (w (c)h) R e, R
() (u ' (ch), = 2, K
u” ' (e) Br (esduleg)u" (¢;)1h Q) ¢, K
u G )P, (e e = (6,):h; = 36y D
w0 )3 0B B9 ¢, 0 u 2 (c) B, (e .

WR PAcR®@ A = @R HCE ¢ R
wle,dus WepiBiteyh, e OO B, (C:dh,)i= (Soc, B
u M (aulc)ur )Ptk RN, X
u ' (ea) By (esdhy = 2oy @ u ' (ey) Bi(es)hy @

e 09w (cy) By Ces VR,

So Ap = (¢ @ ¢ As. Then g(c Q h) =
ec(c)ey (h).

- &le e h)ie= e (S g Heph) =
Secle ey (wm i (e)h) = Secle)en(ut(ep) Ve (h) =
ec(cy)ec(e,) ey (h) = ec(ciec(cy) ey (h) ==
ec(c)ey(h).

So g; = €.

Next,we check that ¢ is a left C- comodule map.

D@ Dgle @b = (AR D (Se, @
u(c)h) = Ze; @ c; @ uley)h,

QPR DERh =UTR P (S, QR
;@ h) =3¢, Qc, @ uley)h.

So (AcQ D¢ =UTRQNARD.

Also, ¢ is a right H- module map.

URQM)D)YRADERrRQD = TQMy) -
(Zey Ruulc,)h R D = So, Q@ ulcdhl,y

PURLQM)I(CcQRrR D = Plc @Al = 3, Q
u(cy)hl.

So QM WPWRD = ¢UQ My).

Example 1 Let C X .H be acrossed coproduct,
such that H- coaction is inner via some « € Coalg(C,
H). In this case we say that the coaction is strongly
inner. Then C X ,H = C ) H ,for @ becomes trivial.

The converse of proposition 1 is also true. That
is, if C X;H =C,[H] , via a coalgebra isomorphism
which is also a left C- comodule, right - module
map, then the original coaction must have been inner,
via some invertible « € Hom(C,H) such that ¢ is
given as in proposition 1.

Generally ,one can give necessary and sufficient
conditions for two crossed coproducts to be
isomorphic. Then we have the following theorem.
Let H be a Hopf algebra and C a
coalgebra. Two linear map a,d .C - H &Q H.
Assume that ¢:C X ,H — C X,H is a coalgebra

isomorphism, which is also a left C- comodule, right

Theorem 1

H- module map. There exists an invertible map u €
Hom (C, H) such that

(LY dte e h = 2c, X u (. )h;

(2)ac) =2u (c)
u ' (e))aley) A (uley)).

(3) Adc X'h) = 3¢; X
u” ()i () (ules)h), @ (e3), X
w62y sa5 (e Cule)hds.

Conversely,a map « € Hom(C,H) such that
(2) and (3) hold is given,then the map ¢ in (1) is an
isomorphism.

Proof Define v € Hom(C,H) by v(c) = (e
D¢c X 1),V c€C. So (eQD¢glc X h) = (Q
I)¢(c X 1x)h =v(c)h. Since ¢ is a right H- module,
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left C- comodule map, we have (I @ ¢H) (A R I) =
(A QR D¢.I R e Iis applied to both side of
equation. The right side becomes ¢ ,and the left side
becomes (I Q) (e X I¢) (A @ I) which evaluated at
c X kis

P X =URQRERDPNARQD (c Xh) =
QR EQR DP)(A) Xh) =2¢,Q (eRQD¢(c, X
h) = e X ube)h:

As ¢ '.C X,H - C X ,H is an isomorphism,
satisfying the same hypotheses as ¢ , we may set «(c)
= (e @® D¢ '(c X 1) and conclude as above that
¢ '(c X'h) = 3¢, X u(c,)h . We claim thatv =u"",
for ¢ 3 1 =T (e X Ty) =9~ (S Xivley ) 1gy) =
Se; X'ule)v(e;)1y. €@ I to both sides, we see that
Su(c)vlc,) = €(c)1y. Sov=u""'. From the above,
this proves(1).

Now the equation A4 '(c X'h) = (7' Q
¢ DAL (c X'h) becomes

Ze;y Xchay () ule h) iR ek X o, (cy) Cule IR,
=3¢, X ulcy)chailc ) @ (c3)1 X ullcd),)a, (¢ Hh;.

Applying e @ I Q € @ I to both sides, we see
that

Jele) X cia (e (ule IR )y COEkes) X
a,(c;) (ulc)h), = Ze(e;) X uley)cha (e)h @
e((c3),) X u((c}),)a,(cDhy,
then

S () ule)h), &  a,(c;) (ulecdh); - =
Sulc))ehey (e)hy, @ ulcd)a,(c)hy,

(e @ Da(e) Q a(e))A(uledh) =
S(ule)ey @ uled)) (@ (e3) @ a(e)) Ah),

3, @ D(ale,))Auled)h) = Z(ule))e @
u(c$)) (@ () A (h).

Let p,(¢) = 1@ c,h = 1 ,then we have

S (@) A wle)) = Z(ule) @
u(c)) (@ (c3)),

Soa(c) =3Zw () QR
u ' (c,))ales) A\ (ule,)) . This gives (2).

Now using the equation A '(c X'h) = (¢!
& ¢ DAL (c X'h) again and applying (¢ & ¢) to
both sides, we see that the right side becomes A\, (¢
X'h), and the left side becomes (¢ & ¢) AP (e
X'h). From the above, this proves (3).

Corollary 1 With the same conditions of the
theorem 1, if H is commutative, then (3) becomes
DN eh)E=a T DCaus eI 5w D Ni(e; X
Ry X (e 2 @il ule;) )

Proof H is commutative, then (3) becomes

At BTS00 e i) ik
u= () (e Xein (Dhy R (63), X e DI X
ey P Yaley) )= WD XY ) 'R FIX
w6 N ey > ute )L QT ' ule ).
The result follows.

This corollary tells us about the relationship
between A, (c X'h) and A.(c X h) , when H is
commutative.

Remark 2 Let H be a Hopf algebra and C a
coalgebra. Two crossed coproducts C X,H and C
X.H are equivalent if there exists a coalgebra
isomorphism ¢ : C X ,H — C X ,H which is a left C-

comodule morphism and right //- module morphism.
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